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By  R.  L.  Sanford 
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1.  STATEMENT  OF  PROBLEM 

The  development  of  methods  and  apparatus  for  magnetic 
measurements  capable  of  an  accuracy  of  i  per  cent  makes  it 
necessary  to  consider  factors  which  have  heretofore  been  con- 
sidered negligible.  One  of  these  factors,  the  temperature  coeffi- 
cient of  magnetic  permeability,  is  the  subject  of  the  present 
paper. 

Many  workers  have  studied  the  effects  of  temperature  on  the 
magnetic  permeability  of  iron  and  steel.  All  of  the  investigations, 
however,  have  been  carried  on  with  special  reference  to  tempera- 
tures far  removed  from  the  atmospheric  range.  However, 
Bauer,*  Hopkinson,*  Terry,*  Burrows,*  and  a  few  others  have 
made  some  observations  at  temperatures  between  o  and  100°  C. 
which  show  that  induction  curves  at  two  different  temperatures 
in  this  region  cross  each  other.  For  low  inductions  the  mag- 
netizing force  necessary  to  produce  a  certain  induction  decreases 
with  increase  in  temperature  while  for  high  inductions  it  increases. 

The  materials  examined  by  these  investigators  include  soft  iron, 
mild   steel,   hard  steel,   electrolytic  iron,   and   nickel.     Ewing 

^  Wicd.  Ann.,  11,  p.  394;  x88o. 

*  Phil.  TnoB.,  180,  A.  p.  443;  Z889. 

*  Fhys.  Rev.,  88,  p.  393;  1909. 

*  This  Bolledn,  4,  p.  370;  Scientific  Pax>er  No.  78. 

*  Magnetic  Induction  in  Iron  and  Other  Metab,  p.  178, 3d  edition. 
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states  that  "the  effects  which  atmospheric  fluctuations  of  tem- 
perature exert  upon  the  magnetic  quality  are  too  slight  to  require 
to  be  taken  account  of  in  specifying  the  magnetic  properties  of  a 
sample,  or  in  stating  the  results  of  experiments."  He  gives  ciurves 
for  annealed  iron  wire  and  also  for  the  same  wire  hardened  by 
stretching  beyond  the  elastic  limit.  The  temperatures  were 
7  or  8°  and  ioo°.  The  data  show  that  for  a  given  induction 
changes  as  high  as  0.14  per  cent  per  degree  in  permeability  may 
occur. 

In  magnetic  measurements  at  the  Bureau  of  Standards  it  has 
been  found  that  for  magnetizing  forces  between  100  and  300 
gausses  the  heating  due  to  the  ctirrent  in  the  magnetizing  coils  is 
sufl&cient  to  change  quite  appreciably  the  induction  corresponding 
to  a  given  magnetizing  force.  For  this  reason  it  has  been  the 
practice,  when  making  measurements  where  an  accuracy  of  i  per 
cent  is  desired,  to  immerse  the  magnetizing  coils  in  oil,  which  is 
maintained  at  a  standard  temperature  of  25®.  The  present  work 
was  undertaken  to  determine  what  the  magnitude  of  this  tem- 
perature effect  is  and  whether  it  is  feasible  to  apply  a  correction 
for  the  reduction  to  a  standard  temperattu^  of  data  taken  at  other 
temperatures. 

2.  MATERIALS  AND  APPARATUS 

The  materials  and  heat  treatments  indicated  in  Tables  i  and  2 
were  chosen  for  preliminary  work  as  being  representative  of  the 
range  ordinarily  met  with  in  magnetic  measurements.  The  results 
on  this  relatively  small  number  of  samples  are  such,  however,  that 
further  experimental  work  appears  to  be  unnecessary. 

TANJB  1.— Chemical  Camposition 


GMt-lroii 

Wronght-lnni 

Low-carbon  steel 


Carbon 

Sn^dmr 

Pfaoaphoma 

3.65 
.053 
.073 

a  074 
.028 
.036 

0.656 
.155 
.100 

0.52 
.15 
.33 

fWUffWi 


L57 
.15 
.10 
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TABLE  2.-— Heat  trMtment 


c-i.. 

C-2.. 
C-3.. 

w-i. 
w-a. 

8-1.. 
8-2.. 


ICatwtel 


GMtiraii 

do 

do 

^^xooffiit  Inn. 
do 


.do. 


Heat  trattmant 


Am  raeoivod. 
Quonchod  iram  1000*. 
Aanoaled  iram  900*. 
Aincalved. 
AanMtad  iram  900*. 
Am  ncalved. 
AnDMlod  fram  900*. 


The  magnetic  measurements  were  made  by  the  usual  ring 
method.  This  method  presents  the  fewest  experimental  difl&cul- 
ties  and  yields  reliable  results.  In  the  ring  method  two  assump- 
tions are  made:  First,  that  the  average  value  of  the  magnetizing 
force  is  that  at  the  center  of  the  cross  section;  and,  second,  that 
the  permeabiUty  is  constant  within  the  limits  of  the  magnetizing 
force  across  the  section.  The  dimensions  of  the  rings  are  such 
that  the  errors  due  to  these  assumptions  are  negligible,  but  even 
though  they  were  much  greater  they  enter  to  the  same  extent  at 
all  temperatures,  and  therefore  would  not  introduce  any  error  in 
the  temperature  coefl&cients  which  are  obtained  by  difference. 
The  error  due  to  magnetic  viscosity  was  rendered  negligible  by 
making  the  rings  of  small  cross  section  and  using  a  long-period 
galvanometer  (30  seconds) .  The  constants  of  the  rings  and  wind- 
ings are  shown  in  Table  3. 

TABIS  3.— <}<nistants  of  Rings  and  Windings 


Ring 


C-i. 

C-2. 

c-3. 

W-l 
W-2 
8-1. 
S-2. 


Den- 

Mum 

Mam 

dlama- 

tar 

Radial 
wMtti 

Cnaa 

Maan 
langth 

Maf- 

natis- 

tuna 

H 

7 

Tama 

In 

taat 

eoU 

7.06 

615 

11.4 

1.0 

2.43 

35.8 

312 

10.95 

100 

6.96 

653 

11.4 

LO 

2.62 

35.8 

305 

10.71 

100 

6.86 

648 

1L4 

1.0 

2.64 

35.8 

295 

10.36 

100 

7.67 

380 

10.8 

.6 

1.46 

33.9 

317 

11.75 

100 

7.55 

399 

las 

.6 

1.56 

33.9 

305 

11.31 

100 

7.83 

283 

8.4 

.5 

1.38 

26.2 

222 

10.65 

100 

7.76 

285 

8.4 

.5 

1.40 

26.2 

231 

11.08 

100 

Thar- 


at25* 


1.9334 
L7729 
1.7933 
1.6296 
2.0231 
L6104 
1.7727 
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The  temperature  measurements  were  made  by  means  of  a 
resistance  thermometer,  consisting  of  two  turns  of  silk-covered 
copper  wire  wotmd  around  the  outer  circumference  of  the  ring. 
The  measuring  current  of  o.i  ampere  produces,  therefore,  no  com- 
ponent of  magnetizing  force  in  the  direction  of  the  magnetic  flux 
within  the  iron.  The  wire  was  separated  from  the  iron  by  only  a 
single  layer  of  thin  paper,  so  that  its  temperatture  may  be  assumed 
as  equal  to  that  of  the  iron  itself.  Separate  potential  leads  were 
brought  out  and  the  resistance  of  the  part  of  the  wire  next  to  the 
iron  determined  by  measuring  the  potential  drop  across  it  when 
0.1  ampere  was  flowing.  The  current  and  voltage  measurements 
were  made  with  a  potentiometer  and  a  standard  resistance. 
The  thermometers  were  calibrated  by  measuring  their  resistances 
when  placed  in  an  oil  bath  at  known  temperatures.  No  error  is 
introduced  by  the  heating  of  the  current  in  the  thermometer 
coils,  since  the  calibrations  are  made  tmder  working  conditions. 
The  resistance  of  the  thermometer  wires  was  of  the  order  of  1.5 
ohms  with  a  change  per  degree  of  about  0.006  ohm,  so  that  meas- 
tu-ements  could  easily  be  made  to  o.i^  C,  which  was  ample  for  the 
purpose. 

The  induction  was  meastu"ed  in  terms  of  the  deflections  of  a 
ballistic  galvanometer  calibrated  by  means  of  a  mutual  inductance. 
The  test  coU  of  100  turns  was  wound  as  closely  to  the  iron  as  the 
thermometer  wire  would  permit  so  as  to  inclose  only  the  flux  in 
the  iron  itself. 

The  magnetizing  winding  consists  of  two  layers  of  No.  14 
double-cotton  covered  wire,  separated  from  the  other  windings  by 
cotton  tape.  The  concentration  of  the  winding  is  such  that  the 
magnetizing  force  is  about  ten  times  the  current.  The  mag- 
netizing cturent  was  found  by  measuring  the  potential  drop  across 
a  standard  resistance  by  means  of  a  potentiometer.  The  mag- 
netizing coils  of  all  of  the  rings  were  connected  in  series.  This 
arrangement  allows  all  of  the  rings  to  be  demagnetized  at  one 
operation  and  also  requires  but  one  adjustment  of  cxurent  for  each 
value  of  the  magnetizing  force  used. 

An  oil  bath  was  employed  for  regulating  temperature  during  the 
magnetic  measurements.  The  tank  was  provided  with  an  outer 
compartment  which  could  be  packed  with  ice  for  the  low  tem- 
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perature.  The  higher  temperatures  were  secured  by  means  of  an 
electric  heating  coil  placed  directly  in  the  oil.  The  use  of  oil,  which 
was  kept  in  circulation  by  a  motor-driven  stirrer,  served  to  main- 
tain the  rings  at  a  imifrom  temperature. 

3.  OBSERVATIONS  AND  RESULTS 

The  magnetic  measurements  were  made  at  different  tempera- 
tures in  the  following  order:  25^,  SS"",  25^,  3"",  25"".  The  25^ 
readings  were  repeated  to  determine  whether  any  permanent 
chsmge  had  taken  place  in  the  material.  The  first  set  of  observa- 
tions did  show  a  change  in  some  of  the  rings,  and  it  was  found 
necessary  to  alternately  heat  and  cool  them  a  ntunber  of  times  in 
order  to  bring  the  material  to  a  stable  state.  This  progressive 
decrease  in  permeability  due  to  heating  has  been  observed  before  • 
and  is  termed  *' aging." 

Table  4  gives  an  example  of  this  aging  effect,  which  was  most 
marked  in  the  wrought  iron  as  received  and  steel  as  received. 

TABLE  4.— Aging  Effect  in  Steel  as  Received 


(fansaea)  at  25*  C 

Indiicttaa  (gauaaaa) 

(sauaaaa)  at  25*  C 

ladndloii  (lauflMt) 

Betee 

After 

headng 

to  88* 

Befere 

Aftw 

haattof 

to  88* 

2.02 
2.83 
3.89 
5.42 

2.31 
3.28 
4.47 
6.28 

10000 

7.86 
12.1 
21.1 
47.2 

9.02 

4000 

12  000 

13.9 

6000 

14000 

24.3 

8000 

16  000 

53.0 

This  shows  an  average  change  of  about  15  per  cent  in  mag- 
netizing force  for  a  given  induction  due  to  aging.  The  values  for 
wrought  iron  show  the  same  order  of  magnitude.  It  is  obvious 
that  temperature  coefficients  can  not  be  determined  until  the 
material  has  been  brought  to  a  stable  state.  When  the  stable 
condition  had  been  reached  the  oil  bath  was  adjusted  successively 
to  temperatures  of  approximately  3®,  25®,  and  88®,  and  normal 
induction  measurements  made.  No  attempt  was  made  to  keep 
the  temperature  strictly  constant,  but  small  variations  from  the 

y. 

*  ICaaotto,  N.  Cfanento,  1,  pp.  393~4ti.  June,  and  8,  pp.  5-97,  July,  1904;  abatimctcd  in  Se.  Ab.  B  955;  1904. 
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standard  temperature  were  permitted.  As  the  temperature  was 
actually  determined  for  each  point  the  coefficient  of  induction  for 
a  given  magnetizing  force  could  be  calculated  from  the  data  at  two 
temperatures.  In  order  to  draw  curves  for  the  standard  tempera- 
tures 3®,  25®,  and  88^,  corrections  were  applied  to  the  observed 
values  by  means  of  these  temperature  coefficients.  From  these 
cmves  the  coefficients  of  magnetizing  force  corresponding  to  a 


6  10  ts  ^ 

Fio.  3. — Showing  normal  induction  for  low-carbon  steel  at  2$^  and  percentage  change  in 

magnetinng  force  for  a  given  induction  due  to  i  degree  rise  in  temperature 

S-i,  as  received  S-a.  axmcakd  from  900* 

given  induction  were  determined.  The  values  calculated  from 
these  three  curves  indicate  that,  within  the  limits  of  experimental 
error,  the  temperature  coefficient  in  this  range  is  independent  of 
temperature. 

Figs.  1,2,  and  3  give  the  normal  induction  curves  at  25°  and 
the  temperature  coefficients  in  terms  of  the  percentage  change 
per  degree  in  the  magnetizing  force  corresponding  to  a  given 
induction.     It  will  be  noted  that  the  temperatiu-e  coefficient 
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Fio.  X. — Showing  normal  induction  for  cast  iron  at  2$^  and  percentage  change  in  mag- 

netting  force  for  a  given  induction  due  to  i  degree  rise  in  temperature 

On,  as  received  C-a.  quendied  from  xooo*  C-^s.  annealed  from  900* 

B 


5  to  IT 

Flo.  a. — Showing  normal  induction  for  wrought  iron  at  2$^  and  percentage  change  in 
magnetinng  force  for  a  given  induction  due  to  i  degree  rise  in  temperature 
W-i,  as  received  W-a.  annealed  from  900* 


Sai^lordi 


Temperature  Coefficient  of  Permeability 


standard  temperature  were  permitted.  As  the  temperature  was 
actually  determined  for  each  point  the  coefficient  of  induction  for 
a  given  magnetizing  force  could  be  calctdated  from  the  data  at  two 
temperattu'es.  In  order  to  draw  curves  for  the  standard  tempera- 
tures 3®,  25®,  and  88®,  corrections  were  applied  to  the  observed 
values  by  means  of  these  temperature  coefficients.  From  these 
curves  the  coefficients  of  magnetizing  force  corresponding  to  a 

B 


Fig.  3. — Showing  normal  induction  for  low-carbon  steel  at  2$^  and  percentage  change  in 

magnetiting  force  for  a  given  induction  due  to  i  degree  rise  in  temperature 

Sn,  as  received  S-a.  axmealed  from  900* 

given  induction  were  determined.  The  values  calculated  from 
these  three  cturves  indicate  that,  within  the  limits  of  experimental 
error,  the  temperattu-e  coefficient  in  this  range  is  independent  of 
temperatiu'e. 

Figs.  I,  2,  and  3  give  the  normal  induction  ciuves  at  25°  and 
the  temperattu-e  coefficients  in  terms  of  the  percentage  change 
per  degree  in  the  magnetizing  force  corresponding  to  a  given 
induction.     It  will  be  noted  that  the  temperature  coefficient 
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'0.4  -0.3  -qZ  '0'       ^ 
Incrc^st.  in  /y  -  %  per  ^/eyree    C 

Fio.  4,— Showing  percentage  change  in  magnet- 
iging  force  for  a  given  induction  due  to  I  degree 
rise  in  temperature 


C->i,  cast  iron  as  received 

C-3,  cast  iron  quendied  from  xooo* 

C-3.  cast  iron  annealed  from  900* 

W-x,  <vrroiicfat  iron  as  received 

W-a,  wrought  iron  annealed  from  900* 

S-x.  low-carbon  steel  as  received 

S-a.  low<arbon  steel  annealed  from  900* 
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changes  sign  in  some  cases  and  not  in  others.  The  wrought  iron 
both  as  received  and  annealed  shows  this  change,  while  the  steel 
shows  it  only  in  the  annealed  condition.  Cast  iron  shows  quite 
different  characteristics,  according  to  the  heat  treatment  it  has 
received.  In  the  material  as  received  the  values  of  the  coefficient 
are  all  negative,  though  they  decrease  in  magnitude  with  increase 
in  induction.     For  the  annealed  material  the  temperatiu-e  coeffi- 


Fio.  5. — Shottfing  percentage  change  in  induction  for  a  given  magnetizing  force  due  to 

J  degree  rise  in  temperature 

Oi»  cast  iron  as  received 

C-a,  cast  iron  quenched  from  zooo* 

C-3.  cast  iron  annealed  ircun  900* 

W-z.  wrought  iron  as  received 

W-a,  wrought  iron  annealed  from  900* 

S~z,  low-carbon  steel  as  received 

S-a.  low-carbon  steel  annealed  from  900* 

dent  is  negative  at  low  inductions  and  positive  at  high  inductions, 
while  for  the  quenched  specimen  the  values  are  all  positive. 

Figs.  4  and  5  bring  together  the  coefficients  for  all  of  the  mate- 
rials. Fig.  4  shows  the  percentage  change  per  degree  in  mag- 
netizing force  for  a  given  induction,  while  Fig.  5  shows  the  per- 
centage change  per  degree  in  induction  for  a  given  magnetizing 
force.    The  maximum  percentage  change  in  induction  occurs  at 
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comparatively  low  magnetizing  forces,  while  the  peiicentage  change 
in  niagnetizing  force  shows  no  such  well-defined  maximum. 
Prom  these  figures  it  can  also  be  seen  how  great  a  variation  there 
is,  not  only  with  different  kinds  of  material,  but  in  the  same 
material  which  has  received  different  heat  treatments. 

SUMMARY 

Magnetic  measurements  at  different  temperatures  within  the 
atmospheric  range  have  been  made  on  a  number  of  materials 
with  different  heat  treatments.  The  results  of  these  measure- 
ments are  of  such  a  nature  that  the  following  conclusions  seem  to 
be  warranted : 

1 .  The  temperattire  coefficient  of  magnetic  permeability,  though 
small,  can  not  be  neglected  in  magnetic  measurements  of  high 
acciuucy. 

2.  On  account  of  the  wide  variation  in  temperature  coefficient, 
not  only  for  different  materials,  but  also  for  the  same  material 
with  different  heat  treatments,  correction  can  not  be  made  to 
standard  temperature  from  data  obtained  from  other  materials. 

3.  Unless  the  temperature  coefficient  is  known  for  the  particu- 
lar material  under  test,  temperattu'e  control  offers  the  only  means 
of  avoiding  the  error  due  to  temperature  changes,  at  least  where 
errors  as  great  as  i  per  cent  are  to  be  avoided.  Conditions  often 
arise  in  practice  where  the  temperatm^  of  a  specimen  may  be 
raised  from  10^  to  20°  above  the  temperattu'e  of  the  room,  due 
either  to  a  comparatively  heavy  cmrent  or  to  the  use  of  coils 
already  heated  from  a  previous  test.  Since  temperattue  coeffi- 
cients may  be  as  great  as  o.  3  per  cent  per  degree ,  errors  amounting 
to  2  per  cent  or  more  may  exist. 

These  conclusions  hold  in  general,  even  though  there  may  be 
materials  which  have  very  small  or  even  zero  temperattue 
coefficients. 

The  author  is  indebted  to  Dr.  C.  W.  Bturows  for  many  valuable 
suggestions  throughout  the  course  of  the  work,  also  to  the  chem- 
istry division  of  the  Bureau  for  chemical  analyses  and  the  division 
of  metaUiugy  for  the  heat  treatment  of  the  specimens. 

Washington,  December  2,  191 4. 


METHODS  OF  MEASURING  THE  INDUCTANCES  OF 

LOW-RESISTANCE  STANDARDS 


By  Frank  Wenner,  Emeit  Wdbel,  and  F.  B.  Silibee 

I.  INTRODUCTION 
1.  GENERAL  USB  OP  LOW-RESISTAHCB  STAin>ARDS 

In  precise  measurements  of  alternating-current  phenomena  it 
frequently  becomes  necessary  to  use  low-resistance  standards  of 
large  current  capacity.  The  most  common  example  is  in  the 
calibration  of  instruments  for  the  accurate  measurement  of  power 
in  alternating-current  circuits.  Power  is  usually  measured  by  a 
wattmeter  in  coimection  with  cmrent  and  voltage  transformers, 
and  these  transformers  are  in  turn  calibrated  by  the  use  of  stand- 
ards of  known  resistance  and  inductance.  An  error  in  the  phase 
angle  of  a  standard  will  appear  in  the  apparent  phase  angle  of  the 
transformer,  and  hence  enter  directly  into  the  power  meastirement. 
For  example,  if  a  o.oooi-ohm  standard  is  assumed  to  be  non- 
inductive  when  its  inductance  is  lo  cm,  or  loxio-*  henry,  the 
cmrent  in  the  standard  at  60  cycles  will  lag  2.15®  behind  the 
electromotive  force  at  its  potential  terminals,  and  the  error  in 
measuring  power  at  a  power  factor  of  0.71  would  be  3.7  percent. 

2.  DEFUfrnoN  of  resistahce  Ain>  mDncTAHCE 

The  low-resistance  standards  considered  in  this  paper  are  con- 
ductors having  two  pairs  of  terminals,*  namely,  current  and 
potential  terminals.    We  shall  treat  only  such  conductors  in 

which  when  a  current 

i=7«sin/><  (i) 

flows  through  the  current  terminals,  the  difference  of  potential 
between  the  potential  terminals  is 

XX 
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e^A  mi  pt+B  cos  pi  (2) 

The  resistance  R  is  -A/7,„,  the  inductance  L  is  B/pI^,  the  time  con- 
stant T  is  B/pA^L/R,  and  the  phase  angle  d  is  tan-^jB/A- 
tan"*  />L/i?  where  />  =  2  tt  times  the  frequency. 

In  order  that  the  resistance  and  inductance  of  a  low-resistance 
standard  be  definite/  it  is  necessary  to  have  the  potential  and 
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Fig.  I . — Simple  diagram  of  connections  for  measuring  sum 
of  phase  angles  of  two  resistance  standards 

» 

current  leads  brought  out  in  a  definite  manner.  In  a  well- 
designed  standard  for  general  use  in  alternating-current  measure- 
ments the  resistance  and  inductance  are  practically  independent 
of  the  manner  of  making  the  connections  to  the  terminals  of 
the  standard. 


i  Wenner,  this  Bulletin.  8,  p.  560;  X9za;  Sdeotific  Paper  No.  z8i. 
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3.  PREVIOUS  MEASUREMENTS 

All  values  heretofore  obtained  for  the  residual  inductance  of 

"  noninductive  "  standards  of  low  resistance  have  been  based  upon 

the  calculated  inductance  of  some  conductor.    Such  a  calculation 

can  only  be  performed  for  simple  shapes  and  for  ideal  conditions 

as  regards  current  distribution,  current  and  potential  leads,  end 

effects,  etc.,  so  that  the  construction  of  a  standard  of  which  the 

inductance  can  be  calculated  with  sufficient  certainty  offers  some 

difficulties. 
The  inductances  of  standards  of  odd  shapes  have  then  been 

obtained  by  meastiring  the  differences  between  their  phase  angles 
and  that  of  a  calculated  standard.  These  difference  measurements 
have  been  made,  using  a  Rosa  curve  tracer,'  an  electrometer,'  an 
electrod3mamometer,*  a  Thomson  bridge,*  and  a  current  trans- 
former.* 

The  two  methods  described  in  this  paper  for  determining  the 
phase  angles  of  low-resistance  standards  without  recourse  to  com- 
puted values  are  believed  to  be  the  only  ones  now  available. 

IL  THEORY  OF  METHODS 
1.  FIRST  METHOD 

This  method  gives  primarily  the  sum  of  the  phase  angles  of  two 
resistance  standards.  By  using  three  resistance  standards  three 
sums^  can  be  meastued  from  which  each  phase  angle  can  be 
obtained. 

The  resistance  standards  are  each  connected  in  series  with  a 
mutual  inductance,  as  indicated  in  Fig.  i,  and  excited  by  alter- 
nating currents  substantially  in  quadrature.  The  constants  of  the 
circuits  and  the  relative  phase  and  magnitude  of  the  two  currents 
are  then  adjusted  so  that  no  current  flows  in  either  galvanometer. 

>  By  plottinc  curves  ol  the  voltages  across  the  potential  tennhiala  of  a  resistance  standards  carryiac  the 
same  ciinent.  Dr.  Rosa  obtained  directly  the  di£ference  of  the  phase  angles. 

*  OrHcfa»  Zs.  ftir  Instk..  C9,  p.  941;  1909. 

*  Agnew  and  Pitdi,  this  Btalletin,  •,  p.  sSz;  1909;  Scientific  Paxier  No.  150. 

*  Sharp  &  Crawford,  Trans.  Amer.  InsL  B.  B.,  S9,  p.  1540;  19x0.    Wcnner,  thb  Bulletin.  8.  p.  603;  19x3. 

*  Agnew  and  Silsbec,  Trans.  A.  I.  B.  B.,  tl,  p.  1635;  Z9za. 

^  By  ni*^ff«*^"g  the  sum  of  the  phase  angles  of  two  resistance  standards  by  this  method  and  the  di£Fer- 
cnoe  by  any  of  those  mentioned  above,  one  cm  determine  both  phase  an^es. 
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If  then  we  let  the  real  parts  of  I^c^J^  and  I^f^  (where  J^  and  I^ 
are  complex  quantities  or  vectors  and  ;  represents  the  V~*^)  ^P~ 
resent  the  instantaneous  values  of  the  currents,  and  R^,  Lu  Mt,  r, 
R^,  L2,  and  M^  represent  the  constants  of  the  circuits,  we  have 

{R,^JpLdI^^jpM,I,  (3) 

and 

(/?,  +jpL,)I,^  (r  --jpMdlt.  (4) 

Eliminating  -Tj/i,,  we  get 

ipM,    _R,+jpL,  ,v 

Ri+JpL^     r^jpM,  ^^^ 

or 

jrpM^  ^p'MJSd^  «/?i^3  +j(pLiR^+pL^;)  -p^L^L^. 

Therefore 

R,R,^p^(M,M.-^L,I^  (6) 

and 

^.pL^^rjM,    ^r_  .. 

R,  ^  R,      R,R^      pM^  ^'^ 

very  closely.  The  first  of  these  equations,  (6) ,  can  be  used  in  the 
absolute  measurement  of  resistance  and  the  second  gives  a  meas- 
ure of  the  stun  of  the  phase  angles  of  the  two  resistances. 

The  above  relations  can  be  shown  very  simply  by  the  vector 
diagram  shown  in  Fig.  2.  If  Z^  and  Z,  are  the  impedances  of  the 
two  resistances,  then  Z^I^  leads  I^  by  ^i-tan-^^Li/jRj,  and  when 
the  galvanometer  A  carries  no  current  this  equals  —jpMtJ^,  so 
that  I2  must  lead  Z^Ii  by  90^.  Now,  Z^I^  leads  J,  by  ^,  — tan-* 
pL^/Rt,  as  shown.  Also  —jpi—M^Ii  or  jpM^I^  leads  Ij  by  90®, 
as  shown.  From  this  we  subtract  rl^  parallel  to  Jj,  and  when  the 
galvanometer  B  carries  no  current  we  know  ihsX  jpM^I^—rl^^ 
Zi^'    By  inspection  of  the  diagram  we  see  that 

tan  (^,  +  <?,)-^  (8) 

and  if  0^  and  d^  are  small  we  have 

PhjLpL^ !L-  (9) 

i?i      ^3     PM,  ^^^ 

very  closely.  A  modification  of  this  method  of  measuring  the 
sum  is  to  use,  instead  of  the  small  resistance  r,  a  small  mutual 
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inductance  m,  whose  primary  is  in  series  with  /?,  and  whose  sec- 
ondary is  in  series  with  galvanometer  B.  The  sum  of  the  phase 
angles  would  then  be  pm/R^  instead  of  r/pM^. 

In  the  above  proofs  it  is  assumed  that  the  muttial  inductances 
are  pure;  i.  e.,  give  electromotive  forces  in  exact  quadrature  with 
the  primary  current.  Any  deviation  from  quadrature  represents 
an  equal  error  in  the  measurement  of  the  sum  of  the  phase  angles. 

It  is  also  assumed  that  the  currents  are  sinusoidal.  If  this  is 
not  the  case,  there  will  be  unbalanced  harmonic  electromotive 
forces  in  the  galvanometer  circuits.    The  detectors  must  therefore 


V^,/^/, 


Flo.  a. — Vector  diagram  of  electromotive  j[orces  in  measurement  of  sum  of 

phase  angles  of  two  resistance  standards 

be  sufficiently  selective  so  that  these  electromotive  forces  give 
only  negligible  deflections.  A  tuned  vibration  galvanometer  is 
very  selective.  If  it  is  not  sufficiently  so,  it  is  possible  by  using 
an  electrical  resonating  system  in  series  with  it  to  increase  greatly 
the  selectiveness  of  the  arrangement.  The  use  of  such  a  system, 
however,  necessarily  introduces  resistance  into  the  galvanometer 
circuit,  and  thus  reduces  somewhat  the  sensitivity. 

The  sensitivity  of  the  arrangement  is  easily  calculated,  since 
we  know  that  for  a  lack  of  balance  in  phase  of  one  minute  there 
is  0.0003  RJ t^olt  in  circuit  A  and  0.0003  i?^,  volt  in  circuit  B. 


i6  Bulletin  of  ike  Bureau  of  Standards  \vu,n 

The  deflections  produced  by  these  voltages  can  be  calculated  from 
the  constants  of  the  galvanometers  and  galvanometer  circtiits. 

In  order  to  obtain  as  large  a  voltage  as  possible  for  a  given 
difference  in  phase,  the  mutual  inductances  shotdd  be  of  such 
magnitudes  and  of  such  construction  as  will  allow  both  resist- 
ances to  be  used  at  full  current  capacity.  The  resistances  of  the 
secondaries  of  the  mutual  inductances  should  be  kept  low  in  order 
not  to  diminish  unduly  the  deflection  produced  by  this  voltage. 

Since  the  balance  depends  directly  upon  the  frequency,  it  is 
necessary  that  the  speed  of  the  generators  be  kept  very  constant. 
For  example,  if  the  measurement  is  to  be  made  to  one  minute  of 
phase  angle,  the  speed  must  be  kept  constant  to  about  0.03  per 
cent. 

In  making  the  measurement  one  observer  who  reads  galvanome- 
ter A  controls  the  ratio  and  phase  difference  of  the  two  currents 
so  as  to  keep  his  galvanometer  tmdeflected,  while  the  other  ob- 
server reading  galvanometer  B  varies  M j  and  r  (or  m)  so  as  to 
bring  the  deflection  to  zero.  With  a  simultaneous  balance  of  the 
two  galvanometer  circuits  the  relations  stated  above  are  satisfied. 

2.  SECOND  IIETHOD 

This  method  makes  use  of  a  standard  whose  resistance  can  be 
changed  without  changing  its  inductance.  This  can  be  done,  for 
example,  by  using  a  copper  standard  whose  temperature  can  be 
varied.  The  measurement  consists  in  determining  the  change  in 
phase  angle  or  in  time  constant  when  the  resistance  is  changed  a 
known  amotmt.  Then,  if  the  observed  decrease  in  phase  angle  is 
AO,  or  in  time  constant  is  iT,  and  the  corresponding  proportional 
increase  in  resistance  be  a,  we  have 

pL     i±a 

^—r"^  (10) 

L     I  +0 


and 


R       a 


■JT  (11) 


very  closely.    To  show  this,  we  make  use  of  the  known  relations 
(See  Fig.  3.) 

tan0=^andtan(<?-4<?)  =  ^j^^  (12) 


SiUbte  J 
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(13) 


Since  the  angles  are  small,  these  give 

/>L        pL        pL    a 
R      ii+a)R     R  i+a 

This  method  requires  that  there  be  no  change  in  form  or  in 
ctnrent  distribution  sufficient  to  cause  an  appreciable  change  in 
inductance.  Systematic  errors  due  to  this  cause  can  be  eliminated 
by  the  use  of  well-constructed  standards  of  different  designs. 

The  change  in  phase  angle  can  be  measured  by  i^  of  the 
methods  used  for  measuring  differences  of  phase  angles  referred 
to  on  page  13.    The  precision  attainable  by  the  use  of  this  method 


JLpi 


Rl  aRI 

Fto.  3. — Vector  diagram  showing  change  in  phase  angle  with  change  in  resistance 

for  measuring  the  phase  angle  of  a  standard  is  determined  by  the 

precision  of  meastu-ement  of  the  change  in  phase  angle  and  by 

the  magnitude  of  the  proportional  change  in  resistance.    Thus,  if 

a =0.5,  which  with  a  copper  resistance  corresponds  to  a  change 

from  o  to  117®  C,  and  it  is  desired  to  measure  pL/R  to  i  minute, 

o  s 
it  is  necessary  to  measure  JO  to       '^    ,  or  about  0.3  minute. 

m.  EXPERIMSNTAL  WORK 
1.  STAlfBARBS   . 

In  order  to  test  the  practicability  of  these  methods,  measure- 
ments have  been  made  on  four  low  resistances.  These  were  aU 
made  of  flat-strip  resistance  material,  and  the  current  and  poten- 
tial leads  were  brought  out  in  a  definite  manner.  The  values  of 
the  resistances  and  the  current  capacities  in  oil  are  given  in  Table 
I.  R  and  S  were  of  manganin,  K  of  kulmitz  metal,  and  C  of 
copper.  The  standards  C  and  K  were  such  that  the  inductance 
could  be  calculated  from  the  dimensions  with  some  certainty. 
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2.  FIRST  MBTHOD 

All  of  the  six  possible  sums  of  the  phase  angles  of  the  four 
standards  were  measured  by  the  first  method.  To  do  this,  the 
apparatus  was  connected  as  shown  in  Fig.  4.  R^  and  R^  are  the 
resistances  to  be  measured;  r^,  r^,  and  r,  are  resistances  for  obtain- 
ing the  adjustable  low  resistance  r  in  Fig.  i.  For  example,  with 
fj— o.ooi  ohm,  r,-»o.i  ohm,  and  r,-»ioo  ohms,  r-io^  ohm.  r, 
was  vadMe  so  that  r  could  be  easily  varied  over  a  considerable 
range.  nThe  two  circuits  were  excited  through  transformers  from 
two  generators  directly  connected  to  a  motor.  By  manipulation 
of  the  resistance  u  ^^^  U  ^^^  the  field  rheostats  of  the  generators 
the  currents  were  easily  adjusted.  The  phase  difference  of  the 
currents  could  be  varied  by  rotating  the  stationary  armature  of 
one  generator  and  by  changing  the  resistance  r,.  It  was  neces- 
sary to  use  the  double  transformation  and  ground  connection  as 
shown  to  avoid  leakage  from  the  high-voltage  circuits  through  the 
measuring  circuits  and  galvanometers  to  ground.  The  vibration 
galvanometers  were  of  the  moving  coil  type  having  a  resistance 
of  about  1.5  ohm,  a  voltage  sensitivity  of  0.16  mm  per  microvolt, 
and  an  amplitude  time  constant  of  2  seconds.  The  frequency 
was  60  cycles  per  second.  A  resonating  system  consisting  of  an 
inductance  of  0.14  henry  in  series  with  a  capacity  of  50  micro- 
farads was  used  in  series  with  each  galvanometer.  These  were 
found  to  be  very  effective.  The  impedance  at  the  .fundamental 
frequency  was  iUix>ut  i  ohm,  while  to  the  third  harmonic  it  was 
about  140  ohms. 

A  Maxwell  bridge  with  a  charge  and  discharge  commutator  on 
the  shaft  of  the  generators  was  used  to  indicate  changes  in  speed. 
The  motor  was  run  from  a  storage  battery,  so  that  the  speed  was 
very  constant. 

The  procedure  followed  in  making  the  measurements  was  prac- 
tically as  described  above.  In  addition  reversals  of  current  and 
potential  connections  of  the  resistances  and  reversals  of  the  pri- 
mary and  secondary  connections  of  the  mutual  inductances  were 
made  in  various  combinations  in  order  to  eliminate  errors  due  to 
stray  alternating  magnetic  fields  not  considered  in  the  theory 
above. 
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The  phase  angles  at  60  cycles  determined  from  the  observations 
on  the  six  sums  are  given  in  Table  i.  These  values  satisfy  all  of 
the  observations  within  two  minutes. 


TABLE  1 


R6titlUlM 

Cuffint 
CKsnthy 

Phaataactoat 
Mcydaa 

inma  cwiafaiif 

xio* 

ohm 

mp* 

DUB« 

aac. 

cm. 

C 

0.000337 

300 

29.0 

22.4 

7.6 

K 

0.01 

75 

2.5 

1.9 

19.0 

R 

0.001 

200 

19.0 

14.7 

14.7 

s 

0.001 

500 

16.5 

12.7 

12.7 

The  phase  angles  of  C  and  iC  at  60  cycles  calculated  from  dimen- 
sions are  24.  i  minutes  and  0.8  minutes,  respectively.  The  values 
determined  experimentally  are  therefore  higher,  showing  that  the 
ideal  conditions  assumed  in  the  calculations  were  not  ftdfilled. 

3.  SECOND  METHOD 

Measurements  were  made  by  the  second  method  on  standard  C. 
The  standard  was  connected  in  the  primary  circuit  of  a  current 
transformer  and  the  apparent  phase  angle  of  the  transformer 
measured  by  the  usual  method,*  with  the  shunt  at  various  tempera- 
tures from  20°  C  to  80^  C.  The  phase  angle  at  60  cycles  computed, 
assuming  the  change  in  the  apparent  phase  angle  of  the  trans- 
former to  be  equal  to  the  change  in  phase  angle  of  the  standard, 
was  30.5  minutes. 

IV.  CONCLirSIONS 

The  experimental  work  described  in  this  paper  was  undertaken 
to  determine  the  practicability  of  the  methods  suggested  above, 
with  a  view  to  their  use  in  a  more  complete  investigation  of  the 
inductance  of  fotu--terminal  conductors  by  one  of  the  authors. 
It  served  also  to  show  some  of  the  precautions  which  must  be  taken 
in  case  the  first  method  is  used  in  the  absolute  measurement  of 
resistance. 

*  Acncw  and  SUsbee,  Tnuu.  A.  I.  B.  B-..  tl,  p.  2635;  191s. 
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The  first  method  is  rather  complicated  and  requires  much  spe- 
cial apparatus,  but  affords  a  valuable  check  on  results  obtained 
by  other  methods.  In  the  work  described  here  the  precision  was 
limited  by  fluctuations  in  the  speed  of  the  generators,  but  it  is 
believed  that  the  precision  attained  can  be  improved  by  ftuther 
attention  to  this  and  other  limiting  factors.  As  has  been  pointed 
out  above  (p.  1 5) ,  the  results  depend  directly  upon  the  magnitude 
and  purity  of  the  mutual  inductances  used,  and  these  are  to  be 
investigated  fiulher  in  connection  with  the  work  on  the  induc- 
tance of  four-terminal  conductors. 

The  second  method  was  found  to  be  much  simpler,  and  with 
the  current-transformer  method  of  meastiring  the  change  in  phase 
angle  and  resistance  is  easily  carried  out.  A  precision  of  o.i 
minute  in  the  measiu^ment  of  the  change  in  phase  angle,  at  60 
cycles,  should  be  attainable;  so  with  an  increase  of  100  per  cent 
in  the  resistance  the  phase  angle  cotdd  be  measured  to  0.2  min- 
ute. The  accuracy  would  probably  be  slightly  lower  than  this  on 
account  of  systematic  errors. 

Washington,  August  5,  1914. 
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mTRODUCnOH 

Several  years  ago  the  feasibility  of  making  use  of  a  calorimeter 
consisting  entirely  of  metal,  depending  upon  metallic  conduction 
instead  of  the  stirring  of  a  liquid,  was  considered  at  the  Bureau. 
The  high  thermal  conductivity  of  copper  seemed  to  offer  a  pros- 
pect of  success,  and  with  a  view  to  testing  its  performance  such  a 

was  built  at  about  the  time  that  the  work  of  Eucken  ^ 

>  SttdRB,  PhyrikiHtrhr  Zdtidirift,  IS.  p.  sW;  1909. 
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and  of  Nemst,  Koref ,  and  Lindemann,^  utilizing  the  same  prin- 
ciple, became  known.  This  instrument  was  described  by  D.  R, 
Harper  3d,*  in  a  paper  before  the  American  Phy^cal  Society  in 
April,  1 91 3.  Meanwhile  this  principle  has  also  been  applied  by 
F6y.*  The  original  calorimeter  built  at  the  Bureau,  however, 
differed  materially  from  these,  in  that  both  a  thermometric  ele- 
ment and  a  heating  element  were  imbedded  within  the  mass  of  the 
metal  itself.  This  earlier  calorimeter  was  in  the  form  of  a  hollow 
cylinder  of  cast  copper,  10  cm  in  diameter,  10  cm  high  outside, 
and  having  a  wall  thickness  of  i  cm.  The  heating  element  and 
the  resistance  thermometer  element  were  laid  in  grooves,  insulated 
with  mica,  and  covered  by*  copper  strips  in  the  manner  described 
later,  except  that  the  two  coils  were  laid  in  the  same  deep  groove 
with  a  copper  strip  between  them,  instead  of  in  separate  grooves 
as  in  the  later  instrument.  Although  the  cast  copper  was  quite 
impure,  thus  having  a  much  lower  thermal  conductivity  than  pure 
copper,  it  became  evident  at  once  that  the  method  was  not  only 
capable  of  considerable  precision,  but  was  applicable  to  a  wide  range 
of  temperature  and  to  a  wide  variety  of  problems  which  could 
hardly  be  tmdertaken  with  calorimeters  of  any  other  single  type. 
Characteristics. — Upon  undertaking  a  number  of  calori- 
metric  problems  in  connection  with  an  investigation  of  refriger- 
ants, it  became  necessary  to  adopt  a  calorimeter  suitable  for  use 
under  unusual  conditions.  The  ''aneroid  calorimeter"  combines 
the  following  characteristics:  (i)  It  is  applicable  to  both  solids 
and  liquids  even  under  high  pressure;  (2)  the  same  instnunent, 
without  any  changes,  can  be  used  over  a  very  wide  range  of  tem- 
perature, and  by  suitably  adapting  the  jacket  and  the  liquid  used 
therein,  this  range  can  be  extended  to  the  lowest  temperatures 
obtainable  and  up  to  +200°  C  or  higher;  (3)  the  heat  capacity 
of  the  calorimeter  and  contents  can  be  measured  over  small  tem- 
perature intervals,  thus  approximating  the  heat  capacity  at  a 
definite  teiAperature;  (4)  the  troublesome  correction  due  to  evapo- 
ration of  a  calorimetric  liquid  and  to  the  energy  supplied  by  the 
stirring  device  are  eliminated. 

*  Ncrnst,  Eoref .  and  Ltndcmann,  Sitrtinssbcridite  der  Kfiniglldi  Prensslsdien  Aluulcmie  dcr  Wt 
■chaftm,  Z910,  p.  347. 

*  Hari)cr,  Physical  Review  (a),  1,  p.  469;  19x3. 

*  P^ry,  Comptea  Rendus,  IM,  p.  691;  19x3. 
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6BIIBRAL  PRINCIPLBS  OF  DBSI6N 

Equalization  of  Temperature. — ^The  factor  of  prime  impor- 
tance in  a  calorimeter  of  this  type  is  the  rapid  equalization  of 
temperature  over  the  surface  of  the  calorimeter  and  throughout 
the  entire  mass  of  material.  To  provide  for  this,  the  material  of 
the  calorimeter  should  have  as  high  thermal  conductivity  as 
possible,  and  the  design  should  be  such  as  to  facilitate  equaliza- 
tion of  temperature. 

A  cylinder  of  copper  of  about  8  cm  diameter,  18  cm  length  out- 
side, and  5  mm  wall  thickness  forms  a  highly  conducting  con- 
tainer within  which  can  be  inclosed  either  solids  or  liquids.  Deter- 
mination of  the  mean  temperature  of  this  cylinder  is  effected  by 
meastning  the  electrical  resistance  of  a  platinum  wire  insulated 
with  mica  and  wound  at  the  bottom  of  a  helical  groove,  which  is 
then  filled  in  with  a  copper  strip.  The  energy  required  for  heating 
is  supplied  electricalTy  by  means  of  a  constantan  wire  similarly 
motmted  in  a  second  helical  groove. . 

Control  of  Jacket  Temperature. — ^The  calorimeter  is  sus- 
pended by  fine  steel  wires  within  a  thin  walled  brass  vessel  or 
jacket  which  can  be  so  closed  as  to  permit  total  immersion  in 
liquid.  In  order  to  control  its  temperature,  the  jacket  containing 
the  calorimeter  is  immersed  in  a  stirred  bath  containing  a  carbon 
dioxide  expansion  cooling  coil,  an  ^lectric  heating  coil,  and  a  coil 
of  copper  tubing  forming  the  bulb  of  a  thermostat.  The  stirrer 
is  so  placed  as  to  give  rapid  circulation  of  the  liquid,  particularly 
around  the  heating  and  cooling  coils  and  thermostat  bulb. 

The  whole  bath  is  surrounded  by  a  thick  layer  of  insulating 
material  to  adapt  it  for  use  at  low  temperattu'es. 

DBTAILBD  DESCRIPTION 

Calorimeter. — ^The  copper  calorimeter,  as  shown  in  Figs.  2 
and  3,  was  tinned  from  a  solid  block  of  electrolytic  copper.  The 
helical  grooves,  fotn  in  number,  each  making  about  four  turns 
arotmd  the  cylinder,  were  milled  with  a  concave  bottom.  The 
platinum  wire  and  the  flat  constantan  wire  were  wound  in  the 
bottom  of  these  grooves  and  insulated  with  overlapping  mica  strips. 
A  rectangular  copper  strip,  concave  on  one  side,  was  driven  in 
place  so  as  to  compress  the  edges  of  the  mica  strips  but  leave  the 
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wire  free,  as  shown  in  Fig.  4.     Each  of  the  two  wires  occupies  two 
grooves,  going  down  in  one  and  back  in  the  adjacent  one,  so  that 
both  the  thermometer  and  the  heating  element  are  distributed 
quite  uniformly  through  the  entire  cylindrical  portion  of  the  cal- 
orimeter.    After  the  wires  and  copper  strip  were  in  place  the  latter 
was  sweated  in  with  pure  tin  and  the  sur- 
face turned  true  and  nickel  plated.    Unfor- 
tunately, after  this   was  done  a   defect 
developed  in  the  thermometer  coil,  mak- 
ing it  necessary  to  remove  a  part  of  this 
ccril,  thus  removing  a  portion  of  the  nickel 
plating. 

niennometcr. — The  resistance  ther- 
mometer consists  of  a  o.i  Ttim  platinum 
wire  about  3  meters  long,  having  a  resist- 
ance at  o*  C  of  31.01  ohms.  The  method 
of  winding,  while  avoiding  direct  pressure 
of  the  copper  coverii^,  does  leave  the  wire 
subject  to  some  irregularities  of  mechan- 
ical strain  due  to  elasticity  of  the  mica 
strips,  as  well  as  to  differential  thermal 
expansion.  It  was  found  that  the  resist- 
ance of  the  thermometer  at  a  given  tem- 
perature (e.  g.,  ice  point)  changed  con- 
siderably during  the  initial  calitoation 
but  later  became  more  nearly  constant. 

Heating  Element. — ^The  heating  ele- 
ment consists  of  a  constantan  wire  of  the 

same  length  as  that  of  the  thermometer  fm.  ^.— Detail  of  iherm<mukr 
wire  and  having  a  resistance  of  about  9.2  andkatUn^eoileimtiTuetum 
ohms.  This  wire  was  rolled  flat  before  winding  and  was  wound 
in  the  same  manner  as  the  thermometer  coil.  The  connections 
to  both  heater  and  thermometer  were  brought  out  from  the  calori- 
meter through  short  porcelain  tubes  within  copper  tubes. 

Thermocouples. — In  order  to   make  corrections   for  thermal 
leak^e  between  calorimeter  and  jacket  it  is  necessary  to  know  the 
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difference  in  temperature  between  the  surface  of  the  calorimeter 
and  that  of  the  jacket.  A  careftil  survey  of  the  distribution  of 
temperature  on  both  of  these  surfaces,  when  the  temperatures 
were  changing,  disclosed  the  fact  that  the  distribution  was  not 
uniform  over  the  surface  of  either  calorimeter  or  jacket.  In  order 
conveniently  to  measture,  at  any  given  instant,  the  difference 
between  the  mean  temperatines  of  the  surfaces,  two  sets  of  copper 
constantan  thermocouples,  lo  in  each  set  connected  in  series,  were 
used.  The  junctions  applied  to  the  surfaces  were  soldered  to  thin 
copper  plates  each  about  4  mm  square,  while  the  two  sets  of  com- 
plementary jtmctions  were  imbedded  in  paraffin  in  copper  tubes. 
These  junctions  were  mounted  as  shown  in  Fig.  2  and  diagram- 
matically  in  Fig.  3.  Ten  junctions  of  one  set  were  distributed  over 
the  surface  of  the  calorimeter  and  held  in  place  by  small  phosphor 
bronze  clips  and  insulated  with  mica,  and  the  corresponding  10 
jimctions  of  the  other  set  were  similarly  mounted  on  the  inner 
surface  of  the  jacket.  The  copper  tubes  containing  the  two 
complementary  sets  were  attached  one  to  the  cover  and  the  other 
to  the  side  of  the  jacket  and  extended  into  the  surrounding  liquid, 
where  they  were  clam}>ed  side  by  side  in  a  split-copper  bar.  The 
calorimeter  and  the  jacket  cover  can  thus  be  removed  together 
without  distiurbing  any  of  the  jimctions,  except  the  single  one  on 
the  cover. 

One  set  of  thermocouples  indicates  the  temperature  difference 
between  a  point  in  the  liquid  and  the  surface  of  the  calorimeter 
while  the  other  set  indicates  the  temperature  difference  between 
the  same  point  in  the  liquid  and  the  surface  of  the  jacket.  By 
suitably  connecting  the  terminals  of  the  two  sets,  since  the  junc- 
tions in  the  liquid  are  at  the  same  temperatture,  the  temperature 
difference  between  the  calorimeter  surface  and  the  jacket  surface 
can  be  measured.  The  two  sets  of  couples  can  be  read  either 
independently  or  combined,  direct  or  reversed.  For  the  purpose 
of  setting  its  zero  the  galvanometer  can  be  connected  to  a  coil 
free  from  thermoelectromotive  forces  and  having  the  same 
resistance  as  the  couples. 

The  sensibility  of  the  arrangement  could  be  varied  in  four  steps 
by  means  of  suitable  series  and  shunt  coils  so  chosen  as  to  preserve 
critical  damping  of  the  galvanometer.    All  the  operations  of 
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changing  connections  could  be  quickly  performed  by  means  of  a 
switchboard,  the  arrangement  of  which  is  shown  in  Fig.  5. 

Jacket. — ^The  construction  of  the  jacket  of  the  calorimeter  is 
shown  in  Figs.  2  and  3. 

Electrical  connections  and  inlet  tubes,  when  required,  are 
brought  out  through  the  cover  from  which  the  calorimeter  is 
suspended  so  that  when  the  body  of  the  jacket  is  removed  the 
calorimeter  is  accessible  for  adjustment  or  changing  its  contents. 

The  material  to  be  used  for  a  leak-proof  gasket  between  the 
jacket  and  its  cover  depends  upon  the  nature  of  the  liquid  used 
in  the  jacket.    When  gasoline  is  used,  a  satisfactory  gasket  is  one 
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Fig.  5. — Diagrammatic  npresentaUon  of  circuits 

made  by  impregnating  cloth  with  a  compound  of  gelatin  and 
glycerin. 

Lead  Wires. — ^The  method  used  for  the  insulation  of  the 
leads  to  the  thermometer  and  the  heating  coil  is  shown  in  Fig.  3. 
The  leads  to  the  thermocouple  were  drawn  through  copper  tubes 
which  were  then  filled  with  wax  to  close  the  opening  and  exclude 
condensed  moisture. 

Thermoetat  Bath. — ^The  essential  details  of  construction  of 
the  thermostatically  controlled  bath  are  shown  in  Fig.  3.  The 
brass  vessel  serving  as  container  for  the  liquid  is  supported  within 
a  cork-filled  box  and  is  supplied  with  a  cover  of  2-inch  cork 
board  to  minimize  the  transfer  of  heat  between  the  liquid  and 
the  surroundings.  The  offset  contains  the  stirrer,  cooling  coil, 
and  heating  coil. 
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Cooling  system. — ^The  cooling  system  ccmsists  of  a  copper  expan- 
sion coil  containing  about  2  meters  of  tubing,  8  mm  in  diameter, 
and  connected  to  a  carbon  dioxide  compressicm  system.  It  was 
found  that  great  care  was  necessary  in  drying  the  carbon  dioxide 
and  freeing  it  from  oil  in  order  that  it  should  not  clt^  in  the 
e3q>ansion  coil  or  at  the  very  small  throttle  valve  which  was 
used.  A  drier  in  the  high-pressure  line,  containing  fused  calcium 
diloride,  together  with  a  filter  of  glass  wool  and  an  oil  trap,  served 


FiQ.  6. — Htat  txchanger 

to  eliminate  moisture  and  oil  from  the  liquid  carbon  dioxide. 
Just  outside  the  thermostat  bath  the  incoming  and  outgoii^  cur- 
rents of  carbon  dioxide  pass  in  opposite  directions  through  a 
beat  exchanger  shown  in  Fig.  6.  This  exchanger  consists  simply 
of  two  copper  pipes  in  the  shape  of  adjacent  helical  spirals  soldered 
together  throughout  their  lei^th  and  covered  with  cork  board 
for  thermal  insulation.  With  the  present  arrangement  it  is  pos- 
sible to  maintain  constant  to  within  a  few  thousandths  of  a 
d^;ree  any  desired  temperature  between  —55°  and  +40°  C. 
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Heating  Element. — ^Tbe  heating  coil,  shown  in  Fig.  3,  consists 
fA  a  length  of  asbestos  covered  "  advance  "  resistance  wire,  which, 
for  protection  from  the  liquid,  is  inclosed  in  a  copper  tube  of  about 
0.3  mm  wall  thickness.  By  alternate  drawing,  annealing,  and 
stretching,  a  copper  tube  is  reduced  to  the  desired  thiclmess  and 
to  as  small  a  size  as  will  readily  permit  introduction  of  the  insu- 
lated wire.  Then  the  wire,  which  has  received  several  coats  of 
thin  shellac  baked  on  over  the  asbestos  covering,  is  threaded  into 
the  tube,  which  is  then  passed  throt^h  a  draw  plate  bringing  it 
down  into  better  contact  with  the  insu-    vALVE  head 

lated  wire. 

This  type  of  coil  has  proven  very  sat- 
isfactory, as  it  has  a  small  heat  capacity 
and  will  dissipate  a  very  large  amount 
of  energy  without  excessive  heating,  and 
is  also  easy  of  construction.  Its  use  has 
greatly  improved  the  behavior  of  the 
thermostat  on  account  of  the  small 
amount  of  heat  remaining  in  the  coil 
when  the  heating  current  is  cut  off.  The 
lead  wires  to  the  heating  coil,  as  well 
as  all  other  electric  leads,  are  carefully 
covered  with  waterproof  material  (Ozo- 
kerite) for  some  distance  from  the  calorimeter  to  prevent  serious 
electric  leakage  through  the  moisture  condensed  on  the  cold  por- 
tion of  the  wires. 

Thermoregulaior. — The  temperature  control  is  secured  by 
means  of  a  thermoregulator,  consisting  of  a  coil  of  about  2  meters 
of  6-mm  copper  tubing  wound  in  a  double  spiral  and  placed  near 
the  bottom  of  the  container.  From  each  end  of  this  cc^per  tube 
a  smaller  copper  tube  extends  up  and  out  through  the  wall  of  the 
containing  vessel,  as  shown  in  Fig.  3.  One  end  opens  through  a 
smalt  needle  valve  into  a  glass  tube,  and  the  other  into  a  glass 
thermostat  head,  shown  in  Fig.  7.  The  thermoregulator  is  filled 
with  toluol,  and  the  bottom  of  the  glass  U  tube  with  a  small 
amount  of  mercury  serving  to  make  and  break  an  electric  contact 
operating,  through  a  relay,  a  shunt  in  the  main  electric-heating 
circuit 
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A  regulator  of  this  type  is  convenient  for  the  present  purpose, 
since  whenever  a  desired  temperatiu-e  is  reached  the  regulator  may 
be  set  to  maintain  this  temperature  by  opening  and  then  closing 
the  needle  valve. 

CALIBRATION 

Thermometer  Calibration. — ^The  thermometer  built  into  the 
copper  calorimeter  was  foimd  by  preliminary  calibration  not  to 
have  the  characteristics  of  the  ordinary  platinum  resistance  ther- 
mometer. Hence,  a  rather  extended  study  of  its  behavior  was 
necessary.  The  finished  calorimeter  was  inclosed  in  a  close-fit- 
ting copper  container  which  could  be  immersed  in  steam,  water, 
and  other  comparison  media.  A  series  of  measurements  of  the 
resistance  of  the  thermometer  were  then  made  in  ice  and  steam, 
and  a  few  in  a  mixture  of  soUd  carbon  dioxide  and  gasoline.  This 
latter  test  point  was  not  satisfactory  for  the  comparison  of  so 
bulky  a  thermometer  because  of  the  variations  in  temperature 
of  the  bath  itself  due  to  hydrostatic  pressure.  This  difference  was 
nearly  o?i  C  between  the  top  and  bottom  of  the  thermometer. 
The  main  object  of  this  latter  test  was  to  determine  the  constancy 
of  the  ice  and  steam  points  of  the  thermometer  after  exposure  to 
quite  low  temperatures. 

The  observations  made  in  this  way  indicated  that  while  the 
fundamental  interval  (/J^oo  —  R^  remained  apparently  constant  to  a 
few  parts  in  lo  ooo,  the  calibration  constants  of  the  thermome- 
ter differed  from  those  of  the  ordinary  platinum  resistance  ther- 
mometer so  greatly  as  to  necessitate  comparison  with  a  standard 
platinum  thermometer  at  shorter  temperature  intervals.  The 
most  convenient  method  for  doing  this  seemed  to  be  by  using  a 
standardized  platinum  thermometer  iromersed  in  the  thermostat 
bath,  comparing  this  with  the  calorimeter  thermometer  by  means 
of  the  thermocouples  when  the  calorimeter  was  mounted  in  the 
jacket  as  described  above.  This  thermometer  was  held  in  contact 
with  the  face  of  the  split-copper  bar  which  incloses  the  thermo- 
couple junctions,  and  for  protection  from  sudden  local  fluctuations 
in  the  temperattu-e  of  the  liquid  these  were  all  inclosed  in  a  thick 
walled  copper  tube  surrounded  by  a  glass  tube.  By  adjusting 
the  temperatures  of  jacket  and  calorimeter  very  nearly  to  equality 
and  using  the  thermoelements  to  read  the  small  difference,  usually 
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only  one  or  two  hundredths  of  a  degree,  comparisons  could  be 
made  to  an  accuracy  of  about  o?ooi . 

From  the  observations  was  obtained  a  series  of  resistance 
differences  on  the  calorimeter  thermometer  corresponding  to  a 
series  of  temperature  differences  as  determined  by  the  standard 
resistance  thermometer.  Taking  the  ratio  of  each  temperature 
difference  to  the  corresponding  difference  in  resistance,  a  series  of 
difference  factors  varying  slightly  with  temperature  was  obtained, 
which  may  be  used  to  convert  observed  resistance  differences  into 
corresponding  temperature  differences. 

A  large  number  of  calibrations  were  made  in  this  way  with 
somewhat  disappointing  results.  A  comparison  of  the  results 
obtained  at  different  times  during  several  months  disclosed  dis- 
agreements of  as  much  as  i  part  in  2000  from  the  mean  without 
apparent  regularity.  Although  these  results  were  sufficiently 
accurate  for  some  of  the  uses  to  which  the  calorimeter  was  to  be 
put,  the  irregularities  were  too  great  to  be  attributed  to  accidental 
experimental  errors,"  and  finally  a  more  systematic  examination 
of  the  behavior  of  the  thermometer  disclosed  a  marked  depend- 
ence upon  the  previous  temperature  to  which  the  calorimeter  had 
been  subjected.  If  cooled  to  —40®  or  so,  a  consistent  series 
of  difference  factors  was  found,  while  if  cooled  to  only  — 15**,  a 
different  series  of  consistent  factors  was  fotmd.  For  still  higher 
initial  temperatures  still  different  series  were  found.  The  re- 
sults of  this  examination  are  given  in  Table  i  ,*  and  shown  graphic- 
ally in  Fig.  8. 

The  peculiarity  in  the  behavior  of  this  thermometer  can  be 
explained  on  the  ground  of  mechanical  strain  in  the  platinum  wire. 
A  method  of  construction  which  would  obviate  irregular  strains 
would  doubtless  eliminate  the  peculiarity. 

*  The  particnlar  standard  resbtance  thennometer  used  in  most  of  the  experimental  work  with  this  calo- 
rimeter is  B.  S.  No.  4735.  This  thennometer  is  one  of  the  four  described  in  this  Bulletin,  9,  pp.  483-493 
(B.  S.  Scientific  Paper  No.  300).  and  has  the  following  constants,  ice  point  resistance  (/?o)"- 25.4750,  funda- 
mental interval  (l?M-i?o)— 9'965o.  9  (as  used  in  the  Calendar  equation)-!. 48. 

M 

*  IC— ^j^—the  factor  for  a  resistance  thermometer  by  which  an  observed  change  in  resistance  must  be 

mnltix)lkd  to  find  the  corresponding  change  in  temperature.  This  factor  varies  with  the  temperature  and 
Is  stated  in  such  a  way  that,  for  the  difference  of  any  two  observed  resistances,  the  factor  to  be  used  corre- 
sponds to  the  mean  of  these  resistances.  The  computation  of  this  factor  from  the  observed  constants  of 
platimmi  resistance  thermometers  is  treated  in  a  paper  by  Dickinson  and  Mueller,  this  Bulletin.  9,  p.  483. 
1913  (Scientific  Paper  No.  aoo).  For  determining  actual  temperatures  by  means  of  the  built-in  thennometer, 
the  values  of  K  given  in  the  Uble  were  used,  taking  the  resistance  of  this  thermometer  as  31.0135  ohms  at 
the  temperature  of  0*. 
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TABU  1 
CalilmitloQ  of  ThmnoiiMter  in  Caloriintter  No.  11510 
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Date 

RaritteiiM 
•1 

dMCflMmt- 

terN«.472S 

dSUm 

K«m 

d9 

RMiltiBM 

ter 

110.11510 

iRiuw 

KtMM 

MMan- 

iMUMOf 

ter  11510 

1914 

Ohms 

Okwu 

Dtglokm 

D^grtts 

Okwu 

Okwu 

Dtgiokm 

Okmu 

fltft  19... 

21.84aSl 

26.57352 

1.07995 

9.8017 

10.546 

1.81749 

8.0046 

27.23226 

22.924S6 

27.88101 

.95097 

9.8301 

9.8481 

1.16402 

8.0300 

28.47302 

23.87SS3 

29.05803 

.97617 

9.8572 

9.6223 

1.19504 

8.0519 

29.65295 

14.85170 

1.06027 

9.8860 

10.482 

1.29815 

8.0746 

30.89914 

2S.  91197 

31.54822 

.95501 

9.9149 

9.4688 

1.1684S 

8.0968 

38.13894 

26.86698 

82.71767 

Oetl..:.. 

21.302)9 

26.01606 

1.07458 

9.7890 

10.519 

1.31587 

7.9989 

26.67399 

22.46607 

27.33198 

1.07749 

9.8190 

10.580 

1.31862 

8.0235 

27.99124 

23.54446 

28.65055 

1.06584 

9.8492 

10.498 

1.30461 

8.0468 

29.30285 

24.61030 

29.95516 

1.05427 

9.8791 

10.415 

1.29030 

8.0718 

30.60131 

25.66457 

31.24546 

Oet2 

24.18314 

29.42907 

.99283 

9.8660 

9.7953 

1.21694 

8.0491 

30.03754 

25.17597 

30.64601 

1.06658 

9.8954 

10.554 

1.30695 

8. 0733 

31.29948 

26.24256 

81.95296 

1.05698 

9.9260 

10.492 

1.29461 

8.1044 

32.60026 

27.29954 

33.24757 

L04696 

9.9565 

10.424 

1.28190 

8.1317 

83.88852 

28.34650 

34.52947 

Oct  3 

28.  .53673 

34.76197 

.99532 

9.9629 

9.9163 

1.21886 

8.1357 

34.15254 

27.54141 

33.54311 

1.00349 

9.9338 

9.9685 

1.22861 

8.1136 

32.92881 

26.53792 

32.31451 

2.03494 

9.8899 

20.125 

2.49103 

8.0790 

31.06899 

24.50298 

29.82348 

1.03282 

9.8467 

10.170 

1.26428 

8.0441 

29.19134 

23.47016 

28.55920 

1.04418 

9.8175 

10.251 

1.27T94 

8.0215 

27.92023 

22.42598 

27.28126 

1.05479 

9.7607 

10.324 

1.29103 

7.9967 

26.63539 

21.37093 

25.98987 
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10.3747 
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10.0414 


9.9737 


9.9129 


Okmu 

20.63794 

29.90061 

31.16990 

32.40146 

33.62014 
26.62643 

27.90629 

29.16943 

30.41009 

31.65334 

32.07607 

34.00711 

35.29114 
25.22703 

26.52656 

27.00933 
29.07020 
90.33392 
31. 57700 
32.00034 
34.02000 


Okmu 
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1. 


1.23140 


1.21060 
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1.26314 


1. 


1. 


1.22273 
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0.0871 


0.0635 


0.0071 


0.1115 


0.0050 


0.0007 


0.0541 


0.0761 


0.1000 


1.21104 

0.1220 

1.20403 

0.1447 

1.29953 

7.9034 

1.20277 

0.0094 

1.26007 

0.0313 

1.25572 

0.0552 

1.24316 

0.0773 

1.23126 

0.1004 

1.22046 

0.1223 

Okmu 


29.26927 


30.53529 


31.70572 


33.01000 


27.26636 


20.53706 


29.79376 


31.03573 


32.26470 


33.49159 


34.60913 


25.07679 


27.16794 


20.44377 


29.70606 


30.95550 


32.19271 


33.41057 
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TABIS  1— Contmued 
Calibntion  of  Thennometer  in  Calorimetar  No.  11510--Coiitmued 
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Date 

Rwtetince 
of 

t&ennome- 
tw  No.  4725 

dSLtm 

K«m 

J9 
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ter 
ITo.  11510 

iRiiut 
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31.27997 
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oy^ 

0.50958 

9.9023 

5.0460 

0.62477 

8.0766 

31.59435 

26.204O 

31.90474 

.50843 

9.9169 

5.0420 

.62306 

8.0923 

32.21627 

26.71326 

• 

32.52780 

.50731 

9.9316 

5.0384 

.62174 

8.1037 

32.83867 

27.22057 

33.14954 

.50610 

9.9463 

5.0338 

.62003 

8.1186 

33.45956 

27.72667 

• 

33.76957 

* 

.50536 

9.9611 

5.0339 

.61886 

8.1341 

34.07900 

28.23203 

34.38843 

.50440 

9.9757 

5.0317 

.61774 

8.1458 

34.69680 

28.73643 

35.00617 

Oct.  17;... 

25.76816 

31.36791 

.50757 

9.9042 

5.0871 

.62274 

8.0726 

31.67928 

26.27573 

31.99065 

.50706 

9.9189 

5.0297 

.62159 

8.0917 

32.30145 

26.78281 

32.61224 

26.7827S 

32.61211 

.50652 

9.9336 

5.0316 

.62070 

8.1063 

32.92246 

■ 

27.28927 

33.23281 

.50538 

9.9483 

5.0277 

.61942 

8.1168 

33.54252 

27.79465 

33.8SS3 

.50434 

9.9681 

5.0248 

.61803 

8.1303 

34.16125 

28.29899 

34.47026 

,50831 

9.9776 

5.0218 

.61668 

8.1433 

34.77860 

28.80230 

35.08694 

29.05588 

35.39775 

.50106 

9.9998 

5.0105 

.61347 

8.1675 

35.70449 

29.55694 

36.01122 

It  was  fotind  that  with  suitable  regulation  of  the  jacket  tem- 
perature, calorimetric  determinations  could  be  very  conveniently 
made,  dispensing  with  the  thermometer  in  the  calorimeter  shell, 
and  referring  calorimeter  temperatures  to  the  standard  platinum 
thermometer  in  the  outside-stirred  bath  by  means  of  the  thermo- 
couples, as  described  above.  This  method  of  observation  has 
therefore  been  followed  in  much  of  the  later  work. 
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Heat-Capacity  Determinations. — ^With  the  calorimeter  empty 
or  containing  a  specimen,  in  place  in  the  jacket,  the  latter  is  cooled 
by  means  of  the  refrigerating  coil  to  the  lowest  temperature  attain- 
able in  the  apparatus  (about  -55X)  and  is  kept  at  this  tem- 
perature until  the  calorimeter  is  cooled  to  the  desu^  temperature 
for  the  first  experiment  of  the  day.  By  means  of  the  heating  coil 
the  temperature  of  the  jacket  is  then  brought  to  equality  with  that 
of  the  (^orimeter.  The  setting  valve  of  the  thermoregulator  is 
opened  to  permit  the  mercury  column  to  assume  a  position  of 
equilibrium  at  this  temperature,  after  which  the  valve  is  closed. 
'Pie  regulating  current  is  set  to  the  proper  amount,  and  the 
tiiermoregulator  begins  to  operate.  Final  adjustment  of  the 
temperature  is  made  by  the  slow-motion  screw  controlling  the 
position  of  the  upper  contact. 

Before  beginning  the  determination  sufficient  time  is  allowed 
for  the  calorimeter  to  assume  thermal  equilibritun.  This  time 
rarely  exceeds  15  minutes,  depending  somewhat  upon  the  con- 
tents. Meanwhile  the  current  to  be  used  in  the  calorimeter  heat- 
ing coil  is  set  to  the  proper  value  in  an  auxiliary  coil  so  connected  to 
a  quick-throw  switch  that  the  current  may  be  instantaneously 
thrown  from  the  auxiliary  coil  to  the  calorimeter.  The  potenti- 
ometer used  to  measure  the  cturent  and  potential  drop  in  the 
calorimeter  heater  is  balanced  against  the  standard  cell.  The 
initial  temperattu^  of  the  calorimeter  is  observed  by  measuring 
the  resistance  of  the  platinum  thermometer  with  the  Wheatstone 
bridge.  By  means  of  the  special  switchboard  the  galvanometer 
connections  are  changed  from  the  bridge  to  the  thermocouple 
and  the  zero  adjusted  to  a  chosen  point  on  the  scale. 

After  the  temperattu^  observation  the  observer  begins  to  take 
thermocouple  readings  at  intervals  of  30  seconds.  At  the  b^[in- 
ning  of  the  next  minute  the  current  is  thrown  on  the  calorimeter 
heater  by  a  second  observer,  the  instant  of  time  being  recorded 
automatically  on  a  chronograph.  The  current  in  the  jacket  heater 
is  increased  to  the  proper  amount,  and  thereafter  from  time  to 
time  adjusted  by  the  observer  so  as  to  keep  the  temperature  of  the 
jacket  as  nearly  as  practicable  equal  to  that  of  the  calorimeter,  as 
indicated  by  the  thermocouple  reading.  Potentiometer  readings 
of  current  and  of  potential  drop  in  the  calorimeter  heating  coil 


aiSmr]  ^^  Aneroid  Cahnmeter  39 

are  taken  alternately  at  equal  intervals  of  time  throughout  the 
experiment.  At  the  end  of  a  predetermined  time  interval  the 
current  is  thrown  off  and  the  time  again  automatically  recorded. 
The  jacket  is  brought  under  control  of  the  thermostat  at  the  tem- 
perature of  the  calorimeter  and  after  sufficient  time  has  elapsed 
for  the  calorimeter  to  assume  equilibrium,  its  final  temperature  is 
observed.    There  are  thus  obtained  the  following  data: 

(a)  The  initial  and  final  resistance  of  the  calorimeter  thermome- 
ter, giving  its  temperature  change. 

(b)  The  series  of  readings  of  current  and  of  potential  drop  in  the 
calorimeter  coil  during  the  experiment,  giving  the  rate  of  energy 
supplied  electrically. 

(c)  A  thermocouple  record  of  temperature  difference  between 
calorimeter  surface  and  the  surrounding  jacket  surface,  from 
which  is  computed  the  correction  for  thermal  leakage  between 
calorimeter  and  its  surroundings. 

(d)  A  record  of  the  duration  of  the  energy  supply  to  the 
calorimeter. 

Calibration  of  Thermocouples. — ^A  supplementary  experiment 
is  made  to  determine  the  relation  between  the  rate  of  thermal 
leakage  and  the  difference  in  temperature  between  the  surfaces 
of  calorimeter  and  jacket.  This  is  done  only  at  occasional  inter- 
vals. To  make  this  determination  the  temperature  of  the  jacket 
is  altered  from  that  of  the  calorimeter  and  at  definite  intervals 
of  time,  alternate  readings  are  taken  of  the  resistance  thermometer 
in  the  calorimeter,  and  of  the  thermocouple  between  calorimeter 
and  jacket.  An  approximate  knowledge  of  the  heat  capacity  of  the 
calorimeter  permits  the  computation,  from  this  data,  of  the  rate  of 
thermal  leakage  in  terms  of  the  thermocouple  readings. 

Sample  Heat-Capadty  Determination. — ^An  example  of  the 
record  of  a  single  experiment  in  determining  the  heat  capacity  of 
the  calorimeter  is  given  in  Fig.  9.  In  columns  4  and  5  are  recorded 
the  readings  of  the  thermocouple,  and  of  the  thermometer  resist- 
ances corresponding  to  times  recorded  in  column  3.  At  the  left  of 
the  pfi^e  are  recorded  the  potentiometer  readings  for  determining 
the  potential  drop  and  the  current  in  the  calorimeter  heating  coil. 
The  observations  for  the  duration  of  the  calorimeter  heating 
current  are  recorded  tmder  that  heading. 
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CALORIMBTBR  RECORD 


Otoenvrf  JVl  8,  O.  ani  M,  8,  V,  D. 


Daie  Oct.  IS,  1914,  Btpcriment  No.  7 


Tlm« 


m    ■ 

14    30  a  126051 

16    30  57 

18    30  65 

20    30  74 

22    30  81 

Metti    0.126065 

Corr.  tor  potenHamoter  0 

Cocr.  tor  volt  bn  +4 

Con«cted  rMuUnc  0. 126069 

Foteatial  diop(B>-  18. 0069  vaiU 


Potsntlonibtor 

iMdlngs  acTMi  vttU 

hot 


Time 


m 

15 
17 
19 
21 
23 


■ 

30 

30 

30 

80 

30 


Potentiometer 

readings  acrooa  ctd. 

resistance 


BCettB 
Corr*  tof  potmtloiiieter 
Corr.  for  std.  resistance 
Cerr.  tor  volt  bei  conent 
Corrected  reading 
Cnneat(I)— 


0.138886 

75 

64 

56 

45 

0.138864 

0 

-106 

-126 

0.138632 

1.88638  ampmea 


Dnnitlon  of  calorimeter  current 
m     a 
On     14   0.40 
Off     24    a39 
Total  time  (T)— 599. 99  seconds 


Power 
Total  energy 
Corr.  tor  theimal 
Corrected  energy 


17.4772  watts 
10486.1  Jooles 
-4.6ioalea 
10481.  ff  Joules 


01)a.R. 
Bridge  corr* 
Corr.  Ri 
iR 

je 

Heat  capacity 


Initial 
82.80980 
-144 
32.80836 

1.22045 

8.1224 
9*.  9130 

10ff7.3J/de8. 


Vlnal 
34.03025 
-144 
Rr- 34. 02881 
R«i33.42 
Ri-R«  1.795 
K  8. 0948 
^    14.5 
Bm    19.5 


Time 


m 
13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

30 
34  00 
37  00 
Mean 


a 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 

30 


Ther- 
mo- 
cenpte 
read- 
ings 


200.0 

19a  7 

194.0 
198.0 
201.3 
201.7 
202.6 
203.5 
203.2 
202.2 
200.0 
199.4 
199.8 
200.2 
200.7 
201.0 
201.5 
201.7 
201.3 
200.8 
200.3 
207.5 
206.5 
207.5 
206.3 
204.0 
203.3 
203.3 
202.0 
201.0 
200.7 
200.0 
200.2 
200.0 
200.0 
200.0 
200.0 
200.0 
200.0 
200.0 
200.0 


201.1 


Resistance 

ther- 
mometer 
readinga 


32.80980 


34.03025 
34.03022 


KoCea 


Bridge  B.  S.  no.  7481  at 

30^0 
Bridge  calibration  of  Aug. 

29. 1914 
Ratio  100  R 
Thennameter  no.  11510 

Calcflmeter  no.  11510  wlOi 
empty  water  container 


Thermocouple  zero— 200 


When  Jacket  Is  coldar 
than  calorimeter  the 
thermocouple  reading  to 
above  too 


Rate  of  diermal  leakage 
to  calailmeler—  —0.2 
Joulea  per  second  per 
millimeter  deflecdOB 
above  200. 


tor  fhermal 
leakage  to  catorlmetar 
- -0.2X1.1X21-4.6  J 


Fig.  9. — Sample  heat<apacity  determination 
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The  initial  and  jfinal  readings  of  thermometer  resistance  cor- 
rected for  bridge  errors  give  the  initial  and  final  thermometer 
resistances  R^  and  R^.  The  difference  between  the  initial  and  final 
resistances,  ^R,  multiplied  by  the  difference  factor,  /C „,  gives  the 
change  in  temperatiu*e  of  the  calorimeter,  Jd.  In  obtaining  iCm 
from  the  chart.  Fig.  8,  the  mean  resistance  i?m  is  used. 

The  average  thermocouple  deflection  multiplied  by  the  rate  and 
by  the  time  between  initial  and  final  thermometer  readings  gives 
the  correction  for  thermal  leakage. 

The  mean  potentiometer  readings  for  potential  drop  and 
for  ciurent,  corrected  for  instrumental  errors,  and  multiplied 
by  the  proper  reduction  factors,  give  the  potential  drop,  E,  and 
current,  /.  The  product  of  the  current  and  potential  drop  is 
the  power,  and  this  multiplied  by  the  time  is  the  total  energy 
electrically  supplied  to  the  calorimeter.  This  total  energy  cor- 
rected for  thermal  leakage  gives  the  corrected  energy,  i.  e.,  the 
amotmt  of  energy  received  by  the  calorimeter  and  contents  dtu*- 
ing  the  experiment. 

The  corrected  energy  divided  by  the  change  in  temperature, 
^df  gives  the  heat  capacity  in  jotdes  per  degree. 

To  obtain  the  mean  temperature  the  initial  temperature,  B^,  is 
first  computed  from  R^,  using  Ro  for  the  thermometer  resistance 
at  o^  and  the  appropriate  value  of  K.  The  initial  temperattu^ 
plus  one-half  the  temperature  change  gives  the  mean  temper- 
ature 0b* 

Method  of  Computation  of  Results. — The  method  of  calcula- 
tion may  be  simimarized  as  follows : 

Supposing  the  observed  data  to  be  corrected  for  all  instrumental 
errors,  the  heat  capacity  of  the  calorimeter  is  given  by  the  formula 

^    lET^Bid 


JRK 


where 


m 


C  »mean  heat  capacity  of  calorimeter  in  joules  per  degree, 
/  -« cturent  in  amperes  (mean  value) , 
E = potential  drop  in  volts  (mean  value) , 
T — diuration  of  energy  supply  to  calorimeter  in  seconds, 
d*-mean  thermocouple  deflection  in  millimeters  during 
experiment. 
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■ 

^— time  in  minutes  between  initial  and  final  readings  of 

calorimeter  resistance  thermometer, 
Borate  of  thermal  leakage  to  calorimeter  from  sturoxmd- 
ings  in  joules  per  minute  per  mm  thermocouple 
deflection, 
Ri  "initial  resistance  of  thermometer  in  ohms, 
jR, —final  resistance  of  thermometer  in  ohms, 
^R — difference  between  the  initial  and  final  resistances  of 

thermometer  in  ohms, 
Km  =»  difference  factor  for  the  resistance  thermometer,  i.  e., 

^  in  degrees  per  ohm. 

The  mean  temperature  of  the  determination  is  given  by  the 
formula 

0m-'(R^''Ro)K  +  ^ 

where 

0m  "*  mean  temperature, 

K  —difference  factor  corresponding  to  the  mean  resistance, 

}^(R,+Ro). 
Rq — resistance  of  thermometer  at  O^ 
The  current  and  the  potential  drop  were  always  so  nearly  constant 
that  the  approximation  in  taking  the  product  of  tneir  mean  values 
multiplied  by  the  time  as  the  total  energy  is  well  within  the  limit 
of  allowable  error.  • 

The  values  of  the  factor  K  were  taken  from  the  results  of  cali- 
brations stmmiarized  in  Table  i,  page  34,  and  plotted  in  Fig.  8, 
the  difference  factor  being  taken  from  the  proper  ciuve  at  the 
point  corresponding  to  the  mean  thermometer  resistance  for  the 
observed  interval. 

Since  the  performance  of  the  thermometer  depended  upon  its 
previous  thermal  treatment,  in  the  use  of  the  chart  the  appro- 
priate calibration  Une  was  chosen  to  correspond  with  the  initial 
temperature  of  the  experiments  on  the  particular  day. 

Results  of  Heat-Capacity  Determinations. — ^The  results  of  the 
determinations  of  the  heat  capacity  of  the  calorimeter,  includ- 
ing the  container  used  for  the  ice  and  water  samples,  are  given  in 


l>jftdnM 
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Table  2  and  shown  graphically  in  Fig.  10.  Two  distinct  curves 
are  shown,  of  which  the  points  on  the  lower  curve  are  more  con- 
sistent. The  upper  curve  represents  the  results  obtained  before 
the  addition  of  the  second  set  of  couples  (p.  28),  which  indicate 
the  difference  between  the  mean  temperature  of  the  inner  stuf  ace 
of  the  jacket  and  that  of  the  point  in  the  liquid  at  which  the 


-10  0  10 

TEMPERATURE  DEGREES  C 
Fxo.  zo. — Ruults  of  heat  capacity  determinations 

Other  set  of  junctions  is  placed.  Subsequent  experiments  made 
after  the  second  set  of  couples  had  been  arranged  upon  the  interior 
surface  of  the  jacket  showed  that  in  the  earlier  arrangement  the 
true  difference  of  temperattu-e  between  the  surfaces  of  the  calorim- 
eter and  of  the  jacket  had  not  been  indicated,  owing  to  the  effect 
of  lag  in  the  liquid  and  jacket. 

Unfortunately,  some  determinations  of  specific  heat  had  been 
made  when  the  significance  of  this  effect  became  apparent,  but 
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TABLB2 
Rftwimt  of  Detenninationi  of  Heat  Capadtj  of  Calorimeter  No.  11510 

THBRMOCOUPLBS-CALORIMSTER  TO  UQUID 


Date 

Bip. 

Total  enefgy 

Correctioa 

tortbarmal 

leakaca 

Corroctad 
total  enargy 

Taanaiatiire 

Mean  heat 
capacity 

Mean 
tempeiatim 

1914 
lCay20 

4 

Joules^ 
9467.3 

9469.1 

JouUt 
+10.2 

-  2.2 

JotiUs 
9477.5 

9466.9 

DtgC 
9.3754 

9.2776 

JouUsldeg  C 
1010.9 

1020.4 

DtgC 
-42.30 

-32.98 

9463.2 

-  5.8 

9457.4 

9.1883 

1029.3 

-23.74 

9466.1 

-  3.8 

9462.3 

9.1227 

1037.2 

-14.58 

9465.8 

-3.4 

9462.4 

9.0619 

1044.2 

-  5.48 

9479.7 

-0.9 

9478.8 

9.0334 

1040.3 

+  3.57 

J«iy  1 

10556.3 

-  7.5 

10548.8 

10.3509 

1019.1 

-35.16 

10555.3 

-  6.8 

10548.5 

10.2514 

1028.9 

-24.86 

10555.0 

-  4.0 

10551.0 

10.1731 

1037.0 

-14.65 

10552.9 

-  3.1 

10549.8 

10.0938 

1045.2 

-  4.50 

jBiy   7 

10480.9 

+  1.5 

10482.4 

10.3164 

1016.1 

-37.36 

10483.6 

-  5.2 

10478.4 

10.2195 

1025.4 

-27.08 

10485.3 

-  2.1 

10483.2 

10.1365 

1034.2 

-16.91 

10487.6 

-  1.5 

10486.1 

10.0473 

1043.7 

-  6.81 

THBRMOOOUgLBS    CALOMMBTglt  TO  JACKET 


Oct  12 

10462.1 

0.0 

10462.1 

10.2453 

1021.2 

-30.14 

1044^.9 

-  0.5 

10445.4 

10.1439 

1029.7 

-19.94 

10435.3 

-  1.4 

10433.9 

10.0568 

1037.5 

-9.84 

10425.3 

-  1.0 

10434.3 

9.9760 

1044.9 

+  0.1« 

10416.5 

-  3.4 

10413.1 

9JQ51 

1051.3 

+10.12 

10405.0 

-  2.5 

10402.5 

9.8361 

1057.6 

+19.99 

10423.2 

-  1.8 

10421.4 

9.8065 

1062.7 

+29.80 

Oct  13 

10483.0 

+  0.8 

10483.8 

ia3747 

1010.5 

-41.85 

10483.4 

-  1.8 

10482.1 

10.2742 

1020.2 

-30.93 

-3 

10488.1 

-  1.8 

10486.3 

10.1907 

1029.0 

-20.70 

10489.4 

-  2.5 

10486.9 

10.1151 

1036.8 

-10.55 

10487.2 

-  0.4 

10486.8 

10.0414 

1044.4 

-0.47 

10488.0 

-  5.6 

10482.4 

9.9737 

1051.0 

+  9.54 

10486.1 

-  4.6 

10481.5 

9.9129 

1097.4 

+19.48 

all  of  this  earlier  work  could  be  satisfactorily  computed  as  explained 
below.  The  value  of  the  observed  total  heat  capacity  of  the 
empty  calorimeter  and  of  the  calorimeter  containing  a  specimen 
would  be  affected  to  the  same  extent  by  the  improper  placing  of 

'  The  jottlenaed  in  this  paper  if  defined  by  the  relatiim  ^,  where  1?  is  in  intematioaal  ohms  and  « is  in 

interaatioaMl  Tolts,  determined  by  the  rektian  emf  of  mean  Weston  normal  cdl  at  so*  C  etmab  1.0x830 
▼olts:  the  international  ohm  is  the  resistance  offered  to  an  unvarytns  current  by  a  column  of  pore ; 
cnry  at  o*  C  of  length  106.300  cm  and  uniform  cross  section  sndi  that  the  mass  is  X4'45sz  crams. 
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the  thermocouple,  provided  that,  m  the  two  experiments,  the 
manipulation  of  the  jacket  was  similar.  If,  therefore,  in  com- 
puting the  result  of  a  q)ecific  heat  determination,  a  value  of  heat 
capacity  of  the  calorimeter  be  used,  determined  under  experi- 
mental conditions  similar  to  those  in  the  specific  heat  determi- 
nation, no  error  is  introduced  into  the  resulting  value  of  specific 
heat.  It  was  necessary,  therefore,  to  employ  the  false  values  of 
heat  capacity  shown  by  the  upper  curve  of  Fig.  10  in  computing 
the  earlier  results. 

It  was  ascertained  that  the  variations  in  manipulation  which 
did  occur,  such  as. the  use  of  different  amounts  of  refrigeration 
and  compensating  heating,  etc.,  were  not  sufficient  to  cause  any 
large  systematic  error. 

SPECinC  HEAT  OF  WATER 

In  Table  3  are  given  the  results  of  a  series  of  experiments  on 
the  specific  heat  of  water  in  the  range  o®  to  40®  C  made  with  a 
view  to  testing  the  performance  of  this  calorimeter.  Fig.  11 
shows  the  same  results  graphically.  These  determinations  were 
not  undertaken  with  the  idea  of  establishing  authoritative  values 
of  this  important  constant.  A  greiat  amount  of  experimental 
data  on  this  constant,  obtained  by  this  and  other  methods,  has 
been  accumulated  in  the  course  of  the  calorimetric  investigations 
carried  out  at  the  Bureau  during  the  past  three  years,  but  in 
view  of  the  discrepancies  between  the  most  carefully  conducted 
researches  published  to  date  it  seems  that  further  publications 
are  hardly  warranted  until  the  investigations  can  be  regarded  as 
exhaustive  with  the  experimental  methods  at  command. 

The  experiments  were  made  in  connection  with  observations.  J 
on  the  specific  heat  and  latent  heat  of  ice  in  the  same  calorimeter,'  \ 
so  that  the  specific  heat  of  water  at  temperatures  near  the  freez-  ' 
ing  point,  where  the  published  results  are  very  discordant,  was  of  ; 
some  immediate  interest.  Observations  were  made,  except  in  one 
instance,  using  the  same  samples  of  water  which  had  previously  ' 
been  experimented  on  as  ice. 


•  IHddnson  and  Osborne,  this  BaUetin,  12,  p.  49;  19x5. 
e844*»--15 4 
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TABLE  3 
Spedflc  Hett  of  Water 


Dirt» 

Bip. 

Bnergy 

Con. 

Cor- 
ncted 
enefgy 

Traip. 
dtfl. 

Heat 
caMdtsr 
caL  and 
centmta 

Heat 
capadqr 
calori- 
meter 

Heat 

capacity 

con- 

tents 

J 
fdeg. 

'Kf 

Mean 
tent- 
pen- 
tan 

1914 
Oct  15 

JauUs 
16733.6 

+30.2 

JouUt 
16763.8 

Deg.C 

5.0460 

JIdtg. 
3322.2 

Jldtg. 
1047.9 

JIdtg. 
2274.3 

4.2020 

Calories 
1.0046 

•c 

+4.70 

16729. 1 

+  9.7 

16738.8 

5.0420 

3319.9 

1051.2 

2268.7 

4.1916 

1.0021 

9.74 

16719.8 

+  6.5 

16726.3 

5.0384 

3319.8 

1054.3 

2265.5 

4.1857 

1.0007 

14.78 

16716.2 

+  2.2 

16718.4 

5.0338 

3321.2 

1057.3 

2263.9 

4.1827 

1.0000 

19.82 

16714.5 

+10.4 

16724.9 

5.0339 

3322.5 

1060.3 

2262.2 

4.1796 

.9993 

24.78 

1671S.7 

+11.4 

16725.1 

5.0317 

3323.9 

1062.8 

226L1 

4.1776 

.  Wo 

29.90 

Oct  17 

16701.8 

+  2.8 

16704.6 

5.0271 

3322.9 

1048.3 

2274.6 

4.2025 

1.0047 

+5.40 

16698.9 

-  l.O 

16697.9 

5.0297 

3319.9 

1051.7 

2268.2 

4.1907 

1.0019 

10.45 

16702.1 

+  3.6 

16705.7 

5.0316 

3320.1 

1054.3 

2265.8 

4.1862 

1.0006 

15.47 

16698.5 

+  2.6 

16701.1 

5.0277 

3321.8 

1057.8 

2264.0 

4.1829 

1.0000 

20.51 

16699.4 

-  2.2 

16697.2 

5.0248 

3323.0 

1060.7 

2262.3 

4.1798 

.9993 

25.53 

16696.0 

-  3.2 

16692.8 

5.0218 

3324.1 

1063.2 

2260.9 

4.1776 

.9988 

30.54 

16683.7 

-  0.5 

16683.2 

5.0105 

3329.6 

1067.1 

2262.5 

4.1801 

.9993» 

38.10 

S<pt  9 

15040.2 

+  7.2 

15047.4 

5.0318 

2990.5 

1044.1 

1946.4 

4.2248 

1.0100 

-a  925 

S<pt  8 

14675.1 

+17.0 

14692.0 

4.9130 

2990.5 

1044.9 

1945.6 

4.2229 

1.0096 

+a237 

Aug.  28 

30146.3 

+34.1 

30180.4 

10.100 

2988.1 

1046.1 

1942.0 

4.2153 

1.0078 

+2.016 

8cpt  9 

15012.0 

+  9.6 

15021.6 

5.0316 

2985.3 

1047.5 

1937.8 

4.2062 

1.0056 

+4.110 

A  comparison  of  the  restdts  given  above  with  the  unpublished 
results  of  a  long  series  of  experiments,  made  at  the  Btu-eau,  using 
a  stirred  water  calorimeter  in  the  temperature  range  from  lo*^  to 
40^,  shows  an  agreement  at  all  points  within  about  i  part  in  2000. 
The  results  of  October  15  and  17  (Table  3)  in  the  interval  5®  to 
38^  were  obtained  using  the  standard  platinum  resistance  ther- 
mometer. Those  of  August  28  to  September  9  were  obtained 
using  only  the  thermometer  in  the  walls  of  the  calorimeter.  The 
latter  results  appear  somewhat  less  consistent  than  the  former, 
yet  serve  adequately  to  extend  the  curve  beyond  the  freezing 
point  and  to  indicate  that  no  peculiarity  exists  in  the  specific  heat 
of  water  at  zero  degrees. 

SUMMARY 

A  calorimeter  consisting  of  a  cylindrical  copper  vessel  in  the 
walls  of  which  are  embedded  a  coil  of  resistance  wire  to  supply 
heat  electrically,  and  a  platinum  resistance  coil  for  use  as  a  ther- 
mometer, has  been  found  useful  over  a  wide  range  of  tempera- 
tures and  is  applicable  to  a  variety  of  problems. 
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For  use  at  low  temperatures  the  calorimeter  is  moimted  in  a 
jacket  surroimded  by  a  bath  of  gasoline  the  temperature  of  which 
can  be  controlled  thermostatically  to  within  a  few  thousandths 
of  a  degree  at  any  temperature  between  —55^  and  +40®  C,  or 
can  be  changed  rapidly  in  order  to  keep  it  the  same  as  that  of  the 
calorimeter  when  heat  is  being  supplied  to  the  latter. 

Differences  in  temperature  between  the  surface  of  the  calorime- 
ter and  that  of  the  jacket  are  measured  by  means  of  multiple 
thermocouples  which  have  10  jtmctions  distributed  over  the  sur- 
face of  each. 

The  platinum  resistance  coil  embedded  in  the  calorimeter  shows 
slight  irregularities  in  its  behavior,  probably  due  to  the  diflFerence 
in  expansion  between  the  platinum  and  the  copper  which  surrounds 
it.  Uncertainties  on  this  account,  while  in  general  negligible,  can 
be  avoided  by  measuring  the  temperature  of  the  outer  bath  with  a 
standard  resistance  thermometer,  using  the  thermocouples  to 
measure  the  small  difference,  usually  not  more  than  a  few  thou- 
sandths of  a  degree,  between  the  calorimeter  and  the  jacket.  The 
thermometer  could  probably  be  improved  by  changing  the 
construction. 

Results  of  a  series  of  experiments  give  the  constants  of  the 
resistance  thermometer  and  the  heat  capacity  of  the  calorimeter, 
including  a  tin-lined  cell  for  use  in  determining  the  specific  heat 
of  ice  and  water  and  the  latent  heat  of  fusion  of  ice. 

A  series  of  check  experiments  on  the  specific  heat  of  water 
show  the  order  of  reproducibility  of  results  which  can  be  obtained 
with  this  calorimeter  to  be  i  part  in  2000.  Measurements  made 
at  temperatures  between  o®  and  40®  C  gave  results  which  agree 
to  within  the  limits  of  experimental  accuracy  with  the  unpub- 
lished results  of  a  long  series  of  experiments  made  in  the  usual 
form  of  stirred  water  calorimeter.  The  results  are  also  in  satis- 
factory agreement  with  the  most  probable  values  deducible  from 
the  data  of  the  most  careful  investigations  published  by  other 
observers. 

Washington,  D.  C,  February  25,  1915. 
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INTRODUCTION 

The  present  investigation  is  one  of  a  series  imdertaken,  at  the 
request  of  the  refrigeration  industries,  for  the  determination  of 
constants  which  are  of  fundamental  importance  in  the  design  and 
operation  of  refrigeration  machinery. 

A  determination  made  at  the  Bureau  *  of  the  heat  of  fusion  of 
ice  was  published  in  191 3.  In  this  publication  is  given  a  review 
of  previous  work  on  this  subject.  As  stated  there  the  results 
presented  are  subject  to  a  slight  uncertainty  on  account  of  the 
lack  of  adequate  knowledge  of  the  specific  heat  of  ice  near  the 
melting  point.  For  this  reason  and  also  on  account  of  the  direct 
technical  significance  of  the  specific  heat  of  ice,  it  has  been  made 
the  subject  of  the  work  here  presented. 

I  Diddnscm.  Harper,  and  Osborne;  this  Bulletin,  10.  p.  ajs.  x»«3.  Scientific  Paper  No.  ao©. 
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PREVIOUS  WORK 


A  review  of  previous  determinations  of  the  heat  of  fusion  of  ice 
is  given  in  the  publication  cited  above. 

The  restdts  of  previous  experimental  determinations  of  the  spe- 
cific heat  of  ii:e  are  simimarized  in  Table  i .  ^ 


TABLE  1 
Specific  Hett  of  Ice— Results  of  Previous  Observers 


DiUt 


1910 

1910 

1904 

1849 
1907 
1906 

1847 


Observer 


Nemit* 


Koraf*. 


Bogojawlenikl «. 


RegBAults 

If ofdmeyer  ind  Bemimlll  ^ 
Dewu> , 


OedeiinM 


Xenipentiize 


2.9 to-  76.9 
15.3 to-  75.9 
81. 7  to -189.5 


0  to-  78 

0  to -185 

-18  to  -  78 

-  78  to  -188 

•188  to -252. 5 


ACemtaDi* 
pentaxe 

-    7.0 

-    9.5 

-  73 

-  83 

-189.3 

-  39.9 

-  45.6 

-135.6 

-  15 

-  29.2 

-  48.3 

-  39 

-  92.5 

-  48 

-133 

-220.2 

-  10 

-  15 

-    8.9 

Heet 


cal/gmn 
degree 


0.57 
.550 
.376 
.355 
.186 
.435 
.417 
.266 
.501 
.442 
.398 

•.453 
.345 
.463 
.286 
.146 
.502 
.505 
.524 


*  Nemst.  K.  Ak.  d.  Wiss.  Sitzb..  19x0.  p.  362. 

*  Koref,  K.  Ak.  d.  Wiss.  Sitzb..  19x0.  p.  953. 

*  Bogojewlenski,  Schr.  der  Dorpater  Naturf.  Ges..  18,  p.  x. 

*  Regnatilt,  Ann.  d.  Chim.  (3).  S6.  p.  a6x,  Z849. 

*  Value  given  by  Nemst  (loc.  cit.).  recalculated  from  orisinal  on  basis  d  spedfic  heat  of  lead. 
'  Nordmeyer  and  Bemoulli,  Verb.  d.  Deutch.  Phys.  Ges..  9.  p.  175;  1907. 

*  Dewar,  Proc.  Roy.  Soc.  Load.,  76,  p.  330;  1905. 

*  Person,  Aim.  Chizn.  et  Phys.  (3),  81,  p.  995;  1847. 

^  Review  by  Axisstrom.  Ann.  d.  Phys.,  90,  p.  509;  1853-    Original,  Nov.  Act.  Reg.  Soc.  Upeala.  ft. 

Nemst  and  his  associates  have  deduced  an  empirical  equation 
expressing  their  results  on  the  specific  heat  of  ice  relative  to  its 
temperature.  The  graphical  representation  of  this  equation, 
together  with  the  observed  results  of  different  experimenters,  is 
shown  in  Fig.  i.    The  mean  temperatures  of  the  determinations 
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are  all  below  —  7®  C.  From  the  trend  of  these  results  in  the 
upp^  part  of  the  range  a  very  significant  increase  in  the  specific 
heat  oh  approaching  the  melting  point  is  suggested.  This  might 
not  appear  remarkable  except  for  the  fact  that  A.  W.  Smith  "  has 
observed  that  while  with  impure  ice  an  apparent  increase  in  specific 
heat  is  obtained  on  approaching  the  melting  point,  ice  of  a  high 
degree  of  ptirity  shows  no  such  abnormal  change  in  specific  heat 
up  to  a  temperatiu^e  very  close  to  zero. 

The  presence  of  certain  dissolved  impurities  lowers  the  freezing 
point  of  water.  At  any  given  temperature  not  too  far  below 
zero  a  certain  proportion  of  an  ice  sample  containing  impurity  is 
tmfrozen,  due  to  this  lowering.  A  portion  of  the  heat  of  fusion 
is  thus  made  to  appear  as  sensible  heat,  and  the  observed  appar- 
ent heat  capacity  of  such  ice,  especially  near  zero,  is  larger  than 
for  ice  containing  no  such  impurity.  Smith's  conclusion  that  the 
specific  heat  of  pure  ice  does  not  change  appreciably  on  approach- 
ing zero  is  therefore  plausible,  notwithstanding  the  fact  that  it 
appears  to  be  in  contradiction  to  the  results  of  others. 

DESCRIPTION  OF  CALORIMETRIC  METHOD 

« 

The  experiments  here  described  were  planned  with  the  object 
of  attaining  a  high  precision  in  the  thermal  measm-ements  upon 
ice  of  a  high  degree  of  purity,  and  especially  of  extending  the 
experiments  to  temperatures  near  zero,  where  the  specific  heat  is 
more  important  technically  and  is  most  in  doubt. 

For  making  the  measurements  a  calorimeter  was  adopted  which 
is  described  in  detail  elsewhere."  An  important  feattire  of  this 
calorimeter  is  the  employment  of  a  shell  of  copper  inclosing  the 
specimen  imder  investigation,  the  copper  acting  as  the  calori- 
metric  medium  for  the  transmission  and  distribution  of  heat 
developed  in  an  electric  heating  coil  which  is  built  into  the  shell. 
Temperature  changes  in  calorimeter  and  contents  are  measiu-ed 
by  means  of  an  electric  resistance  thermometer  likewise  built  into 
the  shell.  The  calorimeter  is  suspended  in  an  air  space  within 
an  inclosing  metal  jacket.  Multiple  thermocouples  distributed 
about  the  surfaces  of  the  calorimeter  and  the  jacket  serve  to  indi- 

u  Smith,  Physical  Review.  17.  p.  193;  1903.     ^'  Didcinaoa  and  Osbome,  this  Bulletin.  18,  p.  aj,  19x5. 
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cate  at  any  instant  the  difference  between  the  average  tempera- 
tures of  the  surfaces.  This  enables  the  corrections  for  thermal 
leakage  between  calorimeter  and 
its  surroundings  to  be  controlled 
and  measured. 

The  jacket  containing  the  calo- 
rimeter is  immersed  in  a  stirred 
liquid  bath  which,  by  means  of 
a  refrigerating  coil  using  liquid 
carbon  dioxide,  an  electric  heat- 
ing coil,  and  a  thermoregulator, 
is  maintained  at  any  tempera- 
ture between  -55°  C  and  +40° 
C  to  within  a  few  thousandths 
of  a  degree.  Using  current  fur- 
nished by  a  storage  battery,  the 
heat  supplied  to  the  calorimeter 
and  the  contained  specimen  is 
developed  at  a  nearly  constant 
rate,  which  is  determined  by  po- 
tentiometer measurements  of  cm-- 
rent  and  of  potential  drop. 

By  this  method  the  heat  in- 
volved in  the  temperature  changes 
of  the  material  is  measured  di- 
rectly in  terms  of  electrical  units, 
from  which  it  may  be  reduced  to 
customary  heat  imits  by  using  the 
proper  constants. 

The  ice  specimens  were  con- 
tained in  a  metal  cell  which 
fits  inside  the  calorimeter  shell. 
To  promote  the  rapid  equaliza- 
tion of  temperature,  the  cell  is 
provided  with  radial  copper  vanes  attached  to  the  interior 
surface.  The  details  of  construction  of  the  container  are  shown 
in  Fig.  2. 


SECTION  A-B 
3. — Sptcimtn  conlaintr 
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KATBRIAL  AND  PREPARATION  OF  SAMPLES 

• 

Since  even  small  amounts  of  impurity  would  cause  considerable 
increase  in  the  apparent  heat  capacity,  due  to  incipient  melting 
of  portions  of  the  ice,  the  material  used  for  the  determinations  of 
the  specific  heat  and  of  the  heat  of  fusion  of  ice  was  prepared  with 
the  object  of  obtaining  specimens  of  ice  as  pure  as  possible.  The 
entire  interior  surface  of  the  ice  container  was  carefully  coated 
with  pure  tin  to  avoid  contamination  of  the  sample.  The  water 
used  was  specially  prepared  by  repeated  distillations  to  remove 
impurities.  Four  samples  of  ice  were  prepared.  The  water  used 
in  samples  1,2,  and  3  was  poured  into  the  container  through  a 
tin-lined  funnel.  The  water  was  boiled  in  the  container  to  expel 
dissolved  gases.  Sample  No.  i  was  frozen  in  the  container 
directly  within  the  calorimeter  by  lowering  the  temperatitfe  of 
the  jacket.  After  the  determinations  on  this  sample  were  com- 
pleted it  was  found  that  this  method  of  freezing  had  developed 
sufiident  pressiu*e  to  slightly  open  the  joint  at  the  bottom  of  the 
container.  The  subsequent  samples  were  frozen,  beginning  at  the 
bottom,  by  immersing  the  container  into  a  bath  of  stirred  gasoline 
cooled  to  about  — 10®  C,  and  gradually  increasing  the  depth  of 
immersion  as  the  sample  froze. 

In  the  preparation  of  samples  2  and  3  the  residual  water  was 
poured  from  the  container  after  freezing  sufficient  ice  for  the  sam- 
ple. The  interior  cellular  construction  of  the  container,  however, 
interfered  somewhat  with  the  success  of  this  procedure,  and  the 
results  on  samples  2  and  3  indicated  only  slightly  different  purity 
from  sample  No.  i . 

The  results  of  experiments  upon  samples  1,2,  and  3  showed  a 
greater  increase  in  the  apparent  specific  heat  on  approaching  zero 
than  wotdd  be  expected  in  consideration  of  Smith's  experiments, 
if  the  samples  possessed  the  degree  of  purity  sought.  On  the  con- 
trary, they  showed  less  increase  than  the  results  of  other  observers. 
The  results  upon  sample  3  showed  somewhat  less  increase  than 
sat]tiples  I  and  2,  which  can  be  accounted  for  by  supposing  that 
sample  3  contained  less  impurity  than  the  others.  To  learn,  if 
possible,  more  in  regard  to  the  effect  of  impurities,  an  attempt 
was  made  to  prepare  a  sample  of  still  greater  purity. 
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Sample  No.  4  was  distilled  directly  into  the  container,  the  con- 
densed water  touching  no  surface  which  was  not  tinned.  In 
doing  this  the  container  was  first  inverted  so  that  the  condensed 
water  wotdd  drain  out,  thus  washing  the  entire  interior  surface 
with  steam  and  hot  distilled  water.  After  about  800  cc  had  been 
thus  passed  through,  the  container  was  placed  erect  and  sur- 
rounded with  ice.  Water  was  condensed  until  the  container  was 
nearly  full,  leaving  about  700  cc  in  the  distilling  flask.  Thus, 
only  the  middle  fraction  was  retained  for  the  sample.  The  water 
used  in  the  distilling  flask  was  specially  prepared  double  distilled 
water.  Before  sealing  the  sample  in  the  container,  the  contained 
water  was  boiled  to  expel  any  air  which  might  have  been  absorbed 
after  condensation. 

Measurements  of  the  electrical  conductivity  of  the  samples, 
made  after  the  various  determinations  were  completed,  failed  to 
show  any  considerable  difference  in  the  observed  conductivities 
of  the  different  samples.  These  were  all  of  the  order  of  3  x  lo"* 
ohm~*  cm~*. 

While  the  specimens  were  being  frozen  the  calorimeter  was 
cooled  to  a  temperature  slightly  below  zero.  The  object  of  this 
was  to  avoid  melting  any  considerable  portion  of  the  ice  when  the 
container  was  introduced  into  the  calorimeter.  The  operation  of 
inserting  the  specimen  into  the  calorimeter  at  a  temperature  of 
zero  was  accompanied  by  the  unavoidable  condensation  of  moisture 
on  the  calorimeter,  as  the  work  was  done  when  the  dew  point  was 
above  zero.  To  absorb  this  moisture  and  to  maintain  the  dryness 
of  the  air  within,  a  small  dish  of  calcium  chloride  was  placed  at  the 
bottom  of  the  jacket. 

EZPBRIMBNTAL  PROCEDURS 

A  detailed  description  of  the  various  operations  involved  in 
determination  of  heat  capacity  is  given  in  the  previous  paper 
referred  to  above.  Briefly  stated,  the  sequence  as  to  manipula- 
tions and  observations  is  as  follows : 

The  calorimeter  containing  the  specimen  is  cooled  to  the  initial 
temperature  of  the  experiment.  The  jacket  is  brought  under 
control  of  the  thermoregulator  at  the  temperature  of  the  calo- 
rimeter.   The  resistance  of  the  built-in  platinum  thermometer  is 
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observed  to  determine  the  initial  temperature  "  of  the  calorimeter. 
Electric  cmrent  is  passed  through  the  heating  coil  of  the  calo- 
rimeter for  a  measured  interval  of  time.  During  this  time  alter- 
nate readings  of  current  ^^  and  potential  drop  are  made  at  equal 
intervals  of  time  to  determine  the  rate  of  energy  supply  to  the 
calorimeter.  Meanwhile  by  hand  control  of  the  jacket  heating 
current  the  temperature  of  the  jacket  is  kept  sis  nearly  as  practi- 
cable equal  to  the  rising  temperature  of  the  calorimeter.  The 
readings  of  the  thermocouples,  which  are  recorded  at  intervals  of 
30  seconds  throughout  the  entire  experiment,  indicate  the  tem- 
perature difference  between  the  calorimeter  and  jacket,  and  serve 
the  double  purpose  of  guiding  the  jacket  control  and  giving  the 
data  for  determining  the  thermal  leakage.  After  the  interruption 
of  the  calorimeter  heating  current,  the  jacket  is  again  brought 
imder  control  of  the  thermoregulator,  and  when  the  calorimeter 
attains  thermal  equilibrium  the  thermometer  resistance  is  again 
observed  to  determine  the  final  temperature.- 

The  rate  of  thermal  leakage  is  determined  by  a  separate  experi- 
ment, in  which,  with  the  calorimeter  and  jacket  at  different  tem- 
peratures, alternate  readings  are  made  of  the  resistance  ther- 
mometer and  of  the  thermocouple  between  calorimeter  and  jacket. 
An  approximate  value  of  the  heat  capacity  of  the  calorimeter  at 
the  time  of  this  supplementary  experiment  is  adequate  to  enable 
the  computation  of  the  rate  to  be  made. 

The  mass  of  the  sample  is  determined  from  weighings  in  air 
against  brass  weights  of  the  empty  container,  and  of  the  container 
with  specimen  included.  The  difference  between  these  weigh- 
ings corrected  for  air  buoyancy  gives  the  mass  of  the  specimen. 

An  example  of  the  record  of  a  single  experiment  in  determinmg 
the  specific  heat  of  an  ice  specimen  is  given  in  Fig.  3. 

u  The  temperatures  d  employed  in  this  paper  are  expressed  in  decrees  of  the  centiicrade  scale  determined 
by  a  resistance  thermometer  6L  the  Heraeus  purest  platinum  according  to  the  equations 


-l?o 


d^pt+d  I X I  — ,   pt"  ~ — 

\ioo      / 100  /cioo— 


P  xoo,    ^1.48 


The  value  of  9  here  taken,  viz,  1.48,  was  obtained  by  a  direct  comparison  of  platinum  resistance  ther- 
momcters  of  Heraeus  purest  platinum,  in  the  interval  o*  to  zoo*  with  verre  dur  thermometers  stand- 
ardized at  the  Bureau  International  des  Poids  et  Mesures.  and  thus  serves  to  reproduce  the  hydrocen 
scale  of  that  bureau. 

The  di£ference  between  the  scale  above  defined  and  the  thermodynamic  scale  as  reproduced  in  the  inter, 
val  "SO*  tp  +500*  by  means  of  the  platinum  resistance  thermometer  standardized  at  the  temperatures 
of  melting  ice,  steam,  and  sulphur  vapor,  consists  in  the  use  of  4->  x.48  instead  of  X.49+,  which  would  be 
the  value  for  platinum  of  the  purity  here  employed  when  the  sulphur  boiling  point  is  taken  as  444?6.  At 
+50*  the  difference  between  the  two  scales  is  less  than  ?oo3.  which  is  within  the  limits  of  accuracy  of 
rcproducti<m  of  the  hydrogen  scale. 

^*  All  electrical  quantities  are  expressed  in  terms  of  the  units  adopted  by  the  Bureau  of  Standards,  as 
given  in  Bureau  Circular  No.  29,  ist  ed. 
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CALORIMETER  RECORD 


Date,  Aug.  6, 1014 
Experiment  No.  5 


Potentiometer 

Thermo-  Resistance 

Time 

readings  acroes 

Time 

couple 

thermome- 

Notes 

volt  box 

readings  ter  readings 

A 

m 

m 

s 

mm 

Ohms 

1 

0. 117683 

0 

30.10950 

w 

3 

695 

30 

200.0 

Bridge  B.  &  No.  7481  at  33*  C 

5 

708 

1 

196.0 

7 

712 

30 

199.9 

Bridge  calibration  of  Aug.  29, 

9 

717 

2 

202.2 

1914 

11 

] 

723 
tfoan    .117706 

3 

30 

203.0 
202.3 

Ratio  100  R 

Our.  lor  potentlonieter                 0 

30 

201.0 

Thermometer  No.  11510 

Con.  for  volt  boK                        +5 

4 

199.5 

CocncCed  rMdlof              .  117711 
Potential  drop  (E)           11. 7711  Yolti 

30 

197.8 

S 

196.5 

6 

30 

196.3 
197.2 

Calorimeter  No.  11510,  with  ice 

Potentiometer 

7 

30 

198.6 
200.2 
2Q2  0 

Time 

readings  acroes 

30 

std.  resistance 

8 

30 

203.8 
205.3 

Mass    of   ^edmen    No*    4, 

460.7  g 

9 

205.8 

m 

30 

205.7 

2 

0.129893 

10 

205.3 

4 

903 

30 

205.7 

6 

899 

11 

212.0 

8 

898 

30 

202.5 

Thermocouple  xero— 200 

10 

892 
[oan      .129697 

12 

30 

197.2 
195.2 

Cerr.  lor  potentiometer                  0 

13 

194.8 

Corr.  for  std.  reeietance           —  99 

30 

195.3 

When  Jacket  is  colder  than 

Corr.  for  volt-tMs  current         —118 

14 

196.3 

catorlmeter,     the    thenne- 

Corrected  reading               .129680 

^^^                                      M         ^^^a                                                                                            .^B          ^^k  ^^k.  .^^k  ^^k  d^ 

30 

197.6 

couple  reading  is  above  200 

Cnnent  (I)                     1.29680  amp. 

15 

199.2 

16 

30 

201.0 
202.8 

Duration  el  calorimeter  current 

17 

30 

204.7 
205.0 

m           8 

30 

202.3 

On     1          0.70 
Olf  11            .71 
Total  time       600. 01  seconds 

18 

200.3 

30 

199.8 

Rate  of  thermal  leakage  from 

19 

in 

199.7 
200.0 
200.0 

Joules  per  minute  per  mil- 
limeter deflection  above  200 

20 

Jv 

Power  BXI                    15. 2648  watts 

30 

200.0 

Total  eneror               9159.1      Joules 

21 

200.0 

Corr.  lorthormalleakase— 3.1      J. 

30 

200.0 

Corrected  energjr    0156.0  Joules 

22 

30.67709 

23 

30 

200.0 

30.67708 

Initial                   Final 
Obs.  R          30. 10950                 30. 67708 

24 

30 

20a  0 

30.67706 

Correction  lor  thermal  leak- 

Bridffe.corr.      —105                    —103 

age  to  caloilmoter—  — 0.2X 

Corr.  Ri     -30. 10645         IU-30. 67605 

Mean 

200.65 

6.5X24-  -3.1  J 

iR                  0.56760         R.-30. 39225 

Km                    8.0667             9i— 79304 

4  9                 4.5787          0i— 29725 

Potentionieter  No.  9143 
Std.  ceU  No.  2682 

Total  heat  capacity     1999. 7  J/deg 
Heat  capacity  of  calo- 
rimeter                 1041. 1 

Vdt  boK  No.  5245 

Heat  capacity  Of  ice     958.6 
Ifaasoficeopeeimen  46a7  g 
Heat  capadty  of  ice 

Std.  res.  No.  7354 

Temp.  std.  res.,    2699 

perg                          2.0807  J/dec«g 

Mean  spocMc  heat     0.4074   ^ 

fdeg 

9ltD9t 

. 

Fig.  3. — Sample  record  of  experiment 
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The  initial  and  final  readings  of  thermometer  resistance  cor- 
rected for  bridge  errors  give  the  initial  and  fmal  thermometer 
resistances  Ri  and  /?,.  The  difference  between  the  initial  and 
final  resistances,  JR,  multiplied  by  the  difference  factor,  Km, 
Jives  the  change  in  temperatm'e  of  the  calorimeter,  J6.  In 
obtaining  Km  from  the  chart  Fig.  4  the  mean  resistance  Rm  is  used. 

The  average  thermocouple  deflection  multiplied  by  the  rate 
and  by  the  time  between  initial  and  final  thermometer  readings 
gives  the  correction  for  thermal  leakage. 

The  mean  potentiometer  readings  for  potential  drop  and  for 
cmrent,  corrected  for  instrumental  errors,  and  multiplied  by  the 
proper  reduction  factors,  give  the  potential  drop,  E,  and  current  /. 
The  product  of  the  current  and  potential  drop  is  the  power,  and 
this  multiplied  by  the  time  is  the  total  energy  electrically  supplied 
to  the  calorimeter.  This  total  energy  .corrected  for  thermal  leak- 
age gives  the  corrected  energy,  i.  e.,  the  amount  of  energy  received 
by  the  calorimeter  and  contents  during  the  experiment. 

The  corrected  energy  divided  by  the  change  in  temperature, 
J0,  gives  the  heat  capacity  of  calorimeter  and  specimen  in  joules 
per  degree. 

The  heat  capacity  of  the  calorimeter  is  obtained  from  the 
ciu^e.  Fig.  5,  at  a  point  corresponding  to  the  mean  temperature, 

2 

Deducting  from  the  total  mean  heat  capacity  the  heat  capacity 
of  the  calorimeter,  the  mean  heat  capacity  of  the  specimen  is 
obtained  over  the  temperature  interval  of  the  experiment. 

The  mean  heat  capacity  of  the  specimen  divided  by  the  mass 
and  by  the  number  of  joules"  in  one  20®  calorie,"  gives  the  mean 
specific  heat  of  the  ice  specimen  in  20**  calories  per  gram  per 
degree. 

^  The  rdation  between  the  ao*  calorie  and  the  joule  (mteraatiooal  watt  seoood)  ii  taken  as  represented 

by  the  equation 

X  ca]oric»**4-i83  joulet 

1*  The  20*  calorie  used  in  this  pi4>er  is  taken  as  the  quantity  of  heat  per  gram  (masa)  per  dtgnt  oentlgrade 
required  to  raise  the  temperature  of  water  at  20"  C. 
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'The  initial  temperature,  0^  may  be  computed  from  R^,  using 
the  thermometer  resistance  at  o°  (JRo) ,  determined  at  the  time  of 
calibration,  and  the  value  K  corresponding  to  a  resistance  which 
is  the  mean  of  jRo  and  /?i.  The  finsd  temperature  0^  may  be  com- 
puted similarly  from  jR^. 


-*)  -80         ^-80  -10        ^  0  10  80 

TEMPERATURE  DEGREES  C. 

Fig.  5. — Heat  capacity  of  cdhrimeter 

The  method  of  calculation  may  be  summarized  as  follows: 
Supposing  the  observed  data  to  be  corrected  for  all  instru- 
mental errors,  the  specific  heat  is  given  by  the  formula 


lET+Btd 
MJ 


-C 


ci^Sar]  specific  Heat  and  Heat  of  Fusion  of  Ice  6i 

where 

5*  mean  specific  heat  of  specimen  in  20°  calories  per 

gram  per  degree  over  the  interval  of  temperature 

employed. 
C — mean  heat  capacity  of  calorimeter  in  joules  per  degree. 
/ -current  in  amperes  (mean  value) . 
E  »  potential  drop  in  volts  (mean  value) . 
T— duration  of  energy  supply  to  calorimeter  in  seconds* 
d  « average  thermocouple  deflection  in  millimeters  during 

experiment, 
f  »time  in  minutes  between  initial  and  final  readings  of 

calorimeter  resistance  thermometer. 
B  —rate  of  thermal  leakage  to  calorimeter  from  sturound- 

ings  in  joules  per  minute  per  millimeter  thermo- 
couple deflection. 
j?i  —initial  resistance  of  thermometer  in  ohms. 
/?, —final  resistance  of  thermometer  in  ohms. 
^/?— difference  between  initial  and  final  resistance  of  the 

thermometer  in  ohms. 
/f,»— the  difference  factor  for  the  resistance  thermometer, 

1.  e.,  -^n  111  degrees  per  ohm. 

M  —mass  of  specimen  in  grams. 

The  ciurent  and  potential  drop  were  always  so  nearly  constant 
that  the  approximation  in  taking  the  product  of  their  mean  values 
multiplied  by  the  time  as  the  total  energy  is  well  within  the  limit 
of  allowable  error. 

A  complete  description  of  the  method  and  results  of  the  cali- 
bration of  the  calorimeter  resistance  thermometer  and  of  the 
determinations  of  the  heat  capacity  of  the  calorimeter  are  given 
in  a  preceding  paper." 

The  values  of  the  difference  factor  K  as  there  determined  are 
given  graphically  in  Fig.  4.  This  chart  was  used  in  making 
calculations  of  specific  heat  determinations,  the  difference  factor 
for  any  observed  interval  being  taken  from  the  curve  at  the  point 
corresponding  to  the  mean  between  the  initial  and  final  ther- 
mometer resistances.     Since  the  performance  of  the  thermometer 

11  Dirkhnwm  and  Osborne*  this  Balletin,  U.  p.  aj*  i9i5>  Sdentific  Paper  No.  347- 
6844**— 15 5 


62  Bulletin  of  the  Bureau  of  Standards  [va,  t» 

was  fotind  to  depend  upon  the  previous  thermal  treatment,  in 
the  use  of  the  chart  the  appropriate  caKbration  line  was  chosen  to 
correspond  with  the  initial  temperature  of  the  experiments  on  the 
particular  day. 

The  values  of  the  heat  capacity  of  the  calorimeter  are  given 
graphically  in  Fig.  5.  The  two  curves  there  shown  represent  the 
values  obtained  with  the  two  arrangements  of  the  thermocouples 
which  were  used  in  the  determinations.  When  the  earlier  arrange- 
ment was  used,  consisting  of  a  single  set  of  thermocouples,  the 
junctions  of  which  were  so  placed  as  to  indicate  the  difference  in 
temperature  between  the  stirf ace  of  the  calorimeter  and  a  point 
in  the  liquid  near  the  jacket,  the  upper  curve  was  obtained.  The 
lower  curve  was  obtained  with  the  later  arrangement,  making  use 
of  an  additional  set  of  couples  the  junctions  of  which  were  so 
placed  that  when  joined  in  series  the  two  sets  of  couples  indicated 
the  difference  in  temperature  between  the  calorimeter  and  the 
jacket  surfaces. 

These  later  results  showed  that  in  the  original  arrangement  the 
true  temperattu'e  difference  between  calorimeter  and  jacket  had 
not  been  indicated  owing  to  the  effect  of  lag  in  liquid  and  jacket. 
The  significance  of  this  fault  in  the  apparatus  did  not  appear  tmtil 
after  the  experimental  work  on  samples  1,2,  and  3  had  been  com- 
pleted, but  errors  from  this  cause  in  the  final  results  for  these 
samples  could  be  avoided  in  the  manner  explained  below. 

The  value  of  the  observed  total  heat  capacity  of  the  empty 
calorimeter  and  of  the  calorimeter  containing  a  specimen  would  be 
affected  to  the  same  extent  by  the  improper  placing  of  the  ther- 
mocouple, provided  that  in  the  two  experiments  the  manipulation 
of  the  jacket  was  similar.  If,  therefore,  in  computing  the  result 
of  a  specific  heat  determination  a  value  of  heat  capacity  of  the 
calorimeter  be  used,  determined  imder  experimental  conditions 
similar  tb  those  in  the  specific  heat  determination,  no  error  is 
introduced  into  the  resulting  value  of  specific  heat.  It  was 
necessary  therefore  to  employ  the  false  values  of  heat  capacity 
shown  by  the  upper  curve  in  Fig.  5  in  computing  the  earlier  results. 

It  was  ascertained  that  the  variations  in  manipulation  which  did 
occur,  such  as  the  use  of  different  amounts  of  refrigeration  and 
compensating  heating,  etc.,  were  not  sufficient  to  cause  any  large 
sjrstematic  error. 


Otbomt 


] 


Specific  Heat  and  Heat  of  Fusion  of  Ice 


63 


SPECIFIC  HEAT  OF  ICE 

Experimental  Results. — ^The  results  of  experiments  to  deter- 
mine the  specific  heat  of  ice  are  given  in  Tables  2,  4,  6,  and  8, 
in  which  the  observed  mean  specific  heats  of  the  several  samples 
are  expressed  with  reference  to  the  initial  and  final  temperatures 

H  —H 
tfj,  02  of  the  respective  experiments  (5m  =  -3^ — 3-*,  where  //,— //j 

Cfj  — e^i 

represents  the  total  heat  per  gram  over  the  interval  62  —  0^ . 

TABLE  2 
Detenninations  of  Specific  Heat  of  Ice 

Sample  No.  I,  Rzperimental  Reanlts 
[Meat,  468.7  grams] 


Date 

Sip 

Total 
energy 

Cor- 
rection 
for 
ther- 

leak- 
age 

Cor- 
recwu 

total 
energy 

Initial 
tem- 
pera- 
ture 

Final 
tem- 
pera- 
ture 

^2 

Tem- 
perature 
differ- 
ence 
^sto^i 

Total 

mean 

heat 

capacity 

^ito^s 

Mean 
heat 
capacity 
ol  calo- 
rimeter 
^ito^. 

Mean 

heat 

$1  to  ^2 

i/deg 

Mean 

apecillc 

heat 

eito$2 

Sb 

1914 

/ouUs 

jouUs 

jouUs 

d€gC 

degC 

dtgC 

JIdeg 

JIdeg 

JIdeg 

g*deg 

Jane  2 

1924S.7 

+22.3 

19268 

.41.840 

-31.559 

10.281 

1874. 1 

1016.5 

857.6 

0.4374 

19212.9 

-  3.5 

19209 

31.559 

21.553 

10.006 

1919. 7 

1026.7 

893.0 

.4555 

19162.3 

+  0.8 

19163 

21.548 

11.799 

9.7495 

1965.5 

1035.4 

930.1 

.4744 

9574.3 

-  1.0 

9573 

11.799 

7.014 

4.7848 

2000.7 

1041.2 

960.5 

.4899 

5740.7 

0.0 

5740.7 

7.016 

4.182 

2.8339 

2025.7 

1044.2 

981.5 

.5006 

3816.7 

0.0 

3816.7 

4.183 

2.327 

1.8564 

2056.0 

1045.7 

1010.3 

.5153 

1909.3 

+  3.2 

1912.5 

2.327 

1.419 

.9079 

2106.5 

1046.5 

1060.0 

.5407 

1909.0 

+  6.1 

1915.1 

1.419 

.583 

.8362 

2290.2 

1047.0 

1243.2 

.6341 

953.9 

+12.2 

966.1 

.584 

.284 

.3001 

3219.3 

1047.4 

2171.9 

1.1078 

Jane  3 

19106.4 

+34.3 

19141 

-41.853 

-31.648 

10.205 

1875.6 

1016.5 

859.1 

.4382 

19055.0 

+  0.6 

19056 

31.648 

21.729 

9.9188 

1921.2 

1026.7 

894.5 

.4563 

19064.8 

-3.9 

19061 

21.726 

12.016 

9.7100 

1965.1 

1035.2 

929.9 

.4743 

9483.5 

-  3.4 

9480 

12.017 

7.279 

4.7378 

2000.9 

1041.1 

959.8 

.4896 

5763.7 

0.0 

5763.7 

7.279 

4.430 

2.8488 

2023.2 

1043.8 

979.4 

.4996 

3801.6 

+  3.1 

3804.7 

4.430 

2.570 

1.8608 

2044.7 

1045.6 

999.1 

.5096 

1988.4 

+  2.8 

1991.2 

2.570 

1.614 

.9558 

2083.3 

1046.5 

1036.8 

.5289 

1968.1 

-  1.6 

1986.5 

1.615 

.714 

.9012 

2204.3 

1047.0 

1157.3 

.5903 

993.2 

+  1.8 

995.0 

.714 

.356 

.3581 

2778.6 

1047.4 

1731.2 

.8630 
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TABLE  3 
Specific  Heat  of  Ice 

Smivto  No.  1,  Reductton  of  Ratolti 


tem- 

tvra 
^1 

VIlMl 

tun 

^2 

y  0102^0 

61+62    ^ 
2 

e-e" 

A{^-^ 

OOfTMtsd 

^ctlc 

^bt- 
9adc 

d€0C 

iUgC 

degC 

degC 

d*gC 

calm 

-41.840 

-31.559 

-36.338 

-36.700 

0.362 

0.0007 

0.4374 

0.4381 

0.4381 

O.UU00 

41.8S3 

31.648 

36.395 

36.750 

.355 

.oooy 

.4382 

.4389 

.4380 

+  .0009 

31.559 

21.553 

26.080 

26.556 

.476 

.0009 

.4555 

.4564 

.4572 

—  .0006 

31.648 

21.729 

26.2Zi 

26.688 

.464 

.0009 

.4563 

.4572 

.4569 

+  .0003 

21.548 

11.799 

15.945 

16. 674 

.729 

.0014 

.4744 

.4758 

.4764 

-  .0006 

21.726 

12.016 

16.157 

16.871 

.714 

.0013 

.4743 

.4756 

.4760 

-  .0004 

11.799 

7.014 

9.097 

9.406 

.309 

.0006 

.4899 

.4905 

.4900 

+  .0005 

12.017 

7.279 

9.353 

9.648 

.295 

.0006 

.4896 

.4902 

•  TWr4 

+  .0008 

7.016 

4.182 

5.417 

5.599 

.182 

.0003 

.5006 

.5009 

.4990 

+  .0019 

7.279 

4.430 

5.679 

5.854 

.176 

.0003 

.4996 

.4999 

.4982 

+  .0017 

4.183 

2.327 

3.120 

3.255 

.135 

.0003 

.5153 

.5156 

.5101 

+  .0055 

4.430 

2.570 

3.374 

3.500 

.126 

.0002 

.5096 

.5098 

.5081 

+  .0017 

2.327 

1.419 

1.817 

1.873 

.056 

.0001 

.5407 

.  d4vo 

.5325 

+  .0083 

2.570 

1.614 

2.037 

2.092 

.055 

.0001 

.5289 

.5290 

.5261 

H-  .0029 

1.419 

.583 

.9091 

1.001 

.092 

.0002 

.6341 

.6343 

.6244 

+  .0099 

1.615 

.714 

1.074 

1.164 

.090 

.0002 

.5903 

.5905 

.5901 

+  .0004 

.584 

.284 

.407i 

.434 

.027 

.0001 

1.1078 

1.1079 

1.1059 

+  .0020 

.714 

.356 

.504i 

.535 

.031 

.0001 

.8830 

.8831 

-  .0135 
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TABLE  4 
of  Specific  Heat  of  Ice 

Sample  No.  2,  Biperlmental  Reeulta 
[Mass,  399.8  grams] 


Date 

Ezp 

Total 
energy 

Cor- 

for 

tber- 

mal 

leak- 

age 

Cor- 
rected 
total 

Initial 
tem- 
pera- 
ture 

Final 
tem- 

tvre 
^2 

Tem- 
perature 
differ- 
ence 

Ml 

Total 

mean 

beat 

capacity 

^1  ^^3 

Mean 

beat 
capadty 
ofcalo- 
rfanater 

^ito^a 

Mean 

beat 

capacity 

of  ice 

^itOwj 

Mean 

TSt 

s. 

co/u 

1914 

joules 

jouUs 

jouUs 

degC 

dtgC 

degC 

jldeg 

ijdtg 

ildeg 

g^deg 

Jane  12 

1 

18068.7 

+  0.5 

18069 

-45.509 

-35.094 

10.416 

1734.8 

1012.8 

722.0 

0.4317 

2 

18060.5 

+  4.8 

18065 

35.094 

24.915 

10. 178 

1774.9 

1023.5 

751.4 

.4493 

3 

18042.8 

-  4.2 

18039 

24.915 

14.974 

9.9412 

1814.6 

1032.7 

781.9 

.4676 

18035.3 

-11.8 

18023 

14.974 

5.262 

9.7118 

1855.8 

1040.7 

815.1 

.4874 

3604.1 

-  1.1 

3603.0 

0«  vT^ 

1.459 

1.8853 

1911. 1 

1046.2 

864.9 

.5172 

1914.6 

-  0.3 

1914.3 

1.459 

.530 

.9289 

2060.8 

1047.1 

1013.7 

.6062 

Jane  13 

18352.7 

-  9.1 

18344 

-26. 561 

-16,409 

10.152 

1807.0 

1031.3 

775.7 

.4639 

18311.8 

0.0 

18312 

16.371 

6.470 

9.9013 

1849.5 

1039.6 

809.9 

.4843 

5487.6 

+  2.6 

5490.2 

6.470 

3.551 

2.9189 

1880.9 

1044.7 

836.2 

.5000 

5484.9 

-  2.2 

5482.7 

3.551 

.722 

2.8286 

1938.3 

1046.5 

891.8 

.5333 

914.7 

-  4.2 

910.5 

.722 

.352 

.3702 

2459.5 

1047.3 

1412.2 

.8445 

. 

456.3 

+  1.0 

457.3 

.352 

.238 

.1137 

4022.0 

1047.5 

2974.5 

1.779 

TABLE  5 

Specific  Heat  of  Ice 

Sample  No.  2,  Reduction  of  Retolti 


tem- 

cnre 
^1 

nnal 
tempera- 
ture 

V^1^2-^ 

2 

6-0' 

K{e-e^ 

Mean 
apeciflc 

neat 
6 1  to  ^2** 

Specifle 
corrected 

^bi 

dcBle, 

9obt- 
^calc 

caUn 

d€ifC 

degC 

d€gC 

degC 

degC 

Q'deg 

-45.509 

-35.094 

—39.964 

-40.302 

0.338 

0.0006 

0.4317 

0.4323 

0.4313 

+0.0010 

35.094 

24.915 

29.570 

30.004 

.434 

.0006 

.4493 

.4501 

.4507 

—  .0006 

26.561 

16.409 

20.877 

21.485 

.608 

.0011 

.4639 

.4650 

.4670 

-  .0020 

24.915 

14.974 

19.315 

19.944 

.629 

.0012 

.4676 

.4688 

.4700 

-  .0012 

16.371 

6.470 

10.292 

1%420 

1.128 

.0021 

.4843 

.4864 

.4874 

-  .0010 

14.974 

5.262 

8.877 

10. 118 

1.241 

.0023 

.4874 

.4897 

.4904 

—  .0007 

6.470 

3.551 

4.793 

5.010 

.217 

.0004 

.5000 

.5004 

.5007 

-  .0003 

3.551 

.722 

1.601 

2.136 

.535 

.0010 

.5333 

.5343 

.5399 

-  .0056 

3.344 

1.459 

2.209 

2.402 

.193 

.0004 

.5172 

.5176 

.5212 

-  .0136 

1.459 

.530 

.879 

.994 

.115 

.0002 

.6062 

r    .6064 

.6282 

-  .0218 

.722 

.352 

.5041 

.537 

.033 

.0001 

.8445 

.8446 

.8812 

-  .0366 

.352 

.238 

.2894 

.295 

.006 

.0000 

1.779 

1.779 

1.6522 

+  .126S 
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TABLE  6 
of  Specific  Heat  on  Ice 
Sample  No.  3,  Siperimental  Reanlta 
(Mass,  4X5*8  grams] 


Date 

Sip 

Total 
energy 

Cor- 
rectiott 
for 
ther- 
mal 
leak- 
age 

Cor- 
rected 

total 
energy 

Initial 
tern- 
peia- 

ture 

Ftaial 
tem- 
pera- 
ture 

Tem- 

pefatme 

differ- 

ence 

02tD0i 

Total 

mean 

heat 

capadty 

w|  to  v-i 

Mean 
heat 
capadty 
of  calo- 
rimeter 

Si  to  ^2 

hiean 
heat 

Mean 

s« 

1914 

jotdts 

jouUs 

jotiUs 

d€gC 

dtg  C 

d$gC 

Jldtff 

J/deg 

JIdeg 

eai» 
O'deg 

Jmiel7 

20120. 

-6.0 

20114. 

-43.284 

-31.964 

11.320 

1776.8 

1015. 7 

761.1 

0.4376 

18685.8 

-9.2 

18677. 

31.956 

21.701 

10.2546 

1821.3 

1026.5 

794.8 

.4570 

18662.4 

+0.6 

18663. 

21.701 

11.689 

10.0121 

1864.0 

1035.6 

828.4 

.4763 

9325.1 

+0.8 

9326. 

11.689 

6.769 

4.9202 

1895.5 

1041.6 

853.9 

.4910 

5593.2 

-0.9 

5592.3 

6.769 

3.848 

2.9213 

1914.3 

1044.5 

869.8 

.5001 

3726.8 

-1.1 

3725.7 

3.848 

1.924 

1.9240 

1936.4 

1046.0 

890.4 

.5120 

1931.6 

-2.4 

1929.2 

1.924 

.954 

.9690 

1990.9 

1046.7 

944.2 

.5429 

Jane  18 

18620.4 

-1.2 

18619. 

-16.720 

-  6.800 

9.9206 

1876.8 

1039.9 

836.9 

.4812 

5664.6 

0.0 

5664.6 

6.809 

3.847 

2.9619 

1912.5 

1044.4 

868.1 

.4991 

1912.4 

-1.9 

1910.5 

3.847 

2.857 

.9902 

1929.4 

1045.6 

883.8 

.5062 

1913.1 

+  .9 

1914.0 

2.857 

1.873 

1944.3 

1046.1 

898.2 

.5164 

1899.5 

-1.4 

1898.1 

1.877 

.925 

.9521 

1993.6 

1046.7 

946.9 

•  5^^^ 

952.2 

-1.5 

951.7 

.925 

.494 

.4309 

2208.6 

1047.1 

1161.5 

.6678 

951.3 

0.0 

951.3 

.495 

.211 

.2837 

3353.2 

1047.2 

2306.0 

1.3259 

TABLE  7 
Specific  Heat  of  Ice 

Sample  No.  3,  Reductien  of  Reanlta 


Initial 

tem- 
pera- 
ture 

Vfaial 
tempera- 
ture 

02 

-yfdfi^^e 

^1+^2.^' 

Q-Q' 

A{d^e^ 

Mean 
apeciflo 

heat 
6 1  to  69^ 

m 

SMCifiC 
corrected 

^ba 

8 
^calc 

doba- 
9calc 

deoC 

dtgC 

d€gC 

degC 

d€oC 

caizo 
Q'deg 

—43.284 

--31.964 

37.196 

37.624 

0.428 

0.0006 

0.4376 

0.4384 

0.4366 

+0.0018 

31.956 

21.701 

26.334 

26.828 

.494 

.0009 

.4570 

.4579 

.4566 

+  .0013 

21.701 

11.689 

15.927 

16.695 

.768 

.0014 

.4763 

.4777 

.4760 

+  .0017 

16.720 

6.800 

10.663 

11.760 

1.097 

.0020 

.4812 

.4832 

.4859 

-  .0027 

11.689 

6.769 

8.895 

9.229 

.334 

.0006 

.49lb 

.4916 

.4892 

+  .0024 

6.769 

3.848 

5.104 

5.308 

.204 

.0004 

.5001 

.5005 

.4965 

+  .0040 

6.809 

3.847 

5.118 

5.328 

.210 

.0004 

.4991 

.4995 

.4965 

+  .0030 

3.848 

1.924 

2.721 

2.886 

.165 

.0003 

.5120 

.5123 

.5106 

+  .0015 

3.847 

2.857 

3.315 

3.352 

.037 

.0001 

.5082 

.5063 

.5064 

+  .0019 

2.857 

1.873 

2.313 

2.365 

.052 

.0001 

.5164 

.5165 

.5155 

+  .0010 

1.924 

.954 

1.355 

1.439 

.064 

.0002 

.5429 

.5431 

•  5^^^ 

-  .0013 

1.877 

.925 

1.318 

1.401 

.083 

.0002 

•  Ot^^ 

.5446 

.5468 

-  .0022 

.925 

.494 

.676* 

.710 

.034 

.0001 

.6678 

.6679 

.6701 

-  .0022 

.495 

.211 

.323s 

.353 

.030 

.0001 

1.3259 

1.3260 

1.2311 

+  .0949 

Osbonu 


] 


Specific  Heat  and  Heat  of  Fusion  of  Ice 


67 


TABLE  8 
Detmninatiotis  of  Specific  Heat  of  lea 

Sample  No.  4,  Rzperimental  Reaolta 
(Mass.  460.7  grams] 


Date 

Sip 

♦ 

TMal 
energy 

Cer- 

— ...  -  - 
recpim 

lor 
ther- 
mal 
leak- 
age 

Cer- 

rected 

total 

energy 

tem- 
pera- 
ture 

Final 
tem- 
pera- 
tore 

Tem- 
peratore 
differ- 
ence 
^  to  01 

Total 

mean 

heat 

capacity 

Oi  \odt 

Mean 
heat 

capacity 
of  calo- 
rimeter 

01  to  St 

Mean 
heat 

^ito^i 

Mean 

1914 

jomUs 

jouUs 

jouUs 

dtgC 

dtgC 

(-) 

dtgC 

Jldeg 

JIdeg 

JIdeg 

coin 
g'deg 

Aof.   5 

15167.4 

+6.2 

15174 

36.0626 

27.9733 

8.0893 

1875.8 

1018.5 

857.3 

0.4449 

15156.1 

•1-2.6 

15159 

27.9733 

20.0447 

7.9286 

1911.9 

1026.8 

885.1 

.4593 

17941.7 

-2.2 

17941 

19.8574 

10.6655 

9. 1919 

1951.8 

1033.3 

918.5 

.4766 

8959.0 

-1.2 

8957.8 

10.6655 

6.1438 

4.5217 

1961.1 

1038.7 

942.4 

.4890 

4468.6 

+2.9 

4471.5 

6.1438 

3.8982 

2.2456 

1991.2 

1041.2 

950.0 

.4930 

4478.1 

-7.2 

4470.9 

3.8982 

1.6695 

2.2287 

2006.1 

1042.8 

963.3 

1789.7 

0.0 

1789.7 

1.6695 

.7827 

.8868 

2018.1 

1043.9 

974.2 

.5055 

Aug.  6 

9154.1 

0.0 

9154 

40.8110 

35.8648 

4.9462 

1850.7 

1013.4 

837.3 

.4345 

18356.7 

+3.1 

18360 

35.8648 

26.1189 

9.7459 

1883.8 

1020.2 

863.6 

.4481 

18323.1 

-1.4 

18324 

26.1189 

16.6050 

9.5139 

1926.0 

1028.4 

897.6 

.4658 

18313.1 

+1.2 

18314 

16.6045 

7.3042 

9.3003 

1969.2 

1035.9 

933.3 

.4843 

9159.1 

-3.1 

9156 

7.3037 

2.7250 

4.5787 

1999.7 

1041.1 

958.6 

.4974 

1836.4 

-3.4 

1833.0 

2.7236 

1.8116 

.9119 

2010.0 

1043.1 

966.9 

.5017 

1835.8 

-2.5 

1833.3 

1.8116 

.9028 

.9088 

2017.2 

1043.8 

973.4 

.5051 

1146.6 

+1.2 

1147.8 

.9028 

.3401 

.5627 

2039.8 

1044.3 

995.5 

.5166 

Aof.  7 

18288.0 

-3.3 

18285 

39.5670 

29.7674 

9.7996 

1865.9 

1016.9 

849.0 

9 

.4405 

18297.4 

-5.3 

18292 

29.7674 

20.1960 

9.5714 

1911.0 

1025.4 

885.6 

.4596 

18276.0 

-8.5 

18267 

20.1960 

10.8384 

9.3576 

1952.2 

1033.2 

919.0 

.4769 

18280.0 

-4.6 

18275 

10.8360 

1.6742 

9.1618 

1994.7 

1040.3 

954.4 

.4952 

2287.6 

-1.4 

2286.2 

1.9562 

.8220 

1.1342 

2015.7 

1042.3 

973.4 

.5051 

1141.9 

0.0 

1141.9 

.8220 

.2656 

.55635 

2052.5 

1044.4 

1008.1 

.5231 

454.2 

-1.4 

452.8 

.2656 

.0727 

.19290 

2M7.3 

1044.7 

1302.6 

.6759 

• 

122.6 

-0.2 

122.4 

.0733 

.0453 

.02795 

4379.3 

1044.7 

3334.6 

1.730 
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TABLE.  9 
Specific  Hatt  o(  Ice 

Simple  No.  4,  K^dactian  of  Reaulti 


Tntttol 

torn- 
pen- 

VIlMl 

lempen- 
tixre 

^2 

V^i^a-^ 

<^i+V^ 

e-e" 

A(^-^ 

Mean 
nedflc 

^,to^2. 

-  *  ^ 
uHiocioa 

0000 

Btrnkn, 

^OlM- 

tare 

2 

^calc 

cakn 

tkgC 

degC 

lUgC 

(UgC 

<UgC 

Q'deg 

•H0.8U 

-35.865 

-38.258 

-38.338 

0.080 

0.0001 

0.4345 

0.4346 

0.43.44 

+0.0002 

39.567 

29.767 

34.319 

34.667 

.348 

.0006 

.4405 

.4411 

.4418 

—  .0007 

81865 

26.119 

30.607 

30.992 

.385 

.0007 

.4481 

.44wl 

.4487 

+  .0001 

36.063 

27.973 

31.761 

32.018 

.257 

.0005 

.4449 

.4454 

.4465 

-  .0011 

27.973 

20.045 

23.680 

24.009 

.329 

.0006 

.4593 

.4599 

.4616 

-  .0017 

29.767 

20.196 

24.519 

24.982 

.463 

.0009 

.4596 

.4605 

.4600 

+  .0005 

26.119 

16.605 

20.826 

21.362 

.536 

.0010 

.4658 

.4668 

.^OOW 

-  .0001 

20.196 

10.834 

14.792 

15.515 

.723 

.0013 

.4769 

.4782 

.4781 

+  .0001 

19.857 

10.665 

14.552 

15.261 

.709 

.0013 

.4766 

.4779 

.4786 

—  .0007 

16.604 

7.304 

11.012 

11.954 

.942 

.0018 

.4843 

.4861 

.4852 

-f*  .U0U9 

10.665 

6.144 

8.095 

8.404 

.309 

.0006 

.4890 

.4896 

.4907 

-  .0011 

10.836 

1.674 

4.259 

6.255 

1.996 

.0037 

.4952 

.4989 

.4980 

+  .0009 

7.304 

2.725 

4.461 

5.014 

.553 

.0010 

.4974 

.  4984 

.4976 

+  .0008 

6.144 

3.898 

4.894 

5.021 

.127 

.0002 

.4930 

.4932 

.4966 

-  .0036 

3.898 

1.670 

2.552 

2.784 

.232 

.0004 

.5003 

.5015 

-  .0012 

2.724 

1.812 

2.222 

2.268 

.046 

.0001 

.5017 

.5018 

.5024 

-  .0006 

1.956 

.822 

1.268 

1.389 

.121 

.0002 

.5051 

.5053 

.5058 

—  .0005 

1.812 

.903 

1.279 

1.358 

.079 

.0001 

.5051 

:5052 

.5057 

-  .0005 

1.669 

.783 

1.143 

1.226 

.063 

.0002 

.5055 

.5057 

.5066 

—  .0009 

.903 

,340 

.554 

.622 

.068 

.0001 

.5166 

.5167 

.5177 

-  .0010 

.822 

.266 

.468 

.544 

.076 

.0001 

.5231 

.5232 

.5234 

-  .0002 

.266 

.073 

.139 

.170 

.031 

.0001 

.6759 

.6760 

.7116 

-  .0356 

•  073i 

.045t 

.057« 

.059i 

.OOly 

.0000 

1.730 

1.730 

1.7326 

—  .0026 
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A  preliminary  examination  of  these  results  was  made  by  plot- 
ting the  observed  mean  specific  heats  with  reference  to  the  aver- 

age  temperatxires,  -  {6^  +  6^  taken  as  abscissas.    This  examination 

tion  indicated  that  the  ciu^es  of  specific  heat  were  asymptotic  to 
a  straight  line,  the  departure  from  which  was  apparent  only  above 
—  8**  for  samples  i ,  2,  and  3,  and  above  —  2^  for  sample  4.  Quali- 
tatively, Smith's"  observation  that  the  specific  heat  of  ice  tends 
toward  constancy  as  the  impurities  in  the  ice  are  reduced  appeared 
to  be  corroborated. 

The  degree  of  piuity  of  the  several  samples  was  not  known. 
Conductivity  tests  did  not  indicate  great  difference  in  purity,  but 
this  fact  might  be  accounted  for  by  the  difl&culty  in  transferring 
a  sample  from  the  container  to  the  conductivity  apparatus  with- 
out contaminating  the  specimen.  It  was  supposed  from  consid- 
eration of  the  refinement  in  method  of  preparing  the  samples  that 
progress  toward  piuity  had  been  achieved,  at  least  in  sample  4. 

Before  proceeding  further  with  the  analysis  of  the  experimental 
data  it  is  necessary  to  consider  the  relation  between  the  apparent 
specific  heat  of  ice  and  the  presence  of  dissolved  impurities. 

Relation  Between  Apparent  Specific  Heat  of  Ice  and  Dissolved 
Impurities. — Consideration  of  the  form  of  specific  heat  curves 
referred  to  above  appeared  to  indicate  that  over  the  range  of 
temperature  employed  the  specific  heat  of  pure  ice  bears  a 
linear  relation  to  the  temperattue,  and  that  the  departtue  from 
this  linear  relation  is  attributable  to  the  fusion  of  a  portion  of  the 
sample  due  to  contained  impurity.  As  a  basis  for  the  analysis  of 
the  results  this  is  assumed. 

Prom  experiment  it  is  known  that  for  dilute  solutions  of  sub- 
stances which  lower  the  freezing  point  the  lowering  is  very  nearly 
proportional  to  the  concentration.  Since  the  samples  of  water 
used  here  were  extremely  dilute  solutions  of  the  impiuities,  it  is 
assumed  that  over  the  range  of  temperature  within  which  the 
impurities  produce  any  significant  effect  upon  the  apparent  spe- 
cific heat,  this  proportionality  of  the  concentration  to  the  lower- 
ing of  the  freezing  point  holds  true. 

uifOC.  dt..  note  xz. 


70  Bulletin  of  the  Bureau  of  Standards  [Vai,n 

Consider  a  specimen  of  ice  containing  a  small  amomit  of  impu- 
rity which  lowers  the  initial  freezing  point  from  that  of  pure  ice. 
Let 

/  =-  the  lowering  of  the  initial  freezing  point 
if —the  concentration  of  impurity  when  sample  is  all  melted 
0 — any  temperatiu-e  below  / 
m — amotmt  of  unfrozen  solution  per  gram  of  entire  specimen 

at  temperature  6 
L — latent  heat  of  fusion  of  ice 
s — true  specific  heat  of  pure  ice  at  temperattu-e  0 
S — apparent  specific  heat  of  ice  specimen  at  temperatiu-e  0 
H/«»  total  heat  of  fusion  of  the  portion  unfrozen  at  tempera- 
ture 0,  per  gram  of  the  specimen;  Hf^mL. 

Since  the  total  amotmt  of  impurity  is  fixed,  the  concentration 

of  the  imf rozen  portion  of  the  sample  is  equal  to  — 

Hence 

0      K  I 

or  m 


By  definition 
substituting  for  m, 


Hf'-J  (I) 


differentiating  with  respect  to  0 

dH,        IL 


(2) 


The  apparent  specific  he^t  of  the  specimen  may  be  separated 
into  four  parts,  namely,  that  due  to  the  specific  heat  of  the  ice, 
that  due  to  the  specific  heat  of  the  water  present,  that  due  to 
fusion  of  a  part  of  the  ice,  and  that  due  to  dilution  of  the  solution 
present.     Let  these  be  designated,  respectively, 

dHi     dH^     dHf     dHs 
d0'      d0  '      d0'      d0' 
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Since  the  amount  of  ice  at  temperature  ^  is  i  —  w  per  gram  of 

specimen, 

dHi     f         V 

calling  s^  the  specific  heat  of  water 

de  '■'^»^' 
The  expression  for  apparent  specific  heat  of  ice  may  now  be  written 


or  smce  ^  —  2» 


r^  ,  \  T        ^  dHs 


«  /  \^        r     I        dHs 


For  the  dilute  solutions  here  considered  the  last  term  may  be 
entirely  neglected.  Since  Syg  —  s  is  small  compared  to  L  the 
constant  value  i.oi  -0.50 -0.51  is  taken  for  this  term.  Taking 
79.75  for  L,  the  equation  becomes 

5-J  +  0.51  g-79-75^- 

Since  by  assumption  s^B^-Ad,  this  equation  becomes 

5-5  +  ^^+0.51  g-79-75  gi-  (3) 

In  order  to  determine  whether  the  experimental  data  satisfies 
equation  3  it  is  necessary  to  refer  the  observed  mean  specific  heats 
to  definite  temperatures  instead  of  the  temperature  intervals  in 
terms  of  which  they  are  derived. 

The  term  o-5i  ^  niay  be  neglected,  since  for  small  values  of  0  it 

is  small  compared  with  79.75  s  ^^^  ^^^  other  values  of  ^  it  is  small 

compared  to  5. 

Equation  3  then  becomes 

5,  =  J5  +  /l^-79.75^  (4) 
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Int^;rating  between  dx  and  6^  gives  the  total  heat  for  this  tem- 
perature interval,  which  is  written 

H,-H,~B  (6, -0,)+^  W - 0i')  +  79-75  (^ -  j^ 
dividing  by  ^,  —  0i  gives  the  mean  specific  heat 


If  0^0^  -  0* 


5„-B+^  ^±^-79-75^^. 


but 


and  therefore 


S0-B+A0- 79.751-^, 


S.-5«-a(<>- ^) 


if  A  is  known  the  value  of  5^— 5m  may  be  calculated  from  this 
equation.     If  this  term  is  added  as  a  correction  to  the  observed 

values  of  5»  and  0  be  chosen  equal  to  —  V^i^ai  there  is  obtained  a 
series  of  values  of  5  determined  experimentally,  referred  to  corre- 
sponding values  of  0  which  may  now  be  examined  with  respect  to 
their  agreement  with  equation  4. 

The  value  of  A  used  for  this  reduction  was  0.00186,  obtained 
from  the  preliminary  graph  of  the  data. 

In  Tables  3,  5,  7,  and  9  are  given  the  steps  in  reduction  of  the 
data,  resulting  in  a  series  of  values  of  5^  given  in  column  8  referred 
to  corresponding  values  of  0  given  in  coltunn  3.  In  coltunn  9  are 
given  values  of  5  calculated  from  equation  4,  using  the  values  for 
B,  A ,  and  /  as  follows: 

Sample.  /. 

'S=*o-5057  I       -0.00125 

A  =0.001863  2  —  .00120 

3  -  .00095 

4  -  .00005 

The  differences  between  the  experimental  and  calculated  values 
of  5  are  given  in  column  10  headed  Seobs—S^cai- 
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Consideration  of  the  sources  of  error  which  may  affect  the 
values  of  5  shows  that  S^^—S^  is  more  affected  by  errors  in 
temperature  measurement  the  smaller  the  numerical  value  of 
0  or  of  O2  —  ^i.  Greater  differences  between  the  experimental  and 
calculated  values  may  therefore  be  expected  at  temperatures  near 
zero  than  elsewhere.  Making  due  allowance  for  this  fact,  exami- 
nation of  the  values  of  S^^—S^x  shows  that  the  agreement  between 
experimental  and  calculated  values  is  within  the  limits  of  experi- 
mental precision.  In  other  words,  the  specific  heat  of  ice  samples 
mmibers  i,  2,  3,  and  4  in  the  range  of  temperature  from  -40®  C 
to  —  .05^  C  is  represented  within  the  limit  of  experimental  error 
by  the  equation 

5«=o.5057 +0.001863^-79.75^ 

where  /  has  the  following  values : 

Sample.  / 

1  —0.00125 

2  —  .00120 

3  -  .00095 

4  —  .00005 

Discussion  of  Results. — ^The  results  of  the  determinations 
of  specific  heat  are  graphically  represented  in  Fig.  6.  The  curve 
of  calculated  values  for  sample  No.  2  is  omitted  because  it  is 
scarcely  distinguishable  from  that  of  sample  No.  i.  The  results 
in  the  range  of  temperature  -10  to  0°  C  are  shown  in  Fig.  7 
plotted  to  a  larger  scale  of  temperature. 

In  arriving  at  the  above  results  the  assumption  has  been  made 
that  the  measure  of  the  departure  of  the  specific  heat  of  any 
specimen  of  impture  ice  from  a  linear  function,  of  the  temperature 
can  be  expressed  in  terms  of  a  constant  representing  the  initial 
freezing  point  and  depending  upon  the  degree  of  purity. 

The  results  upon  four  samples  of  ice  all  of  high  degree  of  purity, 
yet  differing  among  themselves  in  purity,  agree  with  this  assump- 
tion, but  it  does  not  necessarily  follow  that  the  assumption  is 
substantially  correct.    It  is  quite  possible  that  the  relation  of 
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the  specific  heat  of  pure  ice  to  temperature  is  other  than  linear, 
perhaps  rapidly  increasing  near  zero  and  the  departure  from  its 
value  with  increasing  contamination  could  yet  be  approximately 
represented  in  terms  of  /,  the  initial  freezing  point. 

It  is  obvious  that  with  the  experimental  means  at  our  command 
there  are  two  tdtimate  limitations,  one  as  to  the  degree  of  ptnity 
of  ice  attainable,  another  as  to  the  proximity  to  zero  of  the  tem- 
peratures between  which  total  heats  can  be  measured.  On  account 
of  these  limitations  no  rigid  conclusion  from  a  purely  experi- 
mental standpoint  can  be  drawn  as  to  the  ultimate  value  which 
the  specific  heat  of  ptu^  ice  may  attain  in  the  range  of  tempera- 
ture just  before  melting  takes  place;  and  therefore  the  separation 
of  experimental  determinations  of  total  heat  of  ice  into  the  ele- 
ments of  sensible  heat  and  heat  of  fusion  is  to  some  extent  arbi- 
trary. 

Conclusion. — In  the  present  series  of  determinations  it  is 
found  that  over  the  greater  part  of  the  temperature  range  covered 
by  the  experiments,  i.  e.,  —40^  to  —2®,  the  specific  heat  in  20** 
calories  at  a  given  temperature  0,  of  the  piu-est  ice  experimented 
on  is  represented  within  the  limit  of  experimental  acou-acy  by 
the  equation  j— 0.5057+0.001863  d,  and  that  in  the  range  closer 
to  zero,  i.  e.,  —2°  to  -o?o5,  the  purer  the  ice  the  less  the  specific 
heat  exceeds  the  value  given  by  this  equation.    For  the  purest  ice 

obtained  the  departure  was  not  more  than  ^. 

In  order  to  state  the  specific  heat  of  ice  in  definite  terms  and 
permit  the  deduction  from  experimental  data  of  a  definite  figure 
for  the  heat  of  fusion  of  ice,  it  seems  justifiable,  for  technical 
ptuposes  at  least,  to  express  the  specific  heat  of  pure  ice  in  20® 
calories  per  gram  per  degree  by  the  equation 

^-0.5057  +  0.0018630 
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Upon  three  of  the  sampliss  ilsed  in  the  specific  heat  determina- 
tions ^observations  were  made  to  determine  the  heat  of  fusion. 
The  data  and  results  are  given  in  Table  lo. 


TABLE  10 
Hett  of  Fusion  of  loo— Results  of  Present  Investigstion 


Sainpto 

Dal* 

Initial 

tanipar* 

atnra 

01 

Final 

lampar- 

atnra 

dt 

Tatal 
anaiiQr 

Cocrec- 
tlon  lor 

fhar- 

nud 

laak- 

aga 

Cor- 
rocraa 
anargy 

Ica 
fttoO* 

Water 
O*to0k 

Calo- 
ilmetar 

fttO«| 

Total 
aen- 
alble 
heat 

Total 

latent 

heat 

1 

2 

4 

1914 
Jniia    5 
Jima  13 
Aug     8 

-396220 
-0.2398 
-1.6353 

+497463 
+4.7549 
+3.6024 

JouU* 
177812 
146330 
167647 

joviUs 

+25 
-19 
+96 

jouUs 

177837 
146311 
167743 

j<mUs 

3561.6 

202.3 

1586.6 

Joulss 
9367.8 
8005.1 
6993.6 

Jouiss 
8763.8 
5233.9 
5475.8 

21693 
13441 
14056 

Joule* 
156144 
132870 
153687 

S^tn^^ 

Maasal 

lea 

Haalol 

fntiffn 

Haatof 

Correction 

tor  moMaK 

below  9i 

Corrected 
heat  el 
fnalon 

1  (entla 
2(€asltD 
4  (flaiiHn 

Md) 

9rams 
468.7 
399.8 

460.7 

333.14 
332.34 
338.  S9 

catmh 
79.65 

79.45 

79.75 

calmlg 
+.03 
+.40 
+.00 

cmhalg 
79.68 

Bad). 

79.85 

nad) 

79.75 

Ban 

79.76 

Since  partial  fusion  of  the  sample,  due  to  presence  of  impurities, 
takes  place  at  temperatures  below  zero,  as  pointed  out  in  the 
preceding  discussion,  it  is  necessaiy  to  apply  a  correction  to  the 
observed  heat  of  f v&sion  for  the  heat  involved  in  the  fusion  which 
has  already  taken  place  at  the  initial  temperature  of  the  deter- 
mination. 

This  correction  is  given  by  equation  (i).    ///— -g- 

The  values  of  /  have  been  given  above.  The  corrections  for 
previous  fusion  are  given  in  next  to  the  last  column.  The  cor- 
rected values  for  heat  of  fusion  of  ice  are  given  in  the  last  column. 
The  mean  of  the  three  samples  gives  for  the  heat  of  fusion  of  ice 
79.76  20^  calories  per  grar9. 

6844<»— 16 6 
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TABLB  11 
HMt  of  Fusion  of  Io»— Result!  of  PnTfous  DttannlntHoBi 


[VeL  u 


Meftaod 

Sin^lM 

Kind  Of 
lee 

Twittol 

tun  al  lea 

Haataf 

naniB 

Catracted 
Mai 

iBalon 

Cafiactod 
haatat 

Btodileal.......... 

U 

8 

12 

plate 

Icaa 

Ifatimla.. 
Icaa 

Can 

dtgC 
\    -0l78 

-  .72 
-3.78 

79. 6S 

79.61 
79.65 

79.66 

79.62 
79.70 

79.74 

ctttstorsfl .■•.•••••••■.■■.••.••••• 

79.70 

Sladrkal 

79.78 

Meu 

79.74 

The  results  of  the  previous  investigation"  at  the  Bureau  to 
determine  the  heat  of  fusion  of  ice,  using  the  stirred  water  calo- 
rimeter, are  given  in  column  5  of  Table  1 1 . 

The  earlier  results  were  computed  using  an  assumed  value  for 
specific  heat  of  ice -0.52  cal/g»deg.  Correcting  the  results  by 
using  the  newly  determined  value  for  the  specific  heat  of  ice,  the 
figures  given  in  column  6  are  obtained.  The  results  reduced  to 
20®  calories  are  given  in  column  7.  The  mean  of  the  three  sets 
is  79.74  20°  calories  per  gram. 

The  agreement  of  the  results  obtained  by  the  widely  different 
methods  is  within  the  limit  of  experimental  error.  The  mean 
result  of  the  two  investigations  is  79.75  20*^  calories  per  gram 
mass. 

SUMMARY 

By  means  of  a  calorimeter  of  the  aneroid  type — that  is,  employ- 
ing the  thermal  conductivity  of  copper  instead  of  the  convectivity 
of  a  stirred  liquid  to  distribute  heat  supplied  electrically — ^the 
specific  heat  and  heat  of  fusion  of  ice  were  determined. 

The  specific  heat  was  determined  upon  four  samples  of  ice,  all 
of  a  high  but  yet  of  different  degrees  of  purity. 

A  variation  in  the  specific  heat  of  ice  is  found  which  depends 
upon  the  degree  of  purity.  ^ 

It  is  foimd  that  at  a  given  temperature  0,  between  —40*^  and 
—  2°,  for  the  purest  ice  experimented  6n,  the  specific  heat  in  20® 

>*loc.  dt..  notei. 
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calories  per  gram  per  degree  is  represented  within  the  Kmit  of 
experimental  accuracy  by  the  equation 

^-0.5057+0.001863  $ 
and  that  from  —2®  to  —.0^.05  the  specific  heat  does  not  exceed 
the  value  given  by  the  above  equation  by  more  than  —s^* 

The  specific  heat  of  impure  ice  at  any  temperature  0  above  —  40® 

IL 
is  greater  than  that  of  piure  ice  by  -^  where  L  is  the  heat  of  fusion 

and  /  the  initial  freezing  point. 

The  value  found  for  the  heat  of  fusion  of  ice  is  79.76  20^  calories 
per  gram,  which  is  within  1/4000  of  the  value  previously  deter- 
mined at  the  Bureau  by  a  different  method  employing  a  stirred 
water  calorimeter. 

TABLB  OF  TOTAL  HEAT  OF  ICB  AND  WATER 

For  the  convenience  of  those  accustomed  to  the  use  of  total 
heats  expressed  in  terms  of  British  thermal  units  *^  Table  1 2  has 
been  prepared,  giving  in  Btu  per  pound  (weighed  in  air)  the  dif- 
ference in  total  heat  per  poimd,  H^—Ht,  between  ice  at  i^  P  and 
ice  at  32®  F;  h^^-Hi,  between  ice  at  t^  F  and  water  at  32®  F; 
ht'—hn,  between  water  at  32*^  F  and  at  ^'®  F. 

If  the  specific  heat  s  of  ice  in calj^/g  •deg C  at  the  temperature  S 
is  expressed  by  the  equation 

J— 0.5057+0.001863  6, 

and  the  relation  between  tmits  be  taken  as 

I  Btu/lb  •  deg  F  — 1.001  csl^Jg  •  deg  C, 

the  specific  heat  s'  of  ice  in  Btu/lb  •  d^  F  at  the  temperature  t  is 
given  by  the  equation 

j' -0.5052 +0.001 86 1  (^-32). 

*The  Britiih  thermal  imit  wed  here  Is  defined  m  the  <ittantity  of  heat  required  to  raise  the  tcmpa»> 
tare  of  i  pound  of  water  (weighed  in  air)  x*  Palirenheit  at  60*  P. 
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TABLE  12 
Ttble  of  Total  Heat  of  lea  and  Water 


Ttmpanture 
of  ice 

Dlfler«nc«  In  total  heat  per  pound  from 
ice  at  t*  to 

Tempefmtnre 
ef  water 

t» 

Difference  In  total 

heat  per  pound 

lKemwaterat32* 

to  water  at  fi 

h«-ha 

t 
dec.  F 

Ice  at  32* 
Hai-Ht 

Water  at  32* 
lia-H. 

Btullb 

Btuflb 

deg.  F 

Btullb 

-20 

23.8 

167.2 

+32* 

0.0 

-18 

22.9 

166.3 

34 

2.0 

-16 

22.1 

165.5 

36 

4.0 

-14 

21.3 

164.7 

38 

6.0 

-12 

20.4 

163.8 

40 

ftl 

-10 

19.6 

163.0 

42 

10.1 

-  8 

M.7 

162.1 

44 

12.1 

-  6 

17.9 

161.3 

46 

14.1 

-  4 

17.0 

160.4 

48 

16.1 

-  2 

16.1 

159.5 

50 

18.1 

0 

15.2 

158.6 

52 

20.1 

+  2 

14.3 

157.7 

54 

22.1 

4 

13.4 

156.8 

56 

24.1 

6 

12.5 

155.9 

58 

26.1 

8 

11.6 

155.0 

60 

28.1 

10 

10.7 

154.1 

62 

30.1 

12 

9.7 

153.1 

64 

32.1 

14 

8.8 

152.2 

66 

34.1 

16 

7.8 

151.2 

68 

36.1 

18 

6.9 

150.3 

70 

38.1 

20 

5.9 

149.3 

72 

40.1 

22 

5.0 

148.4 

74 

42.1 

24 

4.0 

147.4 

76 

44.1 

26 

3.0 

146.4 

78 

46.1 

28 

2.0 

145.4 

80 

48.1 

30 

1.0 

144.4 

82 

5ai 

32 

0.0 

143.4 

84 
86 

88 
90 

95    . 
!00 

52.1 
54.1 
56.1 
58.0 
63.0 
68.0 
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The  difference  in  total  heat  between  ice  at  temperatures  t  and 
32  is  given  by  the  equation 

i/„-//|-J]*'V(ft--o.5052  (<- 32)  - 0.00093  (<-32)» 

If  the  heat  of  fusion  of  ice  is  taken  as  79.75  c^Jg  and  the  rela- 
tion between  units  be  taken  as 

I  Btu/lb=o.s56  caljo/^ 
the  heat  of  fusion  of  ice  is 

143.4  Btu/lb 

ExAMPi^E. — Required  the  number  of  Btu  per  pound  required  to 
change  ice  at  8°  F  into  water  at  68®  F: 

Column  3,  opposite    8*^,  h^  — Hg « 155.0 

Column  5,  opposite  68®,  Ae«-"A»3*=  36.1 


adding  hf^-H^'- igi.i 

1 9 1. 1  is  the  number  of  Btu  per  pound  required. 

Washington,  D.  C,  February  23,  191 5. 


THE  EMISSIVITY  OF  METALS  AND  OXIDES 

IV.  IRON  OXIDE 


By  Geoige  K.  Buigeai  and  Paul  D.  FooCe 


L  nmoDcrcTioN 

The  present  paper  is  a  continuation  of  the  study  of  the  radio- 
metric properties  of  metals  and  oxides.  The  experimental 
methods  and  bibliography  of  the  subject  have  been  given  in  the 
preceding  three  numb«3  of  the  series.^ 

The  object  of  this  investigation  has  been  the  determination  of 
the  monochromatic  emissivity  for  a  wave  length  X— o.6sa4  and 
the  total  emissivity  of  the  oxide  of  iron  formed  by  heating  iron  in 
air. 

The  oxide  thus  formed  is  usually  considered  to  be  magnetite,  but 
Messrs.  Sosman  and  Hostetter,^  of  the  Geophysical  Laboratory, 
have  found  that  actually*  it  may  be  almost  any  combination  of 
FeO  and  FcaO,.  This  fact  may  accotmt  in  part  for  slight  changes 
observed  in  the  radiometric  properties  of  the  oxide  surface. 

In  the  present  investigation  the  iron  upon  which  the  oxide 
formed  contained  about  0.12  per  cent  carbon.  The  following  is 
a  report  upon  the  analysis  of  several  samples  of  the  oxide  by 
J,  R,  Cain,  of  this  Bureau: 

Theae  oxides  are  magnetic  and  free  from  metallic  iron  (as  shown  by  test  with  copper 
salt).  Hence  they  are  of  the  magnetite  type.  However,  the  material  is  not  pure 
Ttfi^,  inasmuch  as  the  gain  in  weight  on  heating  in  air  is  greater  than  would  corre- 
spond to  the  reaction:  3Fes04+0»3Feg08,  which  represent  the  change  normally  tak- 
ing place  when  magnetite  is  heated  in  air.  There  is,  therefore,  a  large  proportion  of 
ferrous  oxide,  FeO.    Assuming  that  only  FeO  and  Fe304  are  present,  the  composition 

*■  Dunm»  and  Footc.  Bumu  Standanla  SdcntJfic  Paper  No.  124;  BitrfCM  and  Wahcnbcrg,  Bureau  of 
Standaida  Scientific  Paper  No.  34';  Foote.  Bureau  oC  Standards  Sciwitific  Paper  No.  943. 
*  The  pubUalicd  paper  will  appear  ahortly. 
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may  be  calculated  to  be  approximately  60  per  cent  FeO  and  40  per  cent  Fe^Of.  The 
radiating  surface  is  not  a  single  substance;  at  least  FeO  and  Fe304  are  present,  and 
possibly  solid  solutions  or  compounds  of  these,  with  the  possibility  of  existence  of 
FcjOs  on  the  surface  directly  exposed  to  air  and  of  allotropic  forms  of  the  oxides  or 
compounds  within  the  investigated  temperature  range. 

Iron  oxide  has  proven  an  especially  difiOcult  material  with 
which  to  obtain  satisfactory  measurements,  on  accotmt  of  scaling 
and  flaking  from  the  iron  smf ace  upon  which  the  oxide  is  formed. 
This  oxide  is  extremely  brittle  and  does  not  form  in  a  tough  thin 

coat,  as  in  the  case  of  the  nickel  oxide  NiO.    The  latter  oxide  pre- 

.  ...  ....  *■ 

sents  a  smooth  surface,  showing  some  luster,  while  iron  oxide  is 
silky  in  appearance  and  pitted  with  minute  depressions;  its  surface 
is  entirely  without  luster — ^almost  a  dead  matt.  For  this  reason 
the  emissivity  is  very  high,  the  small  depressions  or  granular  struc- 
ture producing  the  effect  of  a  collection  of  minute  black  bodies. 
If  a  microscopic  sample  of  the  oxide  is  melted  upon  a  platinum 
strip  ■  and  cooled  below  the  melting  point,  the  surface  is  then 
bright  and  smooth,  similar  to  that  of  a  polished  crystal  of  mag- 
netite. In  this  case  the  emissivity  is  much  less.  This  type  of 
surface,  however,  does  not  occur  in  general  practice,  and  hence 
it  was  thought  desirable  to  determine  the  correction  necessary  to 
apply  to  readings  of  optical  and  radiation  pyrometers  when  sighted 
upon  the  t3rpe  of  surface  of  the  oxide  formed  upon  iron  heated  in 
the  open.  These  corrections  may  therefore  be  used  in  technical 
practice  when  the  temperattu-es  of  rails,  ingots,  etc.,  are  measured 
radiometrically. 

n.  MONOCHROMATIC  EMISSIVITT  (X»o.65m) 

A  number  of  different  methods  were  tried  in  the  determination 
of  the  monochromatic  emissivity.  Iron  tubes  of  various  sizes 
and  iron  wedges  did  not  prove  satisfactory  on  accoimt  of  the  large 
temperature  gradient  through  the  oxide,  flaking,  and  temperature 
variation  of  the  surface.  Measurements  with  the  spectropho- 
tometer, employed  in  a  preceding  paper,  were  not  reliable.  The 
only  method  which  gave  satisfactory  quantitative  results  was 
that  of  the  microscopic  melts.*    A  small  sample  of  the  oxide 

*  Burgess  and  WaltenberR,  BuKftU  of  Staaduds  Scientific  Paper  Ko.  949. 

*  Burffcss  and  Poote.  Bureau  of  Standards  Scientific  Paper  No.  9»4,  p.  49. 
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formed  by  heating  iron  strips  in  air  was  flaked  off  and  placed  on  a 
nickel  or  platinum  strip  heated  electrically.  Upon  the  oxide  were 
placed  minute  samples  of  sodium  chloride,  sodium  sulphate,  and 
gold.  The  ciurent  through  the  heating  strip  was  gradually 
increased  until  the  standard  sample  melted,  when  at  the  instant 
of  the  melting  the  apparent  temperature  of  the  oxide  surface  was 
observed  by  a  Holbom-Kurlbatun  optical  pyrometer,  using  light 
of  wave  length  X— 0.65A4.  The  results  are  summarized  in  the 
following  table: 

TABLB  1 
Emissivity  of  Iron  Oxide  bj  MicnMCopic  Melts  {\»o.6$m) 


OlmtnOom 

SCatorlia 

ObMTved 

ture,  *C. 

AvtnuKS 

d6ViltlUl 

lioniiiiMUi 

BmJt- 

•hrtty 
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9 

HaCL 

80li:l 

884dbl 

1063^2 

801 

882 

1098 

±1.5 

±3 

±2 

1.00 

22 : 

Ha^Oi 

Att 

0.97 

16 

0.94 

The  emissivity  Ex  is  given  by  the  eqtiation : 


T    Sx    0.4343C, 


log  fa 


where  T  is  the  true  absolute  temperature,  Sx  the  observed  absolute 
temperature,  X  the  wave  length  of  the  light  in  /»  and  Cj— 14450. 

Apparently  the  emissivity  decreases  slightly  with  increasing 
temperatures,  as  in  the  case  of  the  oxide  of  nickel  and  other 
oxides.  In  the  case  of  nickel  oxide  the  ctu-ve,  true  temperature 
vs.  Ex  for  X»o.65A4,  was  fotmd  to  be  a  straight  line  in  the  range 
800  to  1300^  C.  If  it  is  permissible  to  extrapolate  similarly  the 
values  obtained  for  iron  oxide,  neglecting  the  determination  at 
801®  C,  one  obtains  the  following: 

TABLE  2 

Monochromitic  Emissivity  of  Iron  Oxide  (X=0.65  fi) 


Xni#  tflllpMftttlT9«    C. 


800 
0.98 


900 
0.97 


1000 
0.95 


HOG 
0.93 


1200 
0.92 
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different  times  of  heating  or  for  different  sized  tubes  by  flaldng 
and  dropping  off.  The  values  represented  by  crosses  were  taken 
from  the  work  of  Btu-gess,  Crowe,  Rawdon,  and  Walt^iberg '  upon 
ja  section  of  a  i  co-pound  rail  cooling  in  the  open.     In  this  case  the 
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Fio.  a. — ^Temperatttre  of  outside  of  iron  oxide  layer  versus  temperature  of 

inside  of  oxide  layer 

temperature  tmder  the  oxide  was  determined  by  a  thermocouple 
inserted  in  a  small  hole  drilled  parallel  to  the  length  of  the  rail 
and  as  near  the  outside  as  possible.  The  outside  temperature  of 
the  oxide  was  measured  by  an  optical  pyrometer.     It  is  therefore 


'  Burgessi  Crowe.  Rawdon.  and  WalUnbcrg.  Bureau  of  Standards  Technological  Paper  No.  38* 
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evident  from  a  consideration  of  Fig.  2  that  the  temperature  of  the 
outside  of  the  iron  oxide  is  considerably  less  than  that  of  the  iron 
surface  underneath. 

The  large  temperature  drop  from  the  metal  surface  to  the  out- 
side of  the  oxide  is  due  in  part  to  the  low  thermal  conductivity  of 
the  oxide  and  in  part  to  what  appears  to  be  an  actual  air  gap 
between  the  metal  and  the  oxide  caused  by  the  peeling  away  of 
the  oxide  from  the  metal  upon  which  it  is  formed. 

VL  CONCLUSION 

The  monochromatic  emissivity  (X«  0.65/1*)  ^^^d  the  total  emis- 
sivity of  iron  oxide  formed  by  heating  iron  in  air  have  been  meas- 
ured with  an  accuracy  which  is  rather  imsatisfactory,  but  which 
appears  to  be  about  as  good  as  can  be  obtained  when  one  con- 
siders the  variable  character  of  the  siuface,  the  constant  scaling 
and  flaking,  and  temperatu^  variations  occasioned  by  this  flaking. 

Iron  oxide  in  the  spectral  region  (X«=o.65/i«)  is  almost  "black/' 
having  an  emissivity  varying  from  0.98  to  0.92  in  the  range  800 
to  1 200®  C.  The  corrections  necessary  to  apply  to  the  readings  of 
an  optical  p)nrometer  in  this  temperature  range  vary  from  o  to 
10®  C.  The  total  emissivity  of  iron  oxide  increases  from  0.85  at 
500®  C  to  0.89  at  1200®  C.  The  corrections  necessary  to  apply 
to  the  readings  of  a  radiation  pjrrometer  in  this  temperattu"e  range 
vary  from  30  to  50®  C. 

The  temperature  of  the  outside  of  the  oxide  layer  is  consider- 
ably different  from  that  of  the  inside  in  contact  with  the  metal  on 
account  of  in  part  the  low  thermal  conductivity  of  the  oxide  and 
in  part,  imdoubtedly,  the  actual  separation  of  the  outside  oxide 
layer  from  the  metal,  thus  forming  an  air  gap  between  the  two 
surfaces  or  between  two  surfaces  of  oxide,  the  outer  one  thick  and 
the  inner  one  thin.  The  drop  in  temperature  through  the  oxide 
layer  is  approximately  constant  for  various  sized  samples  from 
small  iron  tubes  to  loo-poimd  rails,  and  increases  rapidly  with 
temperature  rising  to  about  100°  at  an  outside  temperature  of 
iioo'^C. 

Washington,  March  31,  191 5. 
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I.  INTRODUCTION 

Some  10  years  ago  the  Bureau  of  Standards  published  an  account 
of  an  investigation  of  the  subject  "Optical  pyrometry,"  *  in  which 
were  stated  the  principles  involved  in  the  measiu^ement  of  high 
temperatures  by  optical  methods  and  descriptions  given  of  the 
instruments  then  in  use,  together  with  certain  applications. 

In  the  meantime  there  has  been  a  marked  development  in  the 
construction  of  instruments  designed  for  the  measurement  of  tem- 
perature, based  on  the  use  of  the  total  radiation  from  hot  sub- 
stances. It  is  the  object  of  the  present  paper  to  give  an  account 
of  the  principles  of  radiation  pyrometry, '  considering  mainly  the 
various  types  of  radiation  instruments,  their  calibration,  sources 
of  error,  including  the  various  factors  which  may  influence  their 
indications,  and  their  adaptability  to  the  measurement  of  tempera- 
tures. 

It  will  be  shown  that,  when  suitably  designed,  adequately  cali- 
brated, and  correctly  used  there  are  available  several  trustworthy 

1  Waidner  and  Burgess.  Bureau  of  Standards  Scientific  Paper  No.  zz. 
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mstruments  of  this  type  having  many  advantages  in  practical  use. 
It  will  also  be  made  clear  that  the  radiation  pyrometer  is  subject 
to  many  influences  which  may  seriously  limit  the  accuracy  of  its 
readings  unless  proper  precautions  are  taken.  Although  some  of 
the  facts  here  emphasized  are  not  unknown,  it  was  considered 
desirable  to  give  a  rather  complete  discussion  of  the  subject  of 
radiation  pjrrometry  even  at  the  risk  of  some  repetition  of  certain 
facts,  the  consequences  of  which  have  not  always  been  sufficiently 
considered  in  pyrometric  practice. 

The  discussion  has,  however,  been  Umited,  in  the  main,  to  those 
types  of  instruments  which  are  portable  and  which  are  in  general 
use  as  pyrometers,  although  it  is  recognized  that  there  are  other 
special  energy  receiving  and  measvuing  devices  which  have  been  of 
great  service  in  the  laboratory  and  which  could  be  or  have  been 
adapted  to  the  measurement  of  temperature. 

The  experiments  here  described  and  many  of  the  problems 
attacked  are  the  outcome  of  the  accumulated  experience  of  the 
P)ax)metric  laboratory  of  the  Bureau  of  Standards,  and,  therefore, 
represent  in  part  the  development  of  suggestions  coming  from 
others,  including,  in  particular,  Messrs.  Waidner,  Buckingham,  and 
Kanolt. 

n.  PSINCIPLBS  OF  RADIATION  PTROMBTRY 

1.  FUNDAMENTAL  FORMULAS 

The  radiation  pyrometer  in  the  forms  constructed  at  present  is 
a  temperature-measuring  instrument,  primarily  based  upon  the 
idea  involved  in  the  Stefan-Boltzmann  equation  of  energy  transfer 
by  radiation  from  a  black  body : 

(i)  /  =  <rr*-J'"/,cfX 

Where  /  is  the  total  amotmt  of  energy  radiated  per  imit  area  and 
unit  time  from  a  black  body '  at  an  absolute  temperature  T,  and 

*Tlie  m>fCMl<M  "black  body"  b  synooTmous  with  "complete/*  "total."  or  "integral"  radiator  or 
abaorber  ol  radiant  energy.  The  absorption  coefficient  of  a  black  body  ia  tmity;  i.  e.,  it  absorbs  all  the 
radiation  falling  upon  it,  whatever  be  the  intensity  or  wave  length  of  this  radiation.  The  absorption  of 
radiatian  of  any  wave  length  will  change  the  temperature  of  the  black  (xxly  and  alter  the  spectral  distribu- 
tion  of  the  emitted  radiation  in  a  definite  maimer,  the  spectral  distributian  of  the  energy  absorbed  having 
only  an  indirect  relation  to  the  spectral  distribution  of  emitted  energy. 

6844°— 15 7 
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0-  is  an  empirical  constant  the  value  of  which  depends  only  on  the 
units  of  measurement. 

If  a  black  body  of  area  A^  and  absolute  temperature  T^  is  radi- 
ating to  a  black  body  of  area  A,  and  absolute  temperature  T^,  the 
two  surfaces  being  parallel,  in  alignment,  and  distant  apart  by 
R,  and  if  T^  is  considerably  greater  than  T,,  and  if  A^  and  X,  are 
small  and  2?  is  large,  the  energy  transferred  by  radiation  from 
surface  Ai  to  stuface  A^  in  unit  time  is  given  by  the  following 
expression : 

If  a-  is  determined  in  watts  cm~'  deg*^,  the  quantity  /  represents 
the  energy  transferred  per  unit  time,  in  watts. 

The  total  radiant  energy  of  a  material  is  represented  by  vibra- 
tions of  all  possible  wave  lengths  from  o  to  oo.  The  energy  asso- 
ciated with  waves  of  lengths  l3dng  between  X  and  X+c2X  may  be 

expressed  by  Ji,  and  for  a  black  body  the  distribution  of  the 
energy  in  the  spectrum,  /a  -  /  (X) ,  is  satisfactorily  given  by  the 
Wien-Planck  relation: 

(2)  /A-C,X-(6W.i).t 

It  would  be  possible  to  construct  a  radiation  p3ax)meter  which 
made  use  of  either  of  the  two  displacement  laws  of  Wien: 

(3)  \a«,r«  constant 

(4)  /max  r-*  -  constant 

where  X^.^  is  the  wave  length  corresponding  to  the  maximum 
intensity  of  radiation  from  a  black  body  at  an  absolute  tempera- 
ture T,  and  Jj^ux  is  the  numeriddd  value  of  the  intensity  at  this 
wave  length.  Both  of  these  laws  have  a  theoretical  as  well  as  an 
experimental  basis. 

It  would  also  be  possible  to  construct  a  radiation  p3ax)meter 
which  utilized  the  radiation  as  heat  confined  in  a  narrow  spectral 
region  (equation  2) ,  but  the  sensitiveness  of  such  a  spectral  radi- 
ation p3n'ometer,  as  well  as  that  of  an  instrument  designed  for 
locating  the  position  or  wave  length  of  the  maximum  energy 
emission,  or  for  the  measurement  of  the  intensity  of  this  emission. 
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at  least  in  the  forms  practicable  for  the  ordinary  use  required  of 
pyrometers,  is  evidently  very  much  less  than  that  readily  obtain- 
able with  the  radiation  pjrrometers  which  use  the  radiant  energy 
of  the  entire  spectrum.  These  latter  are  often  called  total  radi- 
ation pjrrometers  or  sometimes  total  or  integral  receivers. 

As  distinguished  from  radiation  pyrometers,  instruments  which 
are  based  upon  the  principle  of  estimation  or  comparison  of  radi- 
ation intensities  in  the  visible  spectrum,  ustially  of  a  narrow 
spectral  band,  by  means  of  the  eye,  are  known  as  optical  pyrom- 
eters. (See  equation  2.)  The  characteristics  and  behavior  of 
this  typt  of  instrument  have  been  described  elsewhere.*  In  what 
follows  we  shall  consider  only  the  behavior  of  total  radiation 
pjrrometers. 

The  energy  received  by  a  total  radiation  pyrometer  may  be 
meastired  in  a  variety  of  ways:  calorimetrically,  e.  g.,  certaih 
pjoiieliometers;  thermoelectrically,  e.  g.,  the  thermopile;  electric- 
ally, e.  g.,  the  bolometer;  mechanically,  e.  g.,  the  angular  deflec- 
tion of  a  bimetallic  spiral  spring  or  the  elongation  of  a  metallic 
strip;  and  radiometrically,  e.  g.,  the  pressiue  of  radiation  exerted 
on  delicate  vanes  mounted  in  vacuo,  etc. 

The  thermoelectric  and  the  mechanical  (bimetallic  spring) 
methods  are  the  only  total  radiation  methods  which  have  been 
quite  generally  applied  strictly  for  the  purpose  of  temperature 
measurement. 

The  quantity  of  energy  a  body  receives  by  radiation  from  an- 
other body  depends  on  certain  conditions  relative  to  each  of  the 
two  bodies,  viz,  area  of  surface,  distance  apart,  emissive  and 
absorbing  power,  and  temperature. 

2.  GBOMBTRY  OF  THE  RADIATION  PYROMBTER 

Let  us  first  consider  the  question  of  the  areas  of  the  source  and 
the  pjrrometer  receiver.  In  general  it  is  desirable  to  have  the 
area  of  the  receiver  very  small,  partly  for  the  purpose  of  requiring 
a  small  area  of  the  radiating  source,  a  matter  of  great  practical 
importance.  The  effective  sizes  of  both  the  receiver  and  source 
may  be  decreased  merely  by  the  use  of  diaphragms  suitably 
placed,  but  usually,  for  practical  purposes  in  such  a  diaphragmed 

*  Waidoer  and  Buiicm.  Btireau  of  Standards  Scientific  Papc  No.  ix. 
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system,  the  amount  of  energy  received  by  the  pyrometer  would  be 
too  minute  to  be  measured  satisfactorily  by  either  the  thermoelec* 
trie  or  mechanical  method.  Some  device  is  accordingly  necessary 
for  condensing  the  energy  at  the  surface  of  the  small  receiver. 
This  may  be  accomplished  by  locating  the  receiver  at  the  focal 
point  of  a  convex  lens  or  concave  mirror  or  at  the  apex  of  a  hollow 
reflecting  cone. 

A  ftmdamental  condition,  which  shotdd  be  satisfied  by  a  radia- 
tion pjrrometer,  is  invariability  of  the  pjn-ometer  reading  when  the 
distance  from  the  sotux^e  to  the  receiver  is  altered.  This  requires 
that  the  soUd  angle  of  the  cone  of  rays  entering  the  receiver 
remain  constant.  Such  a  condition  may  be  secured  by  a  proper 
arrangement  of  diaphragms. 


Fig.  1.— Cofw  type  of  fixed  focus  radiation  pyrometer 

The  cone  receiver  is  made  independent  of  distance  to  the  souicei 
At  by  locating  at  a  short  distance  in  front  of  the  cone  a  small  dia- 
phragm opening,  B,  which  acts  as  a  secondary  soiuce,  as  shown  in 

Fig.  I. 

The  amotmt  of  radiation  falling  on  any  element  of  area  at  D  is 
proportional  to  the  solid  angle  HDA\  which  is  independent  of  the 
distance  from  the  point  D  to  the  source.  This  is  true  of  any  point 
on  the  base  of  the  cone  DD\  Hence,  the  total  quantity  of  energy 
entering  the  cone  is  independent  of  the  distance  from  the  pjrrom- 
eter  to  the  source,  provided  the  source  is  of  sufficient  size.  The 
minimum-sized  source  for  any  distance  is  determined  by  the  lines 
A''  D'  and  A'  D,  which  intersect  at  C,  forming  the  angle  a,  called 
the  aperture  of  the  instrument.  Thus,  for  the  distance  CA,  the 
diameter  of  the  source  must  be  at  least  A'  A'\  for  the  distance 
CP,  the  diameter  must  be  P'P'\  or  for  any  distance  x  measured 
from  the  point  C, 

T.J.       J.      £               *  (diameter  of  diaphragm  B) 
Least  diameter  of  soim» =— ^ rt"^ — " 
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When  the  device  for  condensing  the  energy  upon  the  receiver  is 
a  concave  mirror  or  a  convex  lens,  two  different  designs  of  the 
instrument  are  possible. 

1.  The  receiver  and  source  are  located  at  the  conjugate  foci  of 
the  mirror  or  lens. 

2.  The  receiver  and  a  front  diaphragm  of  the  p3nrometer  are 
located  at  the  conjugate  foci  of  the  mirror  or  lens. 

In  case  No.  i  the  pyrometer  must  be  provided  with  a  focusing 
arrangement,  whereby  the  distance  from  the  lens  or  mirror  to  the 
receiver  may  be  varied,  depending  upon  the  distance  from  the 


Fio.  a. — Mirror  and  lens  types  of  variable  focus  radiation  PyromeUr 

pyrometer  to  the  source.  It  is  possible  to  so  construct  the  pyrom- 
eter that,  as  far  as  the  geometrical  optics  is  concerned,  the  readings 
of  the  instrument  do  not  change  with  distance  from  the  sotu'ce  to 
the  p3nrometer,  Fig.  2. 

Let  ds'  —  the  area  of  the  receiver.     (This  is  fixed  by  the  me- 
chanical construction  of  the  pyrometer.    For  exam- 
ple, it  may  be  either  a  small  receiving  disk  fastened 
to  the  thermocouple,  or  a  limiting  diaphragm  imime- 
diately  in  front  of  the  receiver  and  practically 
coincident  with  it.) 
ds — the  section  of  the  source  of  which  ds^  is  the  image« 
u = distance  from  source  to  mirror  or  lens. 
V  —  distance  from  image  to  mirror  or  lens. 
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The  total  energy  in  the  cone  mdsn  is  given  by  the  following 
equation : 

(i)  J^2iridsj  sin  tf  cos  tf  rf  ^  =  TT  idj  sin' tf,  where  i  is  the  intens- 
ity of  radiation  of  the  source. 

By  the  Helmholtz  reciprocity  theorem  one  may  write  a  similar 
expression  for  the  image  space : 

(2)  J' ^TT  i'ds' wi^  0' 

If  there  is  no  loss  of  radiation  by  absorption  and  reflection,  (i) 
and  (2)  are  equivalent.  Therefore,  since  by  the  condition  of  mag- 
nification of  the  optical  system  ds/ds^ »  u*/v*y  the  intensity  i  is  equal 
to  the  intensity  t^  When  radiation  is  lost  at  the  lens  or  mirror 
by  absorption  (and  reflection  also  in  the  case  of  the  lens) ,  i'  is  less 
than  i,  so  that  t'  ^Kiy  where  K  is  to  all  practical  purposes  a  con- 
stant independent  of  u  or  v. 

Hence,  J'  — iC  v  ids'  sin'  5'  «i  •  constant  •  sin'  0\  since  ds'  is 
fixed  in  size.  But  J'  represents  the  amotmt  of  radiation  absorbed 
by  the  receiver,  and  this  can  be  independent  of  the  focusing  dis- 
tance only  when  sin'  6'  =  A'/i;'  =  constant. 

The  angle  0\  and  hence  sin'  0\  is  made  constant  by  locating  a 
properly-sized  exit  pupil,  P,  at  a  certain  distance  from  ds\  When 
this  is  done,  the  energy  falling  upon  the  receiver  is  proportional 
only  to  the  intensity  of  the  radiating  source.  The  readings  of  the 
pyrometer  will  then  be  independent  of  the  focusing  distance,  pro- 
vided the  source  is  of  sufficient  size  that  its  image  completely 
covers  the  receiver  ds\  The  size  of  the  opening  P  is  determined 
such  that  for  all  focusing  distances  or  variations  in  v  the  cone 
mds'n  always  intersects  the  mirror  or  lens  stuf  ace. 

The  lens,  or  mirror  (neglecting  absorption  and  lost  reflection), 
produces  exactly  the  effect  upon  the  receiver  which  would  be 
obtained  without  the  lens  or  mirror  if  the  source  having  the  size 
of  the  exit  pupil  P  were  located  at  P,  or  a  soiuce  represented  by 
mn  located  at  the  position  mn,  or  a  sotux^e  of  diameter  2X  -  tangent 
0'  located  at  x,  where  x  is  the  optical  distance  of  the  receiver  from 
the  source.  It  is  obvious  that  a  great  advantage  is  gained  by  the 
use  of  a  condensing  device  in  diminishing  the  size  of  source  re- 
quired, especially  at  great  focusing  distances. 
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In  case  No.  2,  the  front  diaphragm  B,  of  the  pyrometer  and  the 
receiver  b,  are  placed  at  the  conjugate  foci  of  the  lens  or  mirror 
Di?',  as  illustrated  in  Fig.  3. 

These  latter  instruments  are  of  fixed  focus,  the  front  diaphragm 
B  acting  as  a  secondary  source.  The  smallest-sized  source  which 
can  be  used  without  necessitating  correction  to  the  readings  of  tl^e 
pyrometer  must  have  a  diameter  A' A"  such  that, 

X  (diameter  of  diaphragm  B) 


Diameter  of  sotuce 


BC 


where  x  is  the  distance  from  the  sotuce  to  the  point  c.    The  angu- 
lar aperture  of  the  instrument  is  a. 


FlQ.  3. — Minor  and  knt  typ4  of  fixed  foau  radiation  pyrometer 
3.  THB  RADIATION  FYROMBTBR  AS  A  *'  BLACK  '*  RBCEIVSR 

Energy  receivers  may  be  divided  into  three  classes,  as  follows: 
(i)  A  "  black  "  receiver  is  one  which  absorbs  all  the  energy  falUng 
upon  it  and  reflects  none,  whatever  be  the  wave  length  of  the 
incident  radiation.  Its  absorption  coefficient  is  accordingly  unity. 
(2)  A  "gray"  receiver  is  one  having  an  absorption  coefficient 
which  is  independent  of  the  wave  length  of  the  incident  radiation, 
the  value  of  the  coefficient  being  less  than  unity.  (3)  A  "se- 
lective "  receiver  is  one  having  an  absorption  coefficient  which  is  a 
function  of  the  wave  length  of  the  incident  radiation. 

If  a  radiation  pjn-ometer  is  to  be  employed  for  the  direct  meas- 
urement of  apparent  temperatures  of  nonblack  substances  (see 
Sec.  VII) ,  it  is  essential  that  the  receiver  be  either  black  or  gray. 
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It  is  practically  impossible  to  obtain  reliable  results  with  a  se- 
lective receiver,  as  may  be  seen  from  the  following  ideal  and 
extreme  example:  Suppose  a  material  emitted  selective  radiation 
in  a  region  confined  exclusively  between  >l  — i/e  and  k^2pL.  A 
pyrometer  having  a  selective  receiver  which  absorbed  radiation 
of  wave  lengths  3  to  4jtt  only  would  show  no  reading  whatever 
when  sighted  upon  this  material,  while  one  for  which  the  region 
of  selective  absorption  lay  between  i  and  2fi  would  present  a 
maximiun  indication.  It  is  apparent  that  selective  receivers  can 
be  adapted  to  the  measurement  of  apparent  temperatures  on  non- 
black  bodies  only  when  the  value  of  the  reflection  coefficient  for  a 
single  wave  length,  Rx,  never  becomes  i  (a  condition  which  actually 
is  always  fulfilled) ,  and  when  one  possesses  a  complete  knowledge 
of  the  equations  Rx^fW  and  Ex^f(X,T),  where  Ex  is  the  emission 
coefficient  of  the  nonblack  body.  Even  assiimitig  that  these  two 
functions  are  known  for  a  given  material,  which  is  far  from  being 
true,  corrections  of  an  ^ceedingly  complicated  nature  would  €ben 
have  to  be  applied  to  every  reading  tmless  some  method  of  empi- 
rical calibration  were  devised,  this  empirical  calibration  of  course 
being  made  for  each  and  every  material  sighted  upon. 

Consequently,  it  is  desirable  to  know  tmder  which  type  of 
receiver  the  ordinary  radiation  p3n'ometer  may  be  classed.  As  an 
example,  let  us  consider  the  F^ry  mirror  instrument,  one.  which 
apparently  may  show  some  deviation  from  the  ideal  black  receiver. 
The  receiving  disk  of  this  pyrometer  is  thoroughly  blackened,  and 
the  observations  of  Coblentz^  would  indicate  that  a  properly 
blackened  surface  is  practically  nonselectively  absorbing,  the 
absorption  coefficient  for  all  wave  lengths  being  approximately 
0.99,  when  the  radiation  is  normally  incident.  The'gold  mirror, 
however,  is  selectively  reflecting  for  wave  lengths  shorter  than  i/«, 
as  may  be  seen  from  the  S-shaped  cturve  of  Fig.  4.  The  values  of 
Rx,  which  refer  to  normal  incidence  upon  a  gold  surface,  were 
taken  from  the  Smithsonian  tables  and  from  recent  papers  of 
Hagen  and  Rubens,  Tool,  and  Tate.  The  reflection  coefficient  for 
A -0.4  fi,  is  less  than  0.30,  rising  to  0.97  at  i  /£.  From  i  ;<  to  the 
extreme  infra  red  (25  fi)  the  coefficient  is  more  nearly  constant, 
slightly  increasing  from  the  value  0.97  to  0.98,. 

*  Cdbteatz,  BureMi  of  Staaditfdt  Scientific  Paper  Ka  196. 
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It  is  desired  to  consider  what  effect  the  selective  reflection  of 
gold  in  the  region  X<i  pL  has  upon  the  reading  of  the  pyrometer, 
when  the  instrument  is  sighted  upon  a  black  body  at  various  tem- 
peraturci^.  If  R  denotes  the  fractional  part  of  the  total  energy 
reflected  by  the  gold  surface  when  radiation  from  a  black  body 
falls  normally  upon  the  surface,  and  ,Ri  the  ordinary  monochro- 


AM 


W^tf  tsmff*   *m/^ 


Fig.  4. — RgflecHon  coefficient  of  gold  as  a  function  of  the  wave  length 

matic  reflection  coeflSdent  of  a  gold  surface  at  room  temperature, 
for  radiation  at  normal  incidence,  the  value  of  R  is  given  by  the 
ratio  of  the  product  of  Rx  and  the  Planck  spectral  distribution 
function  Jxy  integrated  from  X-o  to  X  =  oo  to  the  integral  of  J^ 
between  the  same  limits. 
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The  above  expression  was  evaluated  mathematically,  but  since 
the  function  Ri  is  difficult  to  express  in  a  form  ^hich  permits  a 
simple  computation  of  R^  the  integration  is  better  performed 
graphically.  Accordingly,  curves  were  drawn  of  Ri  Ji  vs.  X  and 
of  J  I  vs.  X  and  integrated  by  means  of  a  planimeter.  The  ratio  of 
the  two  areas  thus  obtained  is  the  value  of  R  for  any  given  tem- 
perattu^  of  the  black  body.    The  values  of  R  obtained  in  this 
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Fig.  5. — Total  nfltcHon  coefficient  of  gold 

manner  are  represented  by  Fig.  5.  It  is  apparent  from  this  curve 
that  for  a  variation  in  temperature  of  the  black  body  up  to  about 
2500^  C,  the  selective  reflection  of  gold  in  the  visible  spectrum  does 
not  alter  the  amount  of  total  energy  emitted  by  the  black  body 
and  reflected  from  the  gold  surface  by  more  than  2  per  cent  (equiva- 
lent to  a  possible  maximum  error  in  absolute  temperatiu-e  measure- 
ment of  five-tenths  per  cent,  if  the  p3rrometer  were  calibrated  at 
low  temperatures  only) .  That  a  larger  error  is  not  incurred  is  of 
course  due  to  the  fact  that  the  greater  part  of  the  energy  incident 
upon  the  mirror  is  comprised  of  wave  lengths  outside  the  region 
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of  selective  reflection  of  gold.  Accordingly,  when  the  pyrometer 
is  sighted  upon  a  black  body  at  temperatures  less  than  2500^  C, 
the  instrument  may  be  considered  a  gray  receiver,  approximately 
3  per  cent  of  the  energy  incident  upon  the  mirror  being  lost  by 
absorption  at  this  surface  (dissipated  by  conduction,  convection, 
and  radiation  to  the  outside  case),  and  an  additional  i  per  cent 
being  lost  by  reflection  at  the  blackened  thermocouple  disk.  A 
gray  receiver  is  obviously  just  as  satisfactory  for  radiometric  pur- 
poses as  an  ideal  black  receiver,  the  only  effect  of  the  nonblackness 
of  the  gray  receiver  being  a  constant  percentage  diminution  in  the 
effective  energy  absorbed. 

A  Fdry  mirror  pyrometer,  however,  calibrated  at  temperatures 
in  the  region  500®  to  1 500®  C  could  not  be  used  to  determine  the 
apparent  temperature  of  the  sun,  for  example,  without  a  careftd 
consideration  of  the  corrections  for  the  selective  reflection  of  the 
gold,  because  the  maximum  portion  of  the  solar  energy  is  confined 
to  the  region  of  the  selectivity  of  gold.  The  apparent  tempera- 
tures measured  wotdd  be  far  smaller  than  the  true  apparent  tem- 
peratures. Even  at  a  temperature  of  the  black  body  of  4000^  C 
the  gold  mirror  reflects  but  87  per  cent  of  the  total  energy  falling 
upon  it,  and  from  the  slope  of  the  curve  of  Pig.  5  it  is  seen  that  at 
the  sun's  temperature  (say  6000^  C)  the  reflection  coefficient  will 
be  somewhere  in  the  neighborhood  of  60  to  70  per  cent.  A  reflec- 
tion coefiSdent  of  68  per  cent  means  an  error  in  temperature 
measurement  of  some  500^  at  6000^  C.  Without  doubt  a  silver 
or  platinum  mirror  would  be  found  much  more  satisfactory  than 
the  gold  mirror  for  these  high  temperatures,  but  even  these  mate- 
rials could  not  be  used  without  applying  large  corrections. 

In  general,  nonblack  radiating  materials  at  the  temperatures 
odinarily  available  in  technical  or  laboratory  work  (less  than  2000^ 
C),  even  when  selectively  radiating,  emit  the  greater  portion  of 
their  energy  in  wave  lengths  outside  the  region  of  the  selective 
reflection  of  gold.  The  radiation  pyrometer  accordingly  acts  as 
a  gray  receiver  and  may  be  employed  for  the  determination  of 
the  total  emissivity  of  these  substances.  In  the  case  of  gold  and 
copper  at  high  temperattu-es,  however,  the  selective  emission  is 
high  in  the  visible  spectrum  and  low  in  the  infra  red.  Since  the 
selective  reflection  of  the  gold  mirror  of  the  F€ry  pyrometer  is 
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low  in  the  visible  spectrum  and  high  in  the  infra  red,  the  total 
emissivity  of  gold  and  copper  determined  by  the  F6ry  instrument 
would  be  too  small,  and  the  p3rrometer  can  not  in  this  case  be 
considered  a  gray  receiver.  The  p3rrometer  may,  of  course,  be 
empirically  calibrated  to  read  the  true  temperatures  of  glowing 
copper  or  gold,  or  a  table  may  be  prepared  for  correcting  the 
apparent  temperatures  measured  by  the  F6ry  to  true  tempera- 
tures, but  these  apparent  temperatures  are  not  those  which  one 
would  obtain  with  a  black  or  gray  receiver. 

4.  THERMOEIECTRIC  RECEIVBR  AND  GALVANOICBXBR 

The  proper  design  of  the  thermoelectric  receiver  and  indicating 
galvanometer  of  a  radiation  p3rrometer  for  tiyhnical  use  is  quite 
different  from  that  of  a  thermopile  as  usually  employed  for  radio- 
metric investigation  in  the  laboratory.  In  the  case  of  the  latter 
instrmnent  experience  appears  to  show  that  the  most  satisfactory 
working  conditions  are  obtained  when  the  resistance  of  the  gal- 
vanometer is  approximately  equal  ^  to  that  of  the  thermopile.  In 
general  the  thermopile  has  a  low  resistance — ^less  than  lo  ohms — 
so  that  in  order  to  obtain  a  galvanometer  resistance  of  this  mag- 
nitude the  entire  galvanometer  electrical  circuit  is  usually  con- 
structed of  copper.  Since  copper  possesses  a  large  temperature 
coefficient  of  resistance,  the  sensibility  of  this  type  of  galva- 
nometer will  vary  with  change  of  room  temperature.  Also  changes 
in  the  resistance  of  the  thermopile  and  lead  wires  due  to  fluctua- 
tions of  room  temperature  will  seriously  alter  the  galvanometer 
readings.  Accordingly,  while  such  a  system  may  be  suitable  for 
laboratory  use,  where  a  calibration  may  be  made  frequently,  it  is 
not  to  be  preferred  for  technical  work.  The  galvanometer  read- 
ings, therefore,  should  not  be  influenced  by  changes  of  room  tem- 
perature. Fxulhermore,  the  galvanometer  should  have  a  short 
period,  be  dead  beat  or  suitably  damped,  and  have  a  readily  con- 
trolled zero,  as  well  as  be  sufficiently  robust  and  sensitive. 

Of  late  the  design  of  moving  coil  or  d'Arsonval  galvanometers 
has  progressed  so  rapidly  that  even  with  the  portable  pivot  type 
suspension  coils  the  sensibility  is  so  high  that  a  swamping  resist- 
ance of  zero  temperattu-e  coefficient  may  be  placed  in  series  with 


A  TUs  coaditioa  need  not  be  satisfied  exactly,  variatknsof  50  to  mo  per  cent  bcinc  penninible,  cf.  Cob- 
lentz.  Bureau  of  Standards  Scientific  Paper  No.  2*9,  p.  145. 
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the  coil,  and  still  the  instrument  will  be  of  sufficient  sensitivity  for 
P3rrometric  practice.  The  swamping  resistance  is  located  inside 
the  galvanometer,  so  that  in  what  follows  the  resistance  of  the 
galvanometer  is  tmderstood  to  include  this  resistance,  as  well  as 
that  of  the  coil;  in  other  words,  it  is  the  resistance  measured 
across  the  galvanometer  binding  posts.  The  effect  of  the  swamp- 
ing resistance  is  to  reduce  to  practically  zero  the  temperature  coef- 
ficient of  the  galvanometer '  and  the  dependence  of  the  deflection 
upon  variations  in  resistance  of  the  thermocouple  circuit.  The 
elimination  of  the  effect  of  change  of  resistance  in  the  thermo- 
couple and  lead  wires  is  of  extreme  practical  importance.  It  is 
also  desirable  that  the  galvanometer  read  true  emf  *s  of  the  pjnrome- 
ter  and  that  it  will  still  read  correct  emf  values  when  used  with 
pyrometers  of  different  resistances.  All  of  these  conditions  are 
satisfied  when  the  resistance  of  the  galvanometer  is  high  in  com- 
parison with  that  of  the  couple  and  leads,  as  is  evident  from  the 
following  discussion : 

If  Ri  is  the  resistance  of  the  thermocouple  and  the  lead  wires, 
2?j  that  of  the  galvanometer,  and  eo  the  true  emf  of  the  thermo- 
couple, then  the  emf,  e,  indicated  by  the  galvanometer,  becomes 

^ "" gop   .^p»     If  the  galvanometer  has  been  properly  calibrated 

to  read  the  emf  at  its  terminals,  the  value  eo,  actually  indi- 
cated by  the  galvanometer  when  connected  to  the  pjnrometer,  will 
be  too  low  by  the  factor  3?,/(/?i4-i?2)-  It  would  be  possible,  of 
course,  to  allow  for  this  factor  in  the  calibration  of  the  instrmnent 
if  2?i  remained  fixed.  But  even  though  R^  varies  considerably  in 
a  single  pyrometer,  and  especially  for  different  pyrometers,  the 
effect  of  this  variation  may  be  swamped  by  making  /?,  at  least  100 
times  i?,.  The  factor  then  becomes  constant  for  all  practical  pur- 
poses and  nearly  equal  to  i.  A  ntunber  of  galvanometers  are 
available  which  are  sufficiently  sensitive  for  use  with  a  radiation 
p3rrometer  and  which  have  a  high  resistance,  100  to  500  ohms,  and  a 
negligible  temperature  coefficient,  are  robust  and  portable,  and 
highly  satisfactory  for  technical  ptuposes. 

*  Other  devices  are  also  employed  for  this  purpose,  such  as  varying  automatically  the  streneth  of  the 
f^r"**^**  field,  d  Thwingt  J*  Frank.  Inst.,  1659  PP*  363-370;  1908.  Various  shuntinc  arran<ements  in 
the  electrical  drcuit  are  also  employed. 
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The  thermoelectric  power  of  the  couple  should  be  as  high  as  pos- 
sible, but  since  the  couple  must  be  robust  and  able  to  resist 
mechanical  shocks  which  it  is  likely  to  receive,  certain  couples 
showing  extremely  high  thermoelectric  power  can  not  be  used. 
Iron-constantan,  copper-constantan,  and  several  other  metals  and 
alloys,  some  of  secret  composition,  have  been  employed  satisfac- 
torily. 

The  couple  shotdd  be  of  very  small  wire  and  rather  long  in 
order  that  heat  conduction  from  the  hot  to  cold  junction  be  a 
minimum.  The  cold  junction  should  be  carefully  screened  from 
radiation  from  the  furnace  and  the  entire  couple  thoroughly  pro- 
tected from  air  currents.  In  general  the  hot  jtmction  has  a  small 
metal  receiving  disk  soldered  to  it,  although  it  is  sometimes  possible 
to  simply  flatten  the  couple  at  the  junction  in  order  to  form  a 
satisfactory  receiver.  The  heat  capacity  of  the  receiving  sjrstem 
shovdd  be  small  in  order  to  have  a  quick-acting  p3rrometer.  The 
receiver  should  be  carefully  blackened,  so  that  very  little  of  the 
energy  falling  upon  it  is  reflected.  The  resistance  of  the  couple 
should  be  small  in  comparison  with  that  of  the  galvanometer.  The 
size  of  the  receiver  should  be  small  in  order  to  obtain  by  the  mirror 
or  lens  condensers  a  sufficiently  large  image  without  requiring  too 
large  a  source.  And,  finally,  the  hot  junction  and  receiver  must 
not  be  overheated.  It  would  be  possible  to  actually  melt  the  re- 
ceiver by  the  use  of  a  too  highly  condensing  system  of  mirrors. 

The  following  statement  sunmiarizes  the  essential  conditions  to 
be  satisfied  by  the  well-constructed  thermoelectric  radiation 
p3rrometer.  Some  of  the  conditions  are  somewhat  contradictory, 
in  which  case  an  adjustment  must  be  made.  For  example,  it 
might  be  necessary  in  a  given  case  to  sacrifice  low  resistance  of  the 
couple  in  favor  of  high  emf . 

Galvanometer. — (i)  High  resistance  (this  refers  to  the  resistance 
across  the  terminals  of  the  instrument);  (2)  negligible  tempera- 
ture coefficient;  (3)  satisfactory  sensibility;  (4)  robust  and  portable; 
and  (5)  short  period  and  critically  damped. 

Receiving  system, — (i)  High  thermoelectric  power;  (2)  low 
resistance;  (3)  robust  mechanically;  (4)  the  couple  wires  and  the 
receiving  disk  small  in  size;  (5)  cold  junction  screened  from  radia-. 
tion  and  air  currents;  (6)  heat  capacity  small  (quick  acting,  i.  e., 
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no  lag) ;  (7)  black  receiver;  and  (8)  maximum  temperature  attained 
by  receiver  should  not  be  too  great. 

Pyrometer  as  a  whole. — (i)  Indications  independent  of  distance 
from  the  sotuce  to  the  p3rrometer;  (2)  indications  independent  of 
the  size  of  the  sotuce  above  the  minimum  size  required  by  the 
instrument;  (3)  size  of  source  required  by  the  instrument,  small; 
and  (4)  pyrometer  strong  mechanically  and  convenient  to  handle. 

The  use  of  the  thermoelectric  radiation  pyrometer  and  the 
characteristics  of  the  mechanical  type  receiver  will  be  discussed 
later  in  the  paper. 

5.  STATEMENT  OF  THE  SOURCES  OF  ERROR 

The  errors  which  may  occur  in  total  radiation  p3rrometry  may 
be  classified  as  follows:  (i)  Limitations  or  approximations  of  the 
fundamental  formulas;  (2)  imperfections  of  the  radiating  soture 
or  uncertainties  in  its  radiometric  properties;  (3)  effects  of  the 
intervening  medium,  i.  e.,  air  more  or  less  charged  with  water 
vapor  and  gases  such  as  CO  and  CO,;  (4)  construction  of  the 
pjn'ometric  receiver;  and  (5)  errors  of  the  measuring  or  recording 
instruments.  Of  these,  No.  i  can  be  exactly  determined  and 
allowed  for;  No.  2  can  usually  be  eliminated  when  suitable  pre- 
cautions are  taken;  No.  3  is  uncertain,  but,  in  general,  is  small; 
No.  4  is  of  the  greatest  practical  interest  and  will  be  considered 
in  detail;  and,  finally,  No.  5  may  readily  be  made  negligible  by  a 
suitable  choice  of  instruments. 

In  the  ideal  radiation  p3rrometer,  the  energy  /,  received  from 
the  radiating  source  at  an  absolute  temperattu^  T,  by  the  receiver 
at  an  absolute  To,  is  proportional  to  the  factcn:  (T*— 7^o)f  viz, 

/-const.  (T'-T'o), 

as  follows  directly  from  the  Stefan-Boltzmann  radiation  law 
(equation  i,  p.  93).  Various  factors  enter,  however,  into  the 
actual  construction  of  the  radiation  p3rrometer  which  slightly  alter 
this  ideal  relation.  For  example,  consider  the  thermoelectric  type 
of  radiation  pyrometer,  in  which  the  energy  of  the  radiator  is  indi- 
rectly measured  by  the  emf  developed  in  a  thermoelectric  circuit. 
Here,  the  emf  developed  is  not  exactly  proportional  to  the  tem- 
perature of  the  receiver,  and  the  temperature  of  the  receiver  is  not 
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exactly  proportional  to  the  energy  received.  While  the  pro- 
portionality relation  may  exist  to  all  practical  purposes  over  a  very 
small  temperature  range  of  the  radiating  source,  e.  g.,  T-"  looo  to 
looi,  etc.,  it  does  not  hold  for  the  wide  variation  in  emf  or  in  T 
which  is  met  with  in  practice. 

Again,  mechanical  defects  in  construction,  some  of  which  appear 
impossible  to  remedy,  may  cause  deviations  from  the  ideal  con- 
dition. Stray  reflection,  selective  reflection,  and  convection  dU"- 
rents  in  the  pyrometer  must  necessarily  vary  in  magnitude, 
depending  upon  the  temperattu^  of  the  radiating  source.  The 
temperature  of  the  hot  junction  of  the  thermocouple,  T©,  increases 
necessarily  with  T*,  the  relation  being  but  approximately  linear. 
The  loss  of  energy  expressed  as  a  fraction  of  the  energy  incident  at 
the  receiver  is  entirely  different  for  different  values  of  To,  not 
merely  because  of  changes  in  radiation  from  the  receiver,  but 
mainly  because  of  the  different  rates  of  energy  loss  by  conduction 
and  by  convection  currents,  i.  e.,  departure  from  Newton's  law  of 
cooling. 

For  these  reasons  the  radiation  p3rrometer  does  not  follow 
exactly  the  Stefan-Boltzmann  radiation  law.  The  deviation  from 
this  relation,  however,  is  so  small  that  a  quite  similar  expression 
can  be  used.  Thus,  for  the  thermoelectric  radiation  p3rrometer 
the  relation  between  the  emf  developed,  e,  and  the  absolute  tem- 
peratures of  the  radiating  source,  T,  and  of  the  receiver.  To,  is 
expressed  by  the  equation, 

e  =  a(T^-T*>o) 

where  a  and  b  are  empirical  constants.  The  basis  for  this  equation 
is  mainly  experimental.  Usually  it  is  possible  to  neglect  the  To 
term  at  higher  values  of  T,  so  that  e = aT^.  This  expression  may 
be  written  e  —  (aT^)  T^-*,  where  the  term  T^-*  is  a  small  correction 
factor  necessary  to  take  care  of  the  departure  of  the  instrument 
from  the  ideal  conditions.  This  form  of  equation  gives  to  the 
performance  of  the  p3a-ometer  a  somewhat  theoretical  significance. 
If,  in  the  above  equation,  6  is  arbitrarily  chosen  of  value  4,  the 
calibration  computed  from  the  theoretical  Stefan-Boltzmann 
relation,  on  the  basis  of  the  determination  of  the  emf  at  one 
standardization  temperature,  will  in  general  be  greatly  in  error. 
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Among  the  sources  of  error  to  which  the  various  forms  of  total 
radiation  pyrometer  are  subject  are : 

Lag,  or  the  time  required  for  the  pyrometer  to  come  to  equilib- 
ritmi  and  so  give  a  constant  reading  when  sighted  on  a  hot  body. 
For  certain  instruments  this  effect  may  vary  with  distance  and 
size  of  soiu'ce  as  well  as  with  temperature. 

For  the  thermoelectric  receivers,  the  resistance  of  the  thermo- 
couple wires  and  its  variation  with  the  temperature  of  the  radiator. 

Dirt  or  dust  on  and  oxidation  of  the  optical  system. 

The  effect  of  distance  of  p3a"ometer  to  radiator,  as  influenced  by 
absorption  of  the  intervening  medium  and  by  the  angular  size  of 
the  radiator. 

Optical  imperfections  of  the  p3a"ometer  and  its  geometry  as 
related  to  that  of  the  radiator  or  source. 

Lack  of  "blackness"  of  the  source  and  of  the  p3rrometer. 

These  various  sources  of  error  will  be  considered  in  detail  in 
Section  VI,  after  describing  the  usual  types  of  instrument  and 
their  calibration. 

ni-  TYPES  OF  RADIATION  PYROMETER 

The  important  characteristics  in  the  construction  of  the  several 
radiation  p3rrometers  available  will  be  briefly  considered. 

1.  MIRROR  AND  THERMOCOUPLE  PYROMETER 

(a)  ADJXXSTABI.E  Focus.-^This  type  of  instrument  is  repre- 
sented by  the  F^ry  thermoelectric  pyrometer.  Fig.  6. 

The  image  of  the  source  sighted  upon  must  be  sharply  focused, 
by  adjusting  the  focusing  pinion,  upon^a  limiting  diaphragm  imme- 
diately in  front  of  the  thermocouple  receiver.  This  adjustment  is 
greatly  facilitated  by  means  of  an  ingenious  device  due  to  F^ry. 
Two  semicirctdar  mirrors,  inclined  to  one  another  at  an  angle  of  5®  to 
10®,  Fig.  7  (a),  are  mounted  in  the  thermocouple  box,  an  opening 
of  about  1.5  mm  at  the  center  of  the  mirrors  forming  the  limiting 
diaphragm  immediately  in  front  of  the  couple.  The  observer 
views  the  image  of  the  furnace  formed  by  the  large  concave  mirror 
MM'  and  reflected  by  the  focusing  mirrors  xx'  and  yy'  through 
the  small  telescope  at  D.    If  the  image  is  not  correctly  focused  at 
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O,  the  line  of  intersection  of  the  two  small  mirrors,  the  image 
appears  broken  in  half,  as  shown  by  (6).  Correct  focus  is  ob- 
tained when  the  two  halves  of  the  image  are  in  alignment  (c). 
Thus,  until  correct  focus  is  obtained  certain  straight  lines  of  the 
source  appear  broken  in  the  image.    This  breaking  of  a  line  is 
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Fig.  6. — Firy  therfnoeteciric  mirror  type  radiation  pyrometer, 

quite  evident  from  a  consideration  of  (d)  .*  Suppose  that  the  py- 
rometer were  incorrectly  focused  upon  a  line  source,  the  image 
falling  at  position  AB  instead  of  at  O,  The  image  of  the  line 
reflected  from  the  mirror  yy'  lies  at  A  "5"  and  that  reflected  from 
the  mirror  xx'  at  A'B'.  To  the  observer  at  D,  the  projections  of 
these  images  appear  as  two  distinct  arrows,  thus,  — ^  — ».  As 
the  p3nrometer  is  brought  nearer  into  the  correct  focus,  by  turning 

7  Xhif  drawing  hat  been  distorted  intcntiooally,  for  the  purpose  of  more  dearly  illuttratiiur  the  pris^ 
dple  rather  than  the  actual  courge  of  the  rayt  in  a  siTen  inttrmncnt. 
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the  pinion  screw  and  thus  moving  the  large  concave  mirror  in  the 
direction  OD^  the  points  P'  and  P"  of  the  reflected  images  move 
along  the  lines  P'O  and  P"0,  coinciding  at  0  when  the  correct 
focus  is  obtained.  The  two  arrows  are  then  superposed,  forming 
a  single  image. 

In  the  earlier  t3rpe  of  the  F^ry  p3rrometer  the  large  concave 
mirror  was  constructed  of  glass  silvered  on  the  outside  surface. 
On  account  of  the  oxidizing  of  a  silver  surface  in  air  the  silver  was 
later  deposited  on  the  back  of  the  mirror.  Glass  itself  is  a  very 
good  reflector  for  the  infra-red  rays,  hence,  with  a  mirror  silvered 
on  the  back,  the  heat  rays  are  reflected  in  part  from  the  front  air- 
glass  surface  and  in  part  from  the  back  glass-silver  surface.  These 
two  groups  of  rays  are  brought  to  the  same  focal  point  by  making 
the  radii  of  curvature  of  the  two  surfaces  slightly  different.  For  all 
practical  purposes,  however,  the  same  radius  of  curvatm-e  may  be 
used  for  each  surface  if  the  distance  between  the  front  and  back 
surfaces  of  the  glass  be  small,  i.  e.,  i  to  2  mm. 

In  some  of  the  later  types  of  the  instrument  gold  mirrors  have 
been  employed.  Until  recently  the  gold  has  been  deposited  upon 
the  front  surface  of  glass  by  a  special  "  buming-in  "  process  similar 
to  glazing  of  porcelain*  but  such  sm-faces  show  large  local  aberra- 
tions, so  that  at  present  an  electrolytic  deposit  of  gold  upon  copper 
is  preferred.  Even  these  surfaces  show  pitting  and  local  aberra- 
tion to  some  extent.  The  small  focusing  mirrors  are  either  of 
glass  silvered  or  gilded  or  of  copper  gold  plated.  The  concave 
mirror  is  usually  about  6.8  cm  diameter,  7.5  cm  focal  length,  and 
15  cm  radius  of  curvature.  The  thermoelement  is  usually  iron 
vs.  constantan  or  Heirs  alloy  vs,  constantan. 

This  type  of  pyrometer  is  generally  used  at  a  minimum  tem- 
perature of  500°  or  600°  C,  although  it  would  be  possible  to 
empirically  calibrate  the  instrument  for  a  much  lower  range, 
provided  the  indicating  device  were  made  sufficiently  sensitive 
to  measure  the  small  emf 's  developed  at  low  temperatures.  The 
upper  temperature  range  is  limited,  by  the  excessive  heating  of 
the  receiving  system,  to  about  1500^  C.  However,  the  cover  to 
the  front  of  the  pyrometer  is  provided  with  a  sectored  diaphragm 

*  Fery,  Revue  Sdeatifique.  (5).  8,  pp.  264-373;  1907. 
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which  may  be  adjusted  to  reduce  the  radiation  falling  upon  the 
receiver  by  any  desired  amount,  and  in  this  manner  the  upper 
temperature  range  of  the  instrument  is  practically  unlimited. 

The  pyrometer,  without  the  front  diaphragm,  develops  an  emf 
of  usually  several  millivolts  at  1000°  C,  the  magnitude  of  course 
depending  upon  the  construction  of  the  individual  instrument. 

It  has  been  objected "  that  this  type  of  pyrometer  requires  a 
large  source  upon  which  to  sight,  and  as  generally  used  such  is 
the  case.  But  it  is  quite  simple  to  reduce  the  size  of  the  limiting 
diaphragm  of  this  pyrometer,  just  as  Gillette  reduced  the  aper- 
ture of  the  Thwing,  and  thus  permit  much  smaller  sources  to  be 
employed,  at  a  sacrifice  of  course  in  both  cases,  of  the  magnitude 
of  the  emf  developed.  Such  a  procediue  can  not  be  called  an 
"improvement  of  the  pyrometer,'****  but  it  is  rather  an  adaptation 
of  the  instmment  for  some  special  work.  The  diameter  of  the 
opening  in  the  receiving  diaphragm  of  the  F^ry  pyrometer  is 
usually  about  0.15  cm.  The  relation  between  the  diameter  of 
source  Dx,  diameter  of  image  D«,  and  focal  length  of  the  concave 
mirror,  /,  is  given  by  the  expression : 


A-a(^-i) 


where  u  is  the  distance  from  the  source  to  the  mirror.  Thus,  for 
a  mirror  of  focal  length  7.6  cm,  the  following  table  shows  the 
diameter  of  source  required  for  several  focusing  distances  in  order 
that  the  image  cover  the  0.15  cm  receiver.  If  the  receiver  had 
an  opening  of  half  this  magnitude  soiU"ces  of  half  the  diameter 
indicated  would  be  required. 


« 

Dluietof  of 
■ottrce 

cm 

cm 

70 

1.2 

80 

1.4 

100 

1.8 

150 

3.1 

200 

4.2 

300 

6.3 

500 

10.7 

*  Gillette,  J.  Phys.  Chem.,  15.  p.  374;  xqxx. 
>o  Gillette.  J.  Phys.  Chcm.,  16.  p.  30a.  item  8;  xpxx. 
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The  selection  of  a  satisfactory  sectored  diaphragm  for  use  with 
the  F6ry  pyrometer  at  higher  temperatm-es  is  rather  diffictdt. 
Originally  a  blackened  diaphragm  was  used,  but  this  absorbed  a 
considerable  amount  of  energy  and  reradiated  from  the  back  face 
to  the  receiver.  To  overcome  this  effect  a  gold-plated  diaphragm 
is  employed.  However,  reflection  from  this  gold  surface  back  to 
the  source  may  alter  the  properties  of  the  radiation  of  the  source 
as  noted  on  page  155.  This  effect  is  in  general  of  small,  if  any, 
consequence,  but  for  certain  special  work  it  must  be  considered. 
Certainly  the  gold-plated  diaphragm  is  to  be  preferred  to  the 
blackened  diaphragm  unless  the  latter  were  water-cooled. 

(6)  Fixed  Focus  Pyrometers. — ^The  front  diaphragm  of  the 
Foster  pyrometer  (diameter  2.5  cm),  which  acts  as  a  secondary 
source,  is  placed  about  51  cm  in  front  of  a  mirror  of  2.5  cm  diam- 

^-^        eter  and  about  2.4  cm  focal  length. 

^\^        ^^jT       A.    The  diameter  of  the  source  sighted 
^^"^T  "       "V  T  y       upon  must  be  at  least  one-tenth  the 

^ — i'^  T ifc^        distance  from  the  source  to  the  wing 

nut  at  the  middle  of  the  p3rrometer 
tube.     The  mirror  is  usually  of  glass 
FIG.  s—Meihod  of  mounting  thermc    gilded  on  the  front  surf ace.    The  de- 

couple  in  the  Foster  Pyrometet  •>.     r        u   •  ^i.-  j 

posit  of  gold  is  very  thm  and  may 
be  removed  by  touching  with  the  finger.  Gold-plated  copper  mir- 
rors would  be  more  satisfactory.  The  method  of  mounting  the 
thermoelement  is  shown  in  Fig.  8. 

The  Brown  pyrometer  is  similar  in  principle  to  the  Foster 
p3rrometer,  the  distinguishing  feature  being  the  construction  of 
the  tube  or  case,  which  is  made  collapsible  in  sections  for  con- 
venience  of  carrying.  The  mirror  is  of  glass  silvered  on  the  front 
surface,  having  a  focal  length  of  2.2  cm.  The  thermocouple  is 
rather  large,  and  could  be  improved  by  reducing  the  size  of  the 
wires  and  possibly  style  of  mounting.  A  camera  "finder**  for 
convenience  of  sighting  is  mounted  on  the  tube  casing,  but  this, 
however,  is  not  always  properly  adjusted.  The  couple  is  mounted 
about  76  cm  from  the  front  opening  of  the  pyrometer.  The 
arrangement  of  diaphragms  is  poor,  each  end  of  each  tube  sec- 
tion of  the  case  acting  as  a  diaphragm.  As  a  result  points  on 
the  outer  edge  of  the  mirror  are  screened  almost  entirely  from 
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the  radiation  entering  the  front  opening  of  the  pyrometer.  How- 
ever, conadering  the  extreme  cone  of  rays  which  can  fall  upon  the 
receiver,  it  may  be  seen  that  the  diameter  of  the  source  must  be 
at  least  one-twelfth  the  distance  from  the  source  to  a  point  29  to  30 
cm  back  from  the  front  opening  of  the  pyrometer. 

2.  HUtROR  AND  SPIRAL  SPRraO  PTROMETER  (PfiRT  "  SPIRAL  " 
P7R0MBTSR) 

The  construction  of  this  instrument  is  quite  similar  to  that  of 
the  thermoelectric  type  except  that  the  couple  is  replaced  by  a 
bimetaUic  spring  spiral,  Fig.  9,  carrying  an  aluminum  pointer  P, 


Fro.  9. — Firy  tpval  pyrometer 

which  turns  over  a  dial  D,  graduated  in  degrees  centigrade,  in 
response  to  the  differential  expansion  and  uncoiling  of  the  spring 
when  radiation  is  concentrated  upon  it.  In  some  of  the  instru- 
ments the  spring  is  trimetaUic,  the  thermal  expansion  coefficient 
of  the  intermediate  metal  being  itself  intermediate  to  that  of  the 
two  outer  metals.  Thus,  gold,  platinum,  and  invar  have  been 
employed.  The  spiral  is  similar  to  that  used  in  the  metallic  ther- 
mometer of  Breguet.  A  strip  0.02  mm  thick  and  2  mm  wide  is 
coiled  by  several  turns  into  a  spiral  2  nmi  in  diameter.  The 
center  of  the  spiral  is  connected  by  a  shank  to  a  small  disk  and  on 
this  disk  is  usually  moimted  the  pointer.     (In  Fig.  9  a  slightly 
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different  motmting  is  shown.  The  shank  is  fixed  and  the  pointer 
is  mounted  at  the  other  end  of  the  spiral.)  Usually  a  mirror  is 
placed  behind  the  spiral  so  that  the  radiation  which  passes  through 
and  between  the  turns  of  the  spiral  is  reflected  back  upon  it 

It  is  of  interest  to  consider  the  method  of  spacing  of  the  tem- 
peratiure  scale  engraved  on  the  instrument.  Suppose  that  the 
scale  is  first  spaced  linearly  or  in  terms  of  angular  deflection  of 
the  pointer: 

Let  d  =  angular  deflection. 

To  =  absolute  temperature  of  spiral. 
T  =  absolute  temperature  of  furnace. 
J —energy  falling  upon  spiral. 

The  angular  deflection  of  the  pointer  is  approximately  propor- 
tional to  the  temperature  of  the  spiral;  the  temperature  of  the 
spiral  is  approximately  proportional  to  the  energy  absorbed  by  it; 
this  energy  is  approximately  proportional  to  the  fourth  power  of 
the  absolute  temperature  of  the  furnace;  or, 

docToOc/ocT* 
.-.  d=const-r* 

Hence,  determining  the  deflection  corresponding  to  any  one  fur- 
nace temperatiure  fixes  the  constant  in  the  above  relation  and  per- 
mits the  computation  of  the  temperatures  corresponding  to  all 
other  deflections. 

Actually,  the  pyrometer  does  not  exactiy  follow  the  fotulh- 
power  law  but  rather  the  relation : 

d^C'V 

where  b  is  an  empirical  constant  slightiy  different  from  4.  If  a 
calibration  is  made  at  a  ntunber  of  different  temperatures,  the 
exponent  b  may  be  determined  from  the  slope  of  the  best  straight 
line  drawn  through  the  observations,  plotting  log  d  vs.  log  T. 

The  spiral  pyrometer  has  an  especial  advantage  in  being  self- 
contained,  requiring  no  accessories  such  as  lead  wires,  galvanome- 
ter, etc.,  but  its  accuracy  is  not  equal  to  that  of  the  thermoelectric 
instruments.  (See  p.  146.)  The  readings  depend  somewhat  upon 
the  position  in  which  the  pyrometer  is  held  and  upon  the  previous 
condition  of  the  instrument.     For  example,  tilting  the  case  to  the 
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right  or  left  alters  the  reading,  and  slightly  different  readings  may 
be  expected  when  (i)  the  pyrometer  has  been  sighted  upon  a 
source  at  a  higher  temperature  immediately  before  taking  a  cer- 
tain reading,  and  (2)  when  the  initial  source  sighted  upon  was  at 
a  lower  temperature. 

3.  LENS    ASD    THERMOCOUPLE    PYROMETER  (F^T  LEITS   THERMO- 
ELECTRIC PYROMETER) 

Fig.  10  illustrates  the  construction  of  the  laboratory  type  of 
F^ry  lens  pyrometer.  The  image  of  the  furnace  is  focused  upon 
the  junction  of  an  iron-constantan  thermocouple  located  behind 
the  shield  C.  In  the  center  of  the  shield  there  is  a  small  opening 
of  less  than  i  mm  which  admits  the  radiation  to  the  thermocouple 


Fig.  10. — -Fery  lent  lyPe  thermoeleclric  radiation  pyrometer 

junction.  The  ima^e  is  viewed  at  the  ociJar  0  through  the  sec- 
tional openings  of  the  shield.  The  ocular  is  first  carefully  focused 
upon  the  thermocouple  junction,  and  the  objective  is  then  ad- 
justed by  the  pinion  P,  either  for  distinctness  of  image  or,  prefer- 
ably, until  the  eflfect  of  parallax  is  eliminated. 

The  difficulty  in  construction  of  this  pyrometer  is  in  realizing  a 
material  for  the  lens  which  is  transparent  for  all  radiations,  so 
that  the  pyrometer  may  be  cahbrated  directly  in  terms  of  the 
modified  Stefan-Boltzmann  law.  This  is  effected  by  the  use  of  a 
fluorite  lens,  which  for  temperatures  above  900°  C  satisfies  the 
conditions  of  not  altering  seriously  the  radiations  transmitted 
through  it;  that  is  to  say,  the  ratio  of  the  radiation  absorbed  or 
reflected  to  the  radiation  transmitted  is  approximately  constant. 
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At  low  temperatures  a  large  proportion  of  the  energy  exists  in 
the  form  of  long  wave  lengths,  and  as  fluorite  has  an  absorption 
band  in  the  infra-red  (near  6  ju)  it  will  absorb  a  considerable  por- 
tion of  the  radiation  (at  still  longer  wave  lengths  fluorite  exhibits 
metallic  reflection),  and  therefore  the  Stefan-Boltzmann  law  can 
no  longer  be  assumed.     With  a  sufficiently  sensitive  galvanometer 


Fio.  zz. — Receiving  system  of  Tkmng  cone  pyrometer 

it,  Praat  diaphragm;  B,  Center  diaphragm;  C.  Thermooouple  hot  junction;  D,  Thensocouple  cold 
jmiction;  £,  Hemispherical  minor;  F,  Heavy  copper  wire;  G,  Hard  rubber  plates;  H.  Brass  rods  and 
ooanecting  terminals;  K,  Hollow  aluminum  oone. 

or  potentiometer  this  p3rrometer  could,  however,  still  be  empirically, 
calibrated  for  low  temperatures. 

The  laboratory  form  of  apparatus  described  above  is  not  well 
suited  for  use  in  technical  practice,  and  fluorite  is  difficult  to  pro- 
cure of  sufficient  size,  and,  moreover,  is  extremely  costly.  An 
industrial  p3rrometer  is  made  by  substituting  for  the  fluorite  lens 
a  much  larger  one  of  glass,  and  for  the  delicate  galvanometer  one 


Flo.  12. — Ventilated  box  type  of  Thwing  Pyrometer 

of  the  same  type  and  sensibility  as  is  used  in  thermoelectric  work; 
the  resulting  instrument  is  robust  and  sufficiently  sensitive  for  all 
practical  uses,  and  as  made  has  a  range  from  800®  to  1600®  C, 
although  the  upper  limit  could  readily  be  extended  by  the  use  of 
sectored  diaphragms  or  rotating  sectored  disks. 

The  indications  of  the  industrial  form  of  this  pyrometer  will  not 
obey  Stefan's  law,  but  the  instrument  may  be  readily  calibrated 
empirically  and  the  temperatm^es  engraved  on  the  scale  of  the 
P3rrometer  galvanometer. 
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The  emf  developed  by  the  flubrite  lens  instrument  is  of  the  order 
50  microvolts  at  1000°  C.  Emf' s  of  this  magnitude  may  be  con- 
veniently and  accurately  measured  in  the  laboratory  by  use  of  a 
specially  designed  potentiometer. 

4.  COIfS  THERMOELECTRIC  PYROMETER 

The  construction  of  the  Thwing  pyrometer  is  essentially  that 
discussed  on  page  96.  Fig.  11  represents  a  section  of  the  re- 
ceiving system.  Thwing  has  also  designed  a  ventilated  type 
receiving  tube  or  box  in  which  the  diaphragms  are  open  to  the 
air,  Fig.  12.  Air  circulation  prevents  the  heating  of  the  dia- 
phragms, so  that  this  instrument  may  be  employed  for  permanent 
installation.  Also,  as  will  appear  later,  stray  reflection  is  reduced 
to  a  minimiun  in  this  type  of  construction. 

The  aperture  of  the  Thwing  tube  pyrometer  is  usually  about 
3.5°,  requiring  a  soiurce  of  diameter  at  least  one-fifteenth  of  the 
distance  measured  from  the  soiurce  to  a  point  19  cm  back  of  the 
front  diaphragm,  i.  e.,  to  the  point  midway  between  the  dia- 
phragms A  and  J5,  of  Fig.  11,  but,  of  cornise,  any  desired  aperture 
may  be  obtained  by  altering  the  size  or  distance  apart  of  these 
diaphragms.  The  emf  developed  by  the  usual  Thwing  pyrometers 
is  much  smaller  than  that  of  the  F^ry-mirror,  Foster  or  Brown 
instruments,  having  the  order  of  about  0.2  to  0.5  millivolts  at 
1000®  C  and  about  i  millivolt  at  1 500®  C. 

5.  NOTES  ON  CONSTRUCTION  AND  BEHAVIOR 

All  of  the  above-described  pyrometers  are  provided  by  the 
makers  with  indicating  galvanometers.  Their  proper  design  and 
construction  are  also  of  importance.  The  question  of  galvanome- 
ters and  other  points  arising  in  the  use  and  construction  of  these 
pyrometers  are  discussed  on  pages  104  and  134. 

(a)  In  several  F^ry  pyrometers  examined  the  mirror  support  or 
carriage  has  proven  unsatisfactory.  The  carriage  should  be  rigid, 
so  that  the  mirror  is  always  perpendicular  to  the  axis  of  the 
pyrometer.  In  one  instrument  the  play  was  sufficient  to  cause  a 
large  deviation  in  the  reading  when  the  pyrometer  was  used  in 
different  positions.     This  is  due  to  the  difficulty  of  centering  the 
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image  upon  the  receiver  when  the  mirror  is  tilted  or  out  of  align- 
ment. 

(6)  The  blackening  used  inside  the  tube  case  of  the  Thwing 
P3nrometer  is  not  as  satisfactory  as  that  used  in  the  Brown  or 
Foster  instruments.  On  the  other  hand,  the  Brown  and  Foster 
p3nrometers  could  be  improved  by  cutting  a  screw  thread  inside 
the  tubes,  such  as  that  used  in  the  Thwing. 

(c)  What  is  the  effect  of  locating  the  thermocouple  receiver  of 
the  Foster  or  Brown  pyrometer  at  a  position  slightly  different  from 
the  focus  conjugate  to  the  front  opening  ?  The  result  of  this  shift 
in  position  of  the  receiver  may  be  a  decrease  in  emf ,  but  geomet- 
rically the  reading  of  the  instrument  is  still  independent  of  the 
distance  from  a  sufficiently  large  source.  As  a  particular  example, 
consider  the  following  case : 

tt  =  50       cm  =  distance  of  front  diaphragm  to  mirror. 
1;=  5.6    cm  =  distanceof  receiver  to  mirror. 
/  «  5.0    cm  =  focal  length  of  mirror. 

do  =  0.2    cm  =  diameter  of  receiver. 

ds  —   1 .79  cm = diameter  of  opening  in  front  of  diaphragm. 

dm  =*   2.5    cm  =  diameter  of  mirror. 

ds  is  the  image  of  do,  and  the  size  of  d©  determines  the  limiting 
size  of  the  front  diaphragm  of  the  pyrometer. 

Suppose  the  same  size  receiver  were  incorrectly  located  6  cm 
instead  of  5.6  cm  from  the  mirror,  all  diaphragms  and  other  con- 
struction remaining  the  same,  then : 

v=  6  cm  =  distance  from  receiver  to  mirror. 

7^  =  30  cm  =  distance  from  mirror  to  image  of  receiver. 

d«  =   I  cm  =  diameter  of  image  of  receiver. 

The  som-ce  may  now  be  considered  as  lying  at  the  point  u  =  30, 
and  having  a  diameter  of  i  cm.  The  front  diaphragm,  however, 
will  be  seen  to  act  as  a  stop,  preventing  radiation  from  all  parts 
of  this  new  secondary  somrce  from  reaching  all  parts  of  the  concave 
mirror.  This  results  in  a  decrease  in  the  amotmt  of  energy  re- 
ceived by  the  couple. 

The  solid  angle  subtended  by  the  mirror  at  the  receiver  de- 
creases when  the  receiver  is  moved  from  t;  ==  5.6  to  i>  =  6  cm.  This 
also  results  in  a  decrease  in  amount  of  energy  falling  on  the  couple. 
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If  the  couple  receives  radiation  directly  on  its  front  surface,  the 
amotmt  of  energy  thus  received  increases  when  the  couple  is 
moved  from  i> »  5.6  to  v  =  6. 

The  net  result  of  these  three  effects  is  a  decrease  in  the  reading 
of  the  pyrometer  when  the  couple  is  located  too  far  from  the 
mirror. 

Actually,  stray  reflection  and  the  aberrations  of  the  mirror  seri- 
ously modify  the  effects  described  in  the  above  statements,  so  that 
frequently  the  couple  may  show  the  highest  emf  when  located  at 
a  position  slightly  different  from  the  focal  point  conjugate  to  the 
front  diaphragm.  The  best  adjustment  is  probably  obtained  by 
experiment,  but  whatever  be  the  location  of  the  receiver,  if  approxi- 
mately near  the  ideal  position,  the  readings  of  the  pyrometer  will 
be  no  more  dependent  upon  the  distance  to  the  soiurce  than 
when  the  receiver  and  front  diaphragm  are  exactly  at  the  conjugate 
foci  of  the  concave  mirror. 

(d)  It  is  frequently  stated  that  great  care  must  be  taken  to  pre- 
vent heating  of  the  front  diaphragm  of  the  fixed  focus  p3nrometers 
on  account  of  the  expansion  of  the  opening,  and  as  a  consequence 
an  increase  in  the  amount  of  energy  falling  upon  the  receiver. 
The  front  diaphragm  should  not  become  heated  for  reasons  which 
will  be  discussed  on  pages  1 61-167,  but  any  error  arising  from  ex- 
pansion is  negligible.  Thus,  suppose  the  front  diaphragm  is  con- 
structed of  brass  and  is  uniformly  heated  to  1 25®  C,  or  to  100°  above 
room  temperatiffe.  The  increase  in  area  is  proportional  to  twice 
the  linear  coefficient  of  expansion  and  to  the  rise  in  temperature. 

Hence,  increase  in  area  «  2  x  0.000019  X  100 

=  0.0038  or  0.38  per  cent. 

If  all  this  excess  energy  transmitted  by  the  increased  opening  fall 
upon  the  receiver,  it  would  result  in  an  error  of  less  than  o.  i  per 
cent  in  absolute  temperature — ^i.  e.,  about  2®  at  2000°  C.  Act- 
ually, the  front  openings  of  the  Foster  and  Brown  are  larger  than 
the  size  required  by  the  image  of  the  receiver,  so  that  a  slight 
increase  in  the  diameter  of  the  opening  merely  increases  the 
diameter  of  the  image  of  the  opening  formed  at  the  receiver,  and 
thus  affects  very  little  the  amount  of  energy  reflected  from  the 
mirror  and  falling  upon  the  receiver  itself.     The  radiation  coming 
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directly  to  the  side  of  the  receiver  opposite  the  mirror,  forming  a 
very  small  proportion  of  the  total  energy  received,  would  theo- 
retically be  increased  by  an  increase  in  the  size  of  the  diaphragm. 
For  these  two  instruments,  therefore,  barring  stray  reflection,  the 
possible  increase  in  emf  of  the  receiving  thermocouple  due  to  ex- 
pansion of  the  front  diaphragm  would  probably  not  be  greater 
than  o.ooi  per  cent  in  the  case  cited,  or,  expressed  in  temperature, 
would  be  an  inappreciable  amotmt. 

IV.  METHODS  OF  CALIBRATION 
1.  PRIMART  CAUBRAXION 

The  primary  calibration  of  a  radiation  p3nDmeter  is  made  by 
sighting  upon  a  black  body.  This  is  realized  experimentally  by 
imiformly  heating  the  walls  of  a  hollow  opaque  indosure  and  util- 
izing the  radiation  coming  from  the  inside  through  a  very  small 
opening.  Since,  in  general,  the  radiation  pyrometer  requires  a 
rather  large  source  at  a  convenient  sighting  distance,  the  problem 
of  the  construction  of  a  suitable  black-body  furnace  is  much  more 
difficult  than  is  the  case  with  one  designed  for  calibrating  an' 
optical  p3nDmeter  of  small  aperture.  Two  slightly  different  tjrpes 
of  black-body  radiators  have  been  employed  in  this  work,  one 
constructed  of  graphite  and  the  other  of  Marquardt  porcelain. 
(See  also  Sec.  V,  3.) 

(a)  Graphitb  Bi<ack  Body. — ^A  solid  Acheson  graphite  cylinder 
16  by  8  cm  is  turned  on  a  lathe  into  the  form  of  a  crucible  with 
three  diaphragms,  as  illustrated  by  Z?,  Fig.  13. 

The  walls  of  the  three  inclostu^s  thus  formed  are  about  i  cm 
thick,  each  inclostuie  having  the  dimension  of  about  5  by  6  cm. 
This  radiator  is  motmted  in  an  electrically-heated  resistance  ftur- 
nace  of  the  Heraeus  type,  60  by  8  cm  inside  dimensions.  The 
back  wall  of  the  graphite  radiator  is  placed  40  cm  from  the  front 
opening  of  the  furnace,  this  position  giving  the  most  satisfactory 
temperature  distribution  as  determined  experimentally.  The 
temperature  of  the  black  body  is  measmred  by  two  thermocouples 
E  and  F,  protected  by  glazed  Marquardt  porcelain  tubes  inserted 
into  the  back  wall  of  the  graphite  cell  and  projecting  i  or  2  cm 
into  its  interior.    The  back  of  the  furnace  is  closed  with  a  kaolin 
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diaphragm,  2  or  3  cm  of  powdered  Marquardt  (G)  and  a  plug  of 
asbestos  wool.  In  front  of  the  cell  are  located  two  or  more  kaolin 
or  Marquardt  porcelain  diaphragms,  which  aid  in  mitigating  air 
circulation.  As  a  further  aid  in  preventing  air  drctilation  it  is 
sometimes  advantageous  to  incline  the  entire  furnace  at  an  angle 
of  about  30".  The  furnace  tube  is  of  Marquardt  porcelain  woimd 
with  platinum  tape  5  cm  wide.  An  auxiliary  heating  coil  15  cm 
loi^  wound  with  i  cm  platinum  tape  has  been  placed  in  the  front 
part  of  the  furnace,  considerably  improving  the  tanperature  dis- 
tribution.    If  the  pyrometer  to  be  calibrated  is  of  the  focusing 


Fio.  13. — GraphiU  blatJc  body  and  eUdric/unioe* 


type,  it  is  placed  at  any  convenient  distance  A,  say  100 
cm  from  D  and  usually  focused  on  the  opening  of  the  inmost 
diaphragm.  This  opening  is  made  of  sufficient  diameter  so  that 
its  image  just  covers  the  receiver.  The  sizes  of  all  other  dia- 
phragms are  then  determined  geometrically  by  drawing  the  cone 
of  rays  to  the  pyrometer  as  shown  in  the  figure. 

Graphite  has  a  high  thermal  conductivity,  and  hence  the  tem- 
perature distribution  over  the  black  body  is  easily  made  quite 
satisfactory;  with  practically  no  special  adjtistment  of  the  auxil- 
iary heating  coils,  variations  of  temperature  greater  than  5°  C  at 
1300°  C  will  not  oanir  over  a  lo-cm  length  of  the  graphite  cell. 
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Graphite  in  the  open  has  an  emissivity  very  nearly  that  of  a  black 
body.  When  constructed  in  the  present  form  of  a  series  of  three 
diaphragmed  hollow  indostures,  one  would  exi)ect  the  radiation 
from  the  inner  inclosures  to  be  about  as '  *  black  *  *  as  could  be  realized 
experimentally.  The  ends  of  the  porcelain  thermocouple  tubes, 
having  a  very  low  emissivity  in  the  visible  spectrum,  are  indis- 
tinguishable from  the  surrounding  graphite  walls  at  1300°  C, 
Optical  pyrometers,  which  have  been  calibrated  by  sighting  into 
a  Lummer-Ktirlbaum  black-body  furnace"  or  with  a  graphite 
black  body  totally  immersed  in  pots  of  molten  metal,"  the  latter 
method  fumishmg  almost  ideal  black-body  conditions,  will  give 
temperatures  agreeing  with  the  indications  of  the  thermocouples 


Fig.  14. — Porcelain  black  body 

E  and  F  to  within  ±5*^,  when  sighted  on  the  inner  diaphragm  D. 
And  finally  the  two  inner  diaphragms  of  the  graphite  black  body 
are  easily  made  indistinguishable  to  the  eye  from  each  other  or 
from  the  openings  of  the  diaphragms.  All  these  conditions 
would  indicate  that  black-body  conditions  have  been  satisfactorily 
met. 

Graphite,  however,  usually  contains  impurities  in  small  quan- 
tities, but  sufficient  to  corrode  the  furnace  and  even  contaminate 
the  thermocouples,  protected  in  glazed  tubes,  after  prolonged  use. 
The  graphite  oxidizes  rather  quickly  even  in  an  atmosphere  quite 
free  from  drafts,  and  the  black  body  crumbles  away  and  frequently 
collapses  after  several  days'  continuous  heating.  There  is  also 
some  question  relative  to  the  effect  of  the  combustion  products 
CO  and  CO3  upon  the  indication  of  the  pyrometer,  although  it  is 

u  Waidner  and  Burgess,  Bureau  of  Standards,  Scientific  Paper,  No.  55.  p.  165. 

u  Kanolt.  Bureau  ctf  Standards  Tedinologic  Paper.  No.  xo.  p.  8;  Poote,  Metallurgical  and  Chemical 
Bngineering.  llf  pp.  97~98. 29x3. 
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not  likely  that  serious  error  can  occur  from  this  source,  since  one 
would  expect  the  hot  CO  and  CO,  gases  to  radiate  in  the  region  of 
their  absorption. 

(6)  PoRCEi<AiN  Bi^ACK  Body  (Fig.  14). — ^With  the  idea  of 
eliminatmg  any  possible  effect  of  furnace  gases,  and  in  order  to 
do  away  with  corroding  effects  of  the  imptuities  in  the  graphite, 
a  black  body  has  been  constructed  of  Marquardt  porcelain.  The 
diaphragms  are  of  thinner  walls  but  similarly  arranged,  as  in 
the  case  of  graphite  black  body.  The  iimer  radiating  indosure 
was  made  hemispherical  in  order  to  secure  reflection  from  the 
side  walls,  it  being  thought  possible  that  such  construction  might 
be  of  some  advantage.    The  thermocouples  are  used  without  the 
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FtG.  15.— Cfirvtf  showing  temperature  distribution  in  porcelain  black  body 

protecting  tubes  and  are  threaded  through  small  holes  in  the  back 
of  the  radiator.  This  type  of  radiator  also  furnishes  satisfactory 
black-body  conditions  and  is  somewhat  more  convenient  to  use 
than  the  graphite  form,  although  the  temperature  distribution  is 
not  quite  as  uniform,  apparently,  on  account  of  the  much  lower 
thermal  conductivity  of  porcelain.  It  is  possible  for  a  black  body 
of  this  type  to  emit  radiation  of  even  greater  intensity  than  that 
of  a  perfect  black  body  at  the  temperature  of  the  thermocouples 
on  account  of  reflection  from  the  somewhat  hotter  side  walls. 
Whatever  tmdesirable  reflection  takes  place  may  be  minimized 
by  blackening  the  interior  with  nickel  oxide.  However,  Coblentz  " 
from  spectrobolometric  measurements  has  observed  practically  no 
difference  between  a  white  porcelain  diaphragmed  black  body  and 


6844^—16. 


u  Coblentz.  Bureau  of  Standards  Scientific  Paper  No.  304. 
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the  same  radiator  blackened.  If  any  difference  exists,  it  appears 
to  be  too  small  to  be  detected  by  the  radiation  p3rrometers  so  far 
examined. 

In  Fig.  15  is  given  a  oirve  illustrating  the  temperature  distri- 
bution through  a  portion  of  the  porcelain  radiator.  The  temper- 
atures were  obtained  by  exploration  with  a  thermocouple.  For  a 
distance  of  12  cm  the  variation  from  11 60®  is  in  no  place  greater 
than  3®.  No  special  care  was  taken  to  seciure  high  temperatm"e 
uniformity,  this  distribution  representing  a  case  picked  at  random 
during  an  ordinary  commercial  test.  With  special  attention  given 
to  the  adjustment  of  the  auxiliary  heating  coil,  the  variations  can 
be  somewhat  reduced. 

The  thermocouples  used  in  the  measurement  of  the  temperature 
of  either  type  black  body  are  of  Pt— 10  Rh  90  Pt,  and  are  carefully 
calibrated  from  time  to  time  in  terms  of  the  melting  points  of 
zinc,  antimony,  and  copper.  The  parabolic  equation  e^a-^bt+ct* 
is  used  for  interpolation  between  the  points  300®  to  1200®  C. 
Above  1200®  C  corrections  must- be  added  to  the  temperatures 
determined  by  extrapolation  of  this  thermocouple  scale,  in  order 
that  this  empirical  scale  conform  with  the  established  gas  ther- 
mometer scale,  as  follows : 


Tempentore 

CofrMtlmi 
to  add 

•c 

1200 
1300 
1400 
1500 

•c 

±  0 
+  2 
+  6 
+14 

In  the  calibration  of  a  radiation  pyrometer  the  thermocouple 
temperatures  are  always  checked  by  the  readings  of  an  optical 
p3rrometer  of  the  Holbom-Kurlbaum  t3rpe,  sighted  from  the  posi- 
tion of  the  radiation  pyrometer,  into  the  black  body. 

By  use  of  the  above-described  apparatus,  the  radiation  pyrom- 
eter may  be  directly  calibrated  from  500°  to  1500°  C.  Satisfac- 
tory observations  above  this  temperature  range  have  not  as  yet 
been  obtained,  though  it  is  hoped  eventually  to  develop  a  method 
for  use  at  much  higher  temperatures. 
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The  following  table  presents  the  calibration  of  one  of  the 
Bureau's  F6ry  mirror-pyrometers  No.  11 1  by  (i)  the  graphite 
radiator  and  (2)  the  porcelain  radiator.  The  differences  in  the 
calibrations  by  the  two  methods  are  less  than  the  experimental 
errors  involved;  and  while  the  deviations  are  all  in  the  same 
direction  this  may  readily  be  due  to  the  pyrometer  receiver 
itself,  as  will  be  shown  in  the  discussion  of  the  soiu'ce  of  errors 
of  pyrometers  in  Section  VI.  Although  this  individual  instru- 
ment happens  to  be  the  least  subject  to  the  various  errors  affecting 
pyrometers  of  any  of  its  t3rpe  so  far  examined,  one  is  not  justified 
in  using  it  to  compare  minutely  the  merits  of  the  two  radiators. 

FCry  Mirror-Pyrometer  No.  Ill  (Emf  vs.  Temperature) 


Degraet  ceotilgnde 

Oraphtte- 
porcelaln 

At 

milllvolti 

On^htte 
imdktor 

radiator 

0.5 

638 

633 

+5 

1.0 

820 

814 

6 

1.S 

943 

939 

4 

2.0 

1040 

1036 

4 

2.S 

in9 

1116 

3 

8.0 

1187 

1185 

2 

8.5 

1248 

1248 

0 

4.0 

1304 

1304 

0 

4.5 

1354 

1354 

0 

5.0 

1400 

1400 

0 

6.0 

1484 

1484 

0 

2.  SECONDARY  CALIBRATION  (mustrated  in  operation  by  Fig.  24) 

The  use  of  an  electric  furnace  and  black  body  of  the  type 
described  above  has  two  disadvantages :  First,  it  requires  several 
hours,  at  least  20  hours  for  1500®  C,  in  order  to  reach  temperature 
uniformity  and  satisfactory  black-body  conditions,  and  second, 
the  size  of  the  radiating  source  is  rather  small  for  certain  types  of 
pyrometers. 

Once  having  obtained  a  primary  calibration  upon  a  standard 
radiation  pyrometer,  the  pyrometer  to  be  tested  may  be  compared 
with  the  standard  by  sighting  upon  a  uniform  source  which  is  not 
emitting  exactly  black-body  radiation,  provided  this  radiation  is 
not  of  a  too  selective  nature. 
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A  source  which  satisfactorily  meets  this  requirement  is  obtained 
by  electrically  heating  sheet  nickel  in  air.  A  firm  and  uniform 
coat  of  black  nickel  oxide  (NiO)  forms  on  the  siuface  of  the  nickel 
thus  heated.  Such  a  strip  can  be  used  almost  indefinitely  up  to 
1300®  C,  and  rapid  changes  of  temperature  can  be  made  from  500® 
to  1300®  C.  The  cooling  from  500®  to  room  temperature  must  be 
done  slowly,  or  flaking  of  the  oxide  will  occur.  In  the  present 
work  a  strip  of  nickel  usually  17  cm  long  (exposed  section),  13  cm 
wide,  and  0.015  c™^  thick  was  moimted  vertically  between  water- 
cooled  brass-clamp  terminals.  The  size  of  the  strips  was  limited 
by  the  current  necessary  to  operate  them,  1 500  amperes  being  the 
maximtun  current  available  with  the  lo-kilowatt  transformer 
employed.  A  strip  of  this  size  fiuiiishes  a  soiu'ce  of  circular  area 
and  diameter  of  12  cm,  which  is  uniform  to  within  2°  at  1200®  C 
over  its  entire  smf ace.  A  careful  survey  of  an  area  8  cm  in  diam- 
eter on  a  12  by  14  cm  strip  by  means  of  a  Holbom-Kurlbaum 
optical  pyrometer  showed  the  following  temperature  distribution : 


Zone  radius 

Tempemture 

cm 

•c 

0-1 

1046.  S 

1-2 

1046.0 

2-3 

1046.0 

3-4 

104S.S 

The  advantage  gained  in  using  a  strip  several  cm  longer  than 
its  width  is  marked.  The  temperature  variation  across  the  width 
of  the  strip  is  practically  nil,  the  main  variation  occurring  along 
the  lower  edge.  Thus,  the  temperature  gradient  along  a  vertical 
section  of  the  strip  is  not  symmetrical,  the  bottom  of  the  strip 
being  cooler  for  several  cm  than  the  top.  Using  a  strip  17  by  13 
cm,  the  center  of  the  12 -cm  imiform  temperature  area  is  located 
6.5  cm  from  either  side,  about  7.5  cm  from  the  top,  and  9.5  cm 
from  the  bottom. 

Whereas  heretofore  it  has  been  practically  impossible  to  cali- 
brate certain  radiation  pyrometers  requiring  a  large  source,  with 
this  t3rpe  of  radiator  an  intercomparison  with  a  standard  pjrrometer 
can  be  satisfactorily  made  in  an  hour.    This  is  illustrated  by  the 
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following  calibration  (an  ordinary  commercial  test)  of  a  Foster 
radiation  p5n:ometer.  Comparison  was  made  with  the  F^ry 
P5n:ometer  No.  1 1 1  at  18  different  temperatures.  All  of  the  obser- 
vations are  here  presented,  and  the  precision  of  the  method  may 
be  judged  from  the  deviations  of  the  readings  from  the  mean  curve 
computed  and  drawn  through  them.  Any  systematic  errors,  or 
errors  in  the  calibration  of  the  standard  pyrometer,  can  not  be 
determined  from  this  data. 

Foster  Fized-Focus  Pyrometer  No.  116 


ObMired 

emf 
mniivolti 

Observed 

tem- 
penitiire 

CempBted 

tem- 
penture 

Jt 
GOinpnted 
—observed 

•c 

•c 

•c 

0.584 

554 

558 

+4 

0.760 

612 

612 

0 

1.035 

686 

685 

-1 

1.300 

743 

742 

-1 

1.505 

789 

785 

-4 

1.740 

828 

826 

-2 

1.913 

852 

853 

+1 

2.009 

865 

863        * 

-2 

2.227 

898 

898 

0 

2.277 

908 

905 

-3 

2.553 

944 

942 

-2 

2.850 

974 

978 

+4 

3.137 

1008 

1010 

+2 

4.102 

1107 

1103 

-4 

4.712 

1151 

1153 

+2 

5.248 

1197 

1194 

-3 

5.655 

1225 

1223 

-2 

6.282 

1257 

1264 

+7 

Awigc 

)  devUitlni 

2.4 

In  the  use  of  this  nickel-oxide  source  for  the  calibration  of 
pyrometers  it  is  essential  that  the  instruments  compared  be  of 
similar  type,  so  that  the  departure  from  blackness  of  the  strip 
will  affect  each  pyrometer  in  the  same  manner.  Large  errors 
would  be  involved  in  the  comparison  of  an  optical  and  radiation 
pyrometer  by  this  method  unless  the  observations  were  corrected 
for  the  monochromatic  and  for  the  total  emissivity  of  nickel 
oxide." 


>*  Bwgcss  sad  Poote,  Bureau  of  Standards  Sdcatific  Paper  No.  934.    This  paiier  circs  a  complete  dir 
cussion  of  these  corrections. 


I30  Bulletin  of  the  Bureau  of  Standards  iv^  x« 

3.  COMPUTATION  OF  CALIBRATION  DATA 

The  thermoelectric  type  of  radiation  pyrometer  obeys  the  rela- 
tion e  ^a(T^  —  TJ*) ,  where  e  is  the  emf  developed  when  the  pyrome- 
ter is  sighted  on  a  black  body  at  an  absolute  temperatm-e  T,  the 
temperature  of  the  receiver  being  To,  and  a  and  b  are  empirical 
constants.  (See  p.  107.)  In  general,  TJ^  is  negligible  in  compari- 
son with  T^f  so  that  one  may  write  e=^aT^.  The  constants  a 
and  b  must  be  determined  empirically  for  each  instrument. . 

Although  two  calibration  points  serve  to  determine  a  and  6, 
observations  are  usually  made  at  five  or  more  different  tempera- 
tures, and  the  best  curve  is  drawn  through  all  the  points.  Since 
an  exponential  curve  of  the  correct  form  is  difficult  to  adjust 
graphically,  the  curve  is  rectified  into  a  straight  line  by  plotting 
log  e  vs.  log  T.  Thus,  expressed  in  log  form,  the  equation  for  the 
pyrometer  becomes, 

log  ^  =  log  a  4-6  log  T 

which  is  a  linear  relation  between  log  e  and  log  T,  the  slope  of  the 
straight  line  determining  the  constant  b.  It  is  at  once  seen  that 
in  the  process  of  rectification  points  which  should  possess  equal 
weight  on  the  e  vs.  T  plot  can  not  have  equal  weight  on  the  log  e 
vs.  log  T  plot.  It  is  possible  to  determine  the  reweight  factors  of 
the  points  on  the  log  plot,  but  in  general  sufficient  accuracy  is 
obtained  by  slightly  favoring  the  points  at  the  higher  tempera- 
tures, in  drawing  the  best  straight  Une  through  the  observations. 
It  would  also  be  possible  to  adjust  the  straight  line  on  the  log  plot 
by  least  squares  for  a  minimum  of  2S  log  e,  weighting  each  point 
differently  to  correct  for  the  rectification,  but  the  present  accu- 
racy of  a  radiation  pjrrometer  does  not  warrant  the  procedure. 

Having  drawn  the  best  straight  Une  on  the  log  plot,  a  plot  or 
table  of  e  vs.  t^  C  may  be  obtained  by  computation  of  the  expo- 
nential equation,  the  values  of  a  and  6  following  directly  from  the 
log  plot;  or,  more  conveniently,  by  reading  from  the  log  plot  the 
values  of  log  e  corresponding  to  various  values  of  log  T  with 
<(  =  T'  — 273),  varying  by,  say,  50®  intervals  over  the  temperature 
range  desired. 

With  the  present  equipment  of  the  bureau  a  calibration  may  be 
experimentally  determined  to  1500®  C.    For  the  caUbration  of  a 
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pyrometer  at  higher  temperatures  the  straight  line  of  the  log  plot 
is  linearly  extrapolated.  Since  the  equation  of  the  radiation  py- 
rometer, although  somewhat  modified  empirically,  is  still  funda- 
mentally based  upon  the  Stefan-Boltzmann  relation,  which  admits 
of  extrapolation  over  any  range,  inasmuch  as  it  defines  a  tem- 
perature scale,  it  is  not  likely  that  serious  errors  can  occur  in  the 
extrapolation  of  the  equation  of  the  radiation  pyrometer  over  a  few 
hundred  degrees  interval  above  1 500**  C.  This  statement,  however, 
may  be  questioned,  and  can  only  be  verified  experimentally. 

(a)  Effect  of  the  To  Term. — In  the  use  of  the  above  method  of 
plotting  the  observations  in  terms  of  log  e  and  log  T,  it  is  frequently 
noticed  that  the  curve  through  the  observed  points  departs  some- 
what from  the  linear  relation  at  the  smaller  values  of  T,  the  curve 
tending  to  curl  up  at  the  lower  end  when  log  e  represents  the 
abscissa  and  log  T  the  ordinate.  This  is  due  to  the  effect  of  the  To 
term  in  the  expression  €«a(7^  — T^o).  On  taking  the  logarithm 
of  this  expression  and  expanding  log  (T^^-Tt),  one  obtains: 


loge  =  loga  +  6 


'--°-r[(w-] 


^f—^^rj 


Then  log  e  -« log  a  +  6(log  T+p)  which  is  a  linear  relation  between 
log^and  (logT+/>).    ' 

Hence,  if  instead  of  plotting  log  T  vs.  log  e,  one  plots  (log  T+p)^ 
the  best  straight  line  may  then  be  drawn,  as  before,  through  the 
points  thus  obtained.  The  slope  of  this  line  is  b  and  the  value  of  a 
follows  from  computation.  Since  the  quantity  p  is  only  a  small 
correction  factor,  one  may  assume  the  value  of  6  in  the  correction 
term  to  be  equal  to  4,  so  that 


,._owr.y 


If  the  p3^ometer  is  so  constructed  that  To  does  not  vary  much  from 
room  temperature,  the  value  300°  may  be  used  for  To  so  that 
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In  such  a  case  the  correction  p  is  most  conveniently  determined 
from  a  plot  of  p  vs.  log  T,  as  illustrated  in  Fig.  i6,  curve  A. 
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Fig.  i6. — Correction  to  apply  to  log  T  in  plotting  vs.  log  4 


The  corrections  are  negative,  so  that  log  T  is  decreased  by  the 
value  p  in  plotting  each  observation.    After  the  best  straight  line 
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Fig.  17. — Method  of  plotting  data  obtained  in  calibration  of  radiation  pyrometer 

has  been  drawn  on  the  log  T  vs.  log  e  plot,  each  value  of  log  T 
having  been  decreased  by  the  correction  p,  a  new  curve  may  be 
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drawn  on  the  same  plot  by  adding  the  numerical  values  of  />,  for 
several  values  of  log  e,  to  the  values  of  log  T,  read  from  the  straight 
line.  The  new  curve  represents  the  actual  calibration  of  the  instru- 
ment and  is  in  general  sUghtly  concave  to  the  log  e  axis  at  lower 
values  of  log  T.  This  method  of  plotting  the  observations  is 
illustrated  in  Fig.  17.  The  actual  observations  are  represented  by 
circles.  The  points  are  first  replotted  by  correcting  each  value  of 
log  T  by  p,  and  the  best  straight  line  is  drawn.  Then  the  numeri- 
cal values  of  p  are  added  to  the  ordinates  of  the  straight  line  and 
a  new  curve  is  drawn  representing  the  final  calibration. 

(b)  Determination  of  the  Exponent  b, — ^The  value  of  this 
exponent  depends  upon  the  construction  of  the  individual  instru- 
ment. Any  defects  or  pecularities  in  the  p3^ometer  may  seriously 
alter  this  constant,  as  will  be  shown  later.  It  has  sometimes  been 
assimied  "  that  the  exponent  b  for  radiation  p3^ometers  has  a  value 
of  4  within  at  least  i  per  cent.  That  this  assumption  is  not  gen- 
erally justified  may  be  seen  from  the  following  table,  which  presents 
the  values  of  b  determined  in  the  calibration  of  several  radiation 
pyrometers  submitted  to  the  Btu-eau  for  test.  The  method  of 
calibration  employed  was  one  of  the  two  primary  methods  dis- 
cussed above. 


Sxponmt 

Type  and  nomber  (arUtnry 
reteTMice  niunben) 

Sxpoueut 

reference  nnmbera) 

3.85 

Ftey  100  wllbiOttt  dJaj^hngm 

3.82 

F6ry  113  wiUiout  die^hragm 

3  91 

F8ry  100  with  diaphnum 

3.85 

F6ry  113  with  dlaj^hngm 

4.14 

F8ryl01 

3.50 

4.12 

F8ryl02 

to 

F6ry  114 

4.10 

F8r7l03 

4.50 

3.96 

F8ryl04 

3.55 

Ftey  105a  without  dlaphfagm 

3.75 

F8t7l05 

3.69 

F6t7 105a  with  dlaphfagm 

3.80 

F«ryl06 

3.28 

F6ry  109a  without  dlaphngB 

3.90 

Fottor  fixed  toeas  107 

3.63 

F6f7 109a  with  dlaphfagm 

4.13 

F«r7l08 

3.82 

Foster  fixed  focus  116 

3.84 

FAry  109  without  diaphragm 

4.22 

3.99 

F617 109  with  diaphragm 

4.26 

4.17 

Fluortte  lent  F6iy  110 

4.32 

Thwliig  118  box  receiver 

3.78 

F6ry  HI  without  dlatfhiagm 

3.56 

Thwliig  119  tube  receiver 

3.90 

Ftey  HI  with  diaphmgm 

3.68 

Tbwliig  120  tube  reoeivef 

3.87 

FAryllZ 

u  Pdry  and  Drecq.  J.  de  Phys.,  1  (5),  pp.  551-9;  19x1.    Numerous  other  rdcrences  might  be  quoted  ia 
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(c)  Calibration  of  F6ry  Pyrometer  With  and  Without 
Diaphragm. — ^The  effect  of  the  sector  diaphragm  used  with  the 
V€ry  pyrometer  for  extending  its  temperature  range  should  reduce 
by  a  constant  factor  the  amount  of  energy  falling  upon  the  receiver. 
Thus,  if  the  calibration  were  represented  by  e^aV*  without  the 
diaphragm  and  by  Ke « aT^  with  the  diaphragm,  the  two  curves 
on  the  log  e  vs.  log  T  plot  would  be  parallel,  since  the  slope  (6)  of 
the  line  remains  unaltered.  In  general,  however,  one  finds  that 
the  two  best  cmves  are  not  exactly  parallel,  which  means  that  the 
constant  b  does  not  have  the  same  value  with  and  without  the 
diaphragm.  The  range  of  b  with  and  without  diaphragm  for  the 
same  instrument  is  noted  in  the  table  of  exponents  above.  That 
the  constant  6  may  be  slightly  different  in  the  two  cases  is  evi- 
dently quite  possible  when  one  considers  that  b  differs  from  the 
value  4  mainly  because  of  convection  and  conduction  losses  inside 
the  receiver.  These  losses  may  be  quite  different  for  a  given 
temperattu^  T,  when  the  energy  falls  directly  on  the  receiver  and 
when  it  is  reduced  possibly  lo  times  by  the  sector  diaphragm. 
It  is  quite  possible  also  that  the  heating,  however  slight,  of  the  sec- 
tored diaphragm  and  reradiation  from  it  is  in  part  responsible  for 
variations  in  the  value  of  b.  Thus,  in  general,  for  the  highest 
accuracy,  the  calibration  of  the  pyrometer  with  diaphragm  shotild 
be  made  just  as  though  one  were  using  an  entirely  different  instru- 
ment. (Cf ,  Fig.  1 7.)  This  is  especially  important  if  one  desires  to 
extrapolate  the  temperature  scale  above  the  points  obtained  in 
the  calibration. 

(d)  Effects  of  Errors. — Errors  of  calibration,  such  as  lag,  or 
time  required  to  reach  the  reading  of  equilibrium  condition,  the 
effect  of  distance  from  source,  and  the  size  of  source  sighted  upon, 
etc.,  will  be  treated  quantitatively  in  Section  VI. 

V.  METHODS  OF  USE 
1.  USE  WITH  GALVANOMETER  OR  WITH  POTEITTIOMETER 

In  the  ordinary  use  of  a  thermoelectric  radiation  pyrometer  a 
galvanometer  is  employed  for  the  measurement  of  emf,  but  for 
the  highest  accuracy  a  potentiometer  especially  adapted  to  the 
measurement  of  small  electromotive  forces  is  desirable.     Poten- 
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tiometers  are  now  available  for  the  measurement  of  emf 's  as  small 
as  0.000 1  millivolts,  and  are  so  designed  that  internal  thermal 
emf 's  are  reduced  to  a  minimum.  The  emf  and  battery  circuit  of 
the  potentiometer  should  be  provided  with  reversing  switches  for 
the  elimination  of  stray  thermal  emf 's  in  the  lead  wires  and  con- 
nections. Special  attention  should  be  given  to  the  design  of  the 
reversing  switches  in  order  that  they  may  not  be  a  source  for 
extraneous  thermal  emf's.  In  general,  the  same  precautions 
apply  for  the  use  of  a  potentiometer  with  a  radiation  pyrometer 
as  apply  for  its  use  in  exact  thermocouple  work.  It  is  often 
advisable  to  groxmd  the  pyrometer  case,  the  potentiometer,  gal- 
vanometer, and  accessories.** 

In  the  use  of  a  potentiometer  the  resistance  or  length  of  the 
lead  wires  from  the  pyrpmeter,  the  resistance  of  the  thermocouple, 
and  the  variation  with  temperature  in  the  resistance  of  the  pyrom- 
eter circuit  produce  no  eflFect  whatever  upon  the  emf  reading. 

These  sources  of  error  are,  however,  inherent  in  the  galvano- 
metric  method,  and  in  addition  there  are  the  sources  of  error 
intrinsic  to  the  galvanometer,  such  as  change  of  sensibility  with 
room,  temperature,  etc.  For  practical  purposes,  however,  gal- 
vanometers are  available  which  are  very  satisfactory.  Many 
p3n-ometer  galvanometers  have  a  resistance  of  over  100  ohms  and 
a  very  low  temperature  coefficient.  The  sensibility  is  sufficient 
for  ordinary  pyrometric  practice,  and  still  the  galvanometer  is 
portable  and  mechanically  robust. 

The  deflection  potentiometer  *^  appears  not  to  have  been  used 
for  radiopyrometric  measurements,  but  without  doubt  this  type 
of  instrument  would  prove  very  desirable  for  laboratory  work. 
The  deflection  potentiometer  combines  the  potentiometric  and 
galvanometric  methods,  the  first  figure  of  the  value  of  the  emf 
usually  being  given  by  a  dial  reading  and  the  other  figures  by  the 
galvanometer  scale.  The  instrument  is  compact,  portable,  and 
accurate,  and  can  be  operated  very  rapidly. 

(a)  Extrapolation  on  Galvanometer  Scale. — ^Frequently 
it  is  desired  to  calibrate  a  pyrometer  and  galvanometer  indicator 
for  a  high  temperature  range.    Thus,  the  F^ry  pyrometer  and 

>*  McMurement  d  High  Temperatura.  Burgeas  and  Le  Cfaateiier,  Chapter  IV,  jd  ed.,  X9xa»  Witejr.  N.  Y. 
^  Brooks*  Bureau  of  Standards  Scientific  Papers  Nos.  79  and  173. 
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galvanometer  may  be  designed  for  a  range  600®  to  1 300**  C  using 
the  pyrometer  without  the  sector  diaphragm,  and  a  range  of  1300° 
to  2000®  C  when  the  diaphragm  is  employed.  Three  scales  are, 
therefore,  engraved  by  the  makers  upon  the  galvanometer,  a  scale 
of  emf's  and  two  temperature  scales,  one,  say,  6oo°-i300°  C  and 
the  other  1 300^-2000®  C.  Suppose  that  the  highest  temperature 
at  which  an  observation  may  be  taken  during  the  calibration  is 
1400°  C.  The  low  range  scale,  using  the  p3n-ometer  without  the 
diaphragm,  could  thus  be  standardized,  since  the  interpolation  of 
the  temperature  scale  of  the  galvanometer  between  observed 
points  is  permissible,  especially  if  a  large  number  of  temperatures 
from  600°  to  1300°  C  are  used.  Interpolation  of  the  high  range 
scale  from  1300°  to  1400°  C  may  also  be  allowed,  but  direct  extrap- 
olation from  1400®  to  2000°  C  of  the  temperature  scale  engraved 
on  the  instrument  can  not  be  justified.  The  extrapolation,  how- 
ever, may  be  effected  in  the  following  manner:  The  temperature- 
emf  relation  is  obtained  for  the  pyrometer,  preferably  by  meas- 
urement on  a  potentiometer  of  the  emf  developed  by  the  instru- 
ment, on  open  circuit,  i.  e.,  without  the  galvanometer,  both  with 
and  without  the  diaphragm.  These  readings  may  be  taken  at 
the  same  temperatures  at  which  the  p3n-ometer  and  galvanometer 
are  tested,  the  galvanometer  being  temporarily  cut  out  of  the 
circuit  while  the  potentiometer  is  used. 

As  follows  from  the  discussion,  on  page  130,  the  graph  log  e  vs. 
log  T  may  be  linearly  extrapolated.  Thus,  from  observations 
made  with  the  diaphragm  opening,  in  the  range  500^  to  1400^  C, 
it  is  possible  to  obtain  values  of  e  for  the  temperatiues  1400°  to 
2000°  C  by  extrapolation  of  the  log  plot.  The  following  six 
steps  may  then  be  observed  in  the  extrapolation  of  the  galva- 
nometer scale : 

1 .  Plot  of  both  temperatttre  scales  of  the  galvanometer  vs.  the 
galvanometer  emf  scale. 

2.  Plot  of  emf  of  p3n-ometer  on  open  circuit  vs.  emf  by  galva- 
nometer on  closed  circuit,  using  all  observations,  both  with  and 
without  the  sector  diaphragm. 

3.  Extrapolation  of  log  T  vs.  log  e  plot  to  the  higher  tempera- 
tures. 
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4.  Reading  on  emf  scale  of  the  galvanometer  corresponding 
to  the  true  emf 's  at  the  higher  temperatures.  These  values  are 
obtained  from  (2) . 

5.  Reading  of  the  galvanometer  high  range  temperature  scale 
corresponding  to  the  values  on  the  galvanometer  emf  scale, 
obtained  from  (4) . 

6.  Plot  or  table  of  galvanometer  temperature  scale  1300°  to 
2000°  C  vs.  correct  temperattu-es. 

Other  methods  of  extrapolation  might  be  employed,  but  the 
one  described  above  has  proven  convenient  and  satisfactory,  espe- 
cially since,  in  general,  corrections  have  to  be  applied  to  both  the 
emf  scale  and  the  temperature  scales  of  the  galvanometer. 

2.  RECORDING  RADIATION  PYROMETERS 

All  the  types  of  radiation  pyrometer  herein  described  may  be 
made  self -registering  or  automatically  recording;  and  it  is  pos- 
sible to  obtain  on  a  single  sheet  the  distinctive,  permanent  records 
of  several  such  instruments."  For  many  technical  processes,  par- 
ticularly those  requiring  a  imiform  temperature  or  regulation 
within  narrow  temperature  limits,  and  those  involving  regular 
heating  or  cooling  over  definite  temperatures  or  time  intervals, 
the  use  of  recording  instruments  is  oftentimes  highly  desirable, 
as  it  is  also  in  many  cases  in  which  a  control  over  the  operators 
is  desired  as  well  as  of  the  operation.  The  recording  apparatus 
may  also  be  arranged  with  a  signal  or  alarm  adjusted  to  call 
attention  when  any  desired  temperature  is  reached  or  departed 
from. 

The  recording  instnunent  is  distinct  from  the  pyrometer  proper, 
and  in  general  consists  essentially  of  a  galvanometer  of  suitable 
sensibility  and  range  and  of  a  recording  mechanism  which  is  pref- 
erably operated  without  interference  with  the  galvanometer  sensi- 
bility. The  various  types  of  recorders  used  with  thermocouples 
are  available  for  this  piupose.  In  the  case  of  certain  radiation 
iQstruments  the  relatively  small  emf 's  developed  necessitate  slight 

^  I>e9Grq>tioii8  ol  tyx>cs  of  recording  instruments,  some  of  which  are  suitable  for  use  with  radiation 
pyrometers,  are  given  in  "  The  Measurement  of  High  Temperattxres/'  3d  ed.,  191a,  by  Burgess  and  I«e  Cha- 
telier;  Recording  Pyrometers  (Trans.  Faraday  Soc,  10,  p.  139,  S9Z4)>  by  C.  R.  Darling;  and  in  the  de- 
scxiptive  catalogues  of  several  instrument  makers. 
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modifications  in  the  recorder.  In  many  of  the  radiation  instru- 
ments, however,  the  emf  is  nearly  as  great  as  that  developed  by 
the  rare  metal  thermocouples,  so  that  very  little,  if  any,  alterations 
need  be  made  to  the  recorder.  Unless  photographic  registration 
is  used,  the  galvanometer  and  recording  mechanism  are  usually 
inclosed  in  the  same  containing  box,  which  should  be  dust  proof 
and  its  interior  readily  accessible.  Some  of  the  more  recently 
developed  recording  mechanisms  are  driven  by  an  electric  motor, 
and  the  stability,  range,  and  sensibility  in  some  cases  have  been 
greatly  improved  by  using  a  recording  potentiometer.  In  this 
latter  system  the  pen,  which  gives  a  continuous  record,  is  mechan- 
ically distinct  from  the  galvanometer  needle,  which  is  practically 
always  kept  at  zero  deflection.  Clockwork,  combined  with  an 
electromagnetic  or  mechanical  control  acting  directly  on  the 
deflecting  needle,  is  a  common  method  of  control  giving  a  discon- 
tinuous record. 

The  recorder  may  be  located  at  a  station  distant  from  the 
p3a'ometer  and,  if  the  two  are  suitably  designed  and  calibrated, 
may  be  operated  in  parallel  with  an  indicating  instrument,  which 
may  be  placed  near  the  pyrometer. 

3.  METHODS  OF  SIGHTING  ON  FURNACE 

Two  methods  of  sighting  a  variable  focus  pyrometer  such  as  the 
F^ry  may  be  employed.  The  instrument  may  either  be  focused 
on  the  front  opening*  of  the  furnace.  Fig.  18,  A^  01:  upon  some 
plane  in  the  interior  of  the  furnace,  B.  In  general,  method  B  is 
to  be  preferred  for  calibration  piuposes.  The  exact  realization  of 
black-body  conditions  for  method  A  would  require,  in  general, 
that  the  front  diaphragm,  a,  be  as  hot  as  the  fiunace  interior, 
which  condition  is  practically  impossible  of  being  fulfilled  even  in 
the  case  of  a  furnace  with  compensating  heating  coils.  Dia- 
phragms c,  d,  e,  and  /  may  be  located  as  shown  in  the  figure, 
these  being  properly  cut  to  fit  the  diverging  cone  of  rays  iag. 
The  inner  diaphragms  will  be  more  nearly  the  temperatiwe  of 
the  radiator  and,  hence,  will  assist  in  maintaining  black-body 
conditions.  The  radiator  ihg  is  best  constructed  of  some  material 
of  high  emissivity,  such  as  graphite.  In  the  technical  use  of  a 
pyrometer,  such  as  the  measurement  of  the  temperature  of  a  kiln, 
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the  inside  of  the  front  wall,  a,  is  frequently  as  hot  as  the  interior, 
and  the  opening  is  small  in  comparison  with  the  rest  of  the  heated 
indostu^,  so  that  in  such  a  case  method  A  of  focusing  is  quite 
satisfactory.  When  method  B  is  used  for  calibration,  the  dia- 
phragms c,  rf,  e,  and  /  are  cut  to  fit  the  converging  cone  of  rays 
from  the  pyrometer.  The  radiator  bgh,  located  in  the  center  of 
the  ftimace,  is  easily  maintained  at  a  uniform  temperature  over 
its  entire  surface,  ^d  since  the  opening,  b,  is  rather  small  in  com- 
parison with  the  area  of  surface  bgh,  black-body  conditions  are 
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Fio.  z8. — Meikods  of  sighting  pyrometer  on  a  furnace 

sufficiently  well  realized  even  when  the  radiator  is  constructed  of 
white  porcelain,  as  was  seen  from  the  discussion  in  Section  IV,  i. 

Method  C  should  be  employed  for  calibrating  a  fixed  focus 
pyrometer  such  as  the  Thwing  or  Foster.  The  diaphragms  c,  d,  e, 
and  /  are  cut  to  fit  the  diverging  cone  of  rays  from  the  instrument. 
The  radiator  should  be  constructed  of  a  material  having  a  high 
emissivity. 

Various  modifications  of  a  black-body  furnace  have  been  pro- 
posed. For  example,  the  diaphragm  a  of  method  A  might  be 
silvered  on  the  inside,  in  order  that  the  reflection  from  its  surface 
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may  compensate  for  the  small  amomit  of  radiation  it  contributes 
to  the  radiator. 

In  technical  practice,  diaphra^med  fmnaces  are  not  generally 
available,  and  the  methods  described  in  Section  VII,  2,  may  then 
be  employed. 

4.  USB  OF  A  RADIATION  PTROMETER  WITH  A  SOURCE  OF  INSUFFICIENT 

SIZE 

It  is  sometimes  necessary  to  use  a  radiation  pyrometer  at  such 
a  distance  from  a  small  source  that  the  aperture  of  the  instrument 
is  not  completely  filled.  Thus,  with  the  F6ry  pyrometer,  the 
image  of  the  source  formed  at  the  receiver  may  be  smaller  than 
the  limiting  diaphragm  immediately  before  the  couple.  The 
most  satisfactory  method  of  using  the  radiation  pyrometer  tmder 
such  conditions  is  to  construct  a  new  limiting  diaphragm  of  the 
proper  size  and  recalibrate  the  pyrometer,  sighting  upon  a  black 
body. 

Millochau"  has  suggested  another  method  which  may  be 
employed  if  high  acciu-acy  is  not  desired.  Assuming  the  4th 
power  law  to  hold  one  obtains 

(i)  KB,^T' 

where  -K"  is  a  constant,  d^  the  galvanometer  deflection,  and  T  the 
absolute  temperature  of  the  furnace.  The  following  empirical 
relation  is  assumed  to  hold  when  an  absorbing  screen  of  glass, 
gelatine,  or  mica  is  placed  between  the  source  and  the  pjrrometer: 

(2)  (jr,+ay,^T* 

where  c  and  a  are  constants,  and  S,  the  galvanometer  deflection. 
Whence,  from  (i)  and  (2) 

(3)  T^  =  K  ^  -1 — §""'  ^^  constants  c,  a,  and  k  being  known. 

Equation  (3),  although  derived  for  the  case  in  which  the  source 
is  large  enough  to  completely  fill  the  p5ax)meter,  is  just  as  appli- 
cable when  the  soiu'ce  is  of  insufficient  5ize.     Thus,  in  order  to 

1*  MiUochau  Campt.  rend.,  15i»  pp.  Z7X-X74;  19x4. 
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obtain  the  temperature  of  a  very  small  source,  one  obtains  a 
reading  h^  of  the  galvanometer  without  the  absorption  glass  before 
the  p3^ometer  and  a  reading  S,  with  the  absorption  glass,  whence, 
from  equation  (3),  the  correct  temperattu^  may  be  computed, 
smce  K  is  3,  constant  known  from  the  calibration  of  the  p3n-om- 
eter,  and  a  and  c  are  constants  depending  upon  the  partictdar 
absorbing  screen  employed. 

It  is  evident  that  equation  (2)  is  piu-ely  empirical  and  can  have 
little  physical  significance.  It  is,  therefore,  very  doubtful  if  this 
method  may  be  trusted  with  acctu-acy  over  a  large  temperature 
interval.  The  arbitrary  form  of  equation  (2)  is  apparent  from 
the  following  discussion: 

Let  J I  —energy  emitted  by  black  body  at  wave  length  X  to 

Pi  =  transmission  coefficient  of  the  absorbing  screen 

/i —energy  transmitted  by  screen  from  X  to  X  +  J  X 

/    —  total  energy  transmitted  by  screen  of  all  wave  lengths 

y^  -Ci  X-«(eA^-  i)-S  Planck's  law. 

Jx^Px  Jx' 

J    -J]   PaC,X-«(^^-i)-»dX 

(4)  galvanometer  deflection  ^S^af^BJ    PxC^X-^ie^  - 1) -»rfX 

with  screen  (S— const) 

According  to  equation  (2) : 

(c)  T*  7^ 

^"^^  i, X  const.  = =.  X  const. 

Thus,  the  integral  expressed  in  equation  (4)  must  have  the  form 
^^X  const.     This  puts  a  very  arbitrary  limitation  on  the 

transmission  coefficient  P^-/  (X).  Since  different  materials 
have  entirely  different  values  of  Pa — /  (X) ,  one  would  not  expect 
equation  (2)  to  hold  at  all  accurately.  Accordingly  this  method 
must  be  used  with  extreme  caution. 

Probably  a  more  satisfactory  method  to  be  employed  with 
small  sources  is  to  compute  the  actual  size  of  the  image  formed 
at  the  receiver  (see  p.  113)  and  correct  the  observed  deflection, 

6844*»— 15 10 


142 


Bulletin  of  the  Bureau  of  Standards 


[Vci.n 


making  use  of  the  assumption  that  the  galvanometer  deflection  is 
proportional  to  the  area  of  the  image  as  long  as  the  image  is 
smaller  than  the  limiting  diaphragm.  Thus,  if  the  area  of  the 
opening  to  the  receiver  of  the  F&y  pyrometer  were  i  mm',  and 
the  area  of  the  image  of  the  source  formed  by  the  gold  mirror 
were  0.5  mm*,  the  correct  temperature  would  be  given  by  the 
value  corresponding  to  a  deflection  twice  that  of  the  actually 
observed  deflection.  Errors  due  to  aberrations  of  the  gold  mirror 
will  affect  the  measurements  to  some  extent.  However,  the 
assumption  that  the  galvanometer  deflection  is  proportional  to 
the  area  of  the  image  as  long  as  the  image  is  smaller  than  the 
limiting  diaphragm  before  the  receiver  is  fairly  well  justified  by 
the  section  AB  of  the  curve  in  Fig.  25.  Here  the  relation,  diame- 
ter of  the  image  vs.  emf  is  parabolic,  and  hence,  if  (diameter  of 
image)*  were  plotted  against  emf,  the  relation  wotild  be  found 
linear. 

As  a  check  upon  this  method  of  using  a  F^ry  p3^ometer  the  fol- 
lowing rough  measurements  were  made:  The  area  of  image  re- 
quired by  the  pyrometer  was  1.77  mm*.  The  source  remained  at 
approximately  a  constant  temperature  1260°  C,  and  its  size  was 
altered  by  means  of  water-cooled  diaphragms. 
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The  above-computed  temperatures  have  a  wide  range,  but, 
without  doubt,  if  sufficient  care  were  taken,  the  accuracy  could 
be  increased,  possibly  to  ±  20°  C.  This  method  certainly  may  be 
recommended  in  preference  to  that  of  Millochau,  but  neither 
method  will  give  results  as  satisfactory  as  may  be  obtained  by 
replacing  the  limiting  diaphragm  with  one  of  smaller  opening  and 
then  recalibrating  the  instrument  by  sighting  upon  a  black  body. 
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VI.  DISCUSSION  OF  ERRORS 

The  sources  of  error  mentioned  in  Section  II,  page  107,  may  now 
be  considered  in  detail,  including  tiie  determinations  of  their  mag- 
nitudes and  methods  of  elimination  or  correction. 

The  question  of  nonblackness  of  source  and  of  receiver  has 
already  been  treated  in  Section  II,  page  99.  The  effects  of  the 
To  term  in  the  Stef an-Boltzmann  equation  and  of  the  modifications 
in  this  equation  on  the  calibration  are  given  in  Section  IV,  page  1 30. 
The  errors  of  the  electrical  meastuing  devices,  galvanometers,  and 
potentiometers,  do  not  need  to  be  emphasized  here.  We  shall 
limit  oiu-selves  to  a  study  of  the  errors  of  the  pyrometric  receiver. 

1.  LAG 

When  a  radiation  pyrometer  is  exposed  to  the  radiation  from  a 
source  at  a  constant  temperature,  the  pyrometer  does  not  imme- 
diately indicate  the  temperature  of  the  source,  but  exhibits  a  cer- 
tain time  lag  during  which  the  receiving  system  is  heating  up. 
Eventually,  the  receiver  emits  or  loses  by  conduction,  radiation, 
and  convection  as  much  heat  as  it  receives,  and  a  condition  of 
equilibritun  is  maintained  between  the  source  and  the  receiver. 
Theoretically,  this  condition  is  reached  only  after  an  infinite  time, 
but  it  is  possible  to  so  construct  a  pyrometer  that  for  all  practical 
ptUT)Oses  this  state  of  equilibrium  is  attained  within  a  few  seconds, 
although  few  pyrometers  show  such  good  behavior.  The  following 
examples  illustrate  the  lag  eflfect  in  various  amounts. 

The  behavior  of  F^ry  pyrometer  No.  108,  one  of  the  earlier  forms 
of  the  gold-mirror  thermoelectric  instruments,  is  illustrated  in 
Fig.  19,  cvrve  A.  The  pyrometer  was  sighted  into  a  black  body 
at  a  temperature  of  1335°  C.  At  least  10  minutes  were  required 
for  the  instrument  to  reach  this  maximum  temperatiu-e  indication. 
Thus,  if  the  reading  had  been  taken  after  an  exposiu-e  of  i  minute 
to  the  radiating  source,  the  observed  temperature  would  have  been 
1 300**  C,  or  in  error  by  35 °  C.  A  very  much  greater  error  would  be 
incurred  for  a  30  seconds*  expostu-e. 

F^  pyrometer  No.  109,  sighted  upon  a  furnace  at  a  tempera- 
ture of  about  1313°  C,  showed  a  maximum  reading  of  1313°  C  in 
20  seconds  (curve  B).    The  time  required  for  this  pyrometer  to 
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reach  its  maximtim  indication  is  satisfactory,  but  the  instrument 
shows  a  defect  which  is  quite  common  in  radiation  pyrometers, 
namely,  a  rapid  decrease  in  the  emf  immediately  following  the 
maximmn  emf.  Thus,  for  an  exposiu^e  of  20  minutes  the  tem- 
perature reading  has  dropped  from  131 3®  to  1305°  C.    As  seen 
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from  the  curve,  the  real  point  of  equilibritun  is  reached  after  20 
minutes*  exposure.  It  would  be  possible  to  calibrate  this  pyrome- 
ter so  that  the  correct  temperature  would  be  indicated  ^ter  20 
minutes'  sighting  upon  the  radiating  source.  With  this  paiticular 
instrument,  however,  it  is  better  to  make  the  calibration  for  gen- 
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eral  use  for  a  20  seconds'  exposure,  and,  if  necessary,  corrections 
may  be  applied  whenever  in  actual  use  longer  exposures  are 
required. 

In  the  case  of  pyrometer  No.  108,  the  temperature  reading  even 
after  40  minutes'  exposure  is  but  2^  less  than  the  maximum  read- 
ing at  10  minutes.  It  is,  therefore,  not  of  serious  importance 
whether  the  calibration  is  made  for  a  10,  20,  or  30  minute  exposure. 

Curve  C  illustrates  the  behavior  of  F6ry  pyrometer  No.  117. 
The  maximum  reading  is  obtained  in  about  30  seconds  and  is 
maintained  thereafter.  These  three  curves  are  typical  of  the 
action  of  all  the  pyrometers  examined. 

In  general,  the  Thwing  radiation  pyrometers  are  very  quick 
acting  because  of  the  simple  type  of  receiver  employed.  The 
F6y  pyrometers  are  compUcated  by  the  focusing  device.  These 
mirrors  which  are  very  essential  for  the  convenience  of  focusing 
and  operation  may  cause  a  great  amount  of  trouble,  as  will  be 
shown  clearly  on  page  1 54. 

(a)  Causes  op  Lag. — ^The  lag  of  the  reading  of  a  radiation 
pyrometer  may  be  decreased  by  reducing  the  heat  capacity  of  the 
receiver  to  a  minimtun.  The  thermocouple  wires  should  be  of  as 
small  a  diameter  as  is  consistent  with  satisfactory  mechanical 
strength,  and  the  receiving  disk,  when  used,  should  be  constructed 
of  very  thin  blackened  tin  or  silver  foil.  The  drop  in  emf  after 
the  maximum  reading  is  attained  should  be  practically  eliminated 
This  drop  is  usually  caused  by  heat  conduction  along  the  thermo- 
couple wires  from  the  hot  to  the  cold  junction,  and  by  reradiation 
or  convection  from  the  sides  of  the  receiving  box,  various  dia- 
phragms, focusing  mirrors,  etc.  The  eflfect  of  conduction  may 
be  reduced  by  locating  the  cold  jimction  as  far  as  possible  from 
the  hot  junction,  and  by  employing  wires  of  small  size.  The 
couple  should  not  be  encumbered  with  a  heavy  supporting  device 
The  cold  jtmction  in  general  must  be  very  well  screened  from  the 
direct  radiation  of  the  source.^*  Silvered  glass  focusing  mirrors 
used  in  some  of  the  F6y  pyrometers  do  not  form  a  satisfactory 
screen.  The  heavy  copper  mirrors  used  in  the  latter  type  of  the 
F6ry  instrument  serve  this  purpose  much  better.     The  high  heat 

I*  There  are  spedal  instances  where  the  type  of  construction  may  allow  exposure  of  the  cold  junctioa. 
TUt  ooastructioa  will  not  be  cocuidered  in  the  present  paper. 
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conductivity  of  copper  allows  the  heat  absorbed  by  the  diaphragm 
to  be  carried  away  to  the  outside  of  the  receiving  box  where  it  is 
dissipated  by  radiation  and  convection.  In  the  case  of  glass  dia- 
phragms, however,  the  heat  absorbed  is  not  carried  to  the  outside 
so  rapidly.  The  temperature  of  the  diaphragm  rises  and  the  con- 
vection cturents  and  radiation  losses  are  set  up  inside  the  receiving 
box,  which  may  affect  both  the  hot  and  cold  junctions  of  the 
thermocouple  in  a  variety  of  ways.  For  the  ideal  pyrometer  all 
diaphragms  shotdd  be  water-cooled,  but  the  use  of  fairly  heavy 
diaphragms  of  a  good  heat-conducting  material  such  as  copper, 
making  tight  contact  with  the  outside  case  of  the  instrument  or 
of  the  receiving  box,  yhU  greatly  reduce  the  effect  of  reradiation. 

All  diaphragms  should,  of 
course,  be  cut  Yriith  a  bevel 
edge  around  the  opening. 
Besides  the  effect  of  lag 
due  to  the  high  heat  ca- 
pacity of  the  receiving  sys- 
tem, the  mechanical  py- 
rometer such  as  the  F^ry 
spiral  is  subject  to  all  the 
errors  of  hysteresis  or 
elastic  lag  of  the  expan- 
sion  device — ^i.  e,,  the 
spiral  spring.  Some  of  these  errors  may  be  partially  eliminated 
by  setting  the  pointer  at  zero  immediately  before  each  tempera- 
tiu'e  reading.  If  the  zero  reading  is  not  frequently  adjusted,  very 
large  errors  may  occur.  Thus,  Fig.  20  illustrates  the  shift  of  the 
position  of  the  pointer  for  a  period  of  20  hours,  when  the  front 
opening  of  the  p3nrometer  was  closed  by  the  diaphragm  at  constant 
room  temperatiu'e.  While  a  20-hotu:  test  is  rather  severe  for  this 
instrument,  it  will  be  noted  that  the  shift  even  during  a  few 
moments  is  pronounced.  This  effect,  combined  with  the  elastic  lag 
of  the  spring  in  attaining  its  maximum  expansion  when  exposed  to 
the  radiating  source  and  the  thermal  lag  of  the  receiver,  makes  the 
instrument  somewhat  unsatisfactory  for  scientific  work,  although 
its  compact  and  convenient  form  offsets  in  a  measure  these  objec- 
tions, especially  for  technical  use. 


Fig.  20. — Hysterisis  exhibited  by  the  spring  of  the 

spiral  pyrometer 
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No  generalizations  can  be  drawn  as  to  the  magnitude  of  the  lag 
for  the  various  types  of  pyrometers.  Apparently  no  two  p3rrom- 
eters  of  the  same  t3rpe  are  constructed  exactly  alike.  If  a 
radiation  pyrometer  is  to  be  used  for  highly  accurate  work,  the 
effect  of  lag  should  be  thoroughly  examined,  so  that  the  calibra- 
tion and  all  readings  may  be  made  with  an  exposure  for  which 
the  change  of  lag  with  time  is  a  minimum.  Thus,  pjrrometer 
No.  108  may  be  best  calibrated  and  used  for  exposures  of  10  to 
30  minutes,  p3rrometer  No.  109  for  exposures  of  either  20  seconds 
(maximum  reading)  or  20  to  30  minutes,  and  pyrometer  No.  117 
for  exposures  of  30  seconds  to  30  minutes.  Under  certain  con- 
ditions of  use  the  pyro- 
meter might  be  calibrated 

for  a  definite   exposure     |  y^NAAA/*  f  Pot^wtidwct^f-t 

such  as  one  minute,  but, 
as  seen  from  Pig.  19,  any 
wide  variation  in  use  from 
the  one-minute  time  of 
exposure  would  give  rise 
to  a  large  error,  especially 
in  the  case  of  No.  108.  * 

.  .         Fig.  ai. — Method  of  measuring  resi^iance  0/ ihemuh 

It  IS  usually  more  satis-  ^„^^  ^j-  radiation  pyrometer 

factory  to  calibrate  and 

use  a  pyrometer  with  an  exposure  sufficient  to  give  a  maximum 
reading.  This  would  preclude  No.  108  for  the  meastu^ment  of 
rapidly  varying  temperatures. 

2.  RESISTANCE  OF  THERMOCOUPLES  USED  IN  RADIATION  PYROM- 
ETERS AND  VARUTION  IN  RESISTANCE  WITH  TEMPERATURE  OF 
THE  SOURCE 

If  the  radiation  pyrometer  is  to  be  used  with  a  galvanometer, 
it  is  desirable  that  both  the  resistance  of  the  thermocouple  and 
its  variation  in  resistance  with  the  temperature  of  the  source  be 
small.  These  conditions  are  well  satisfied  by  all  the  radiation 
pyrometers  examined.  Fig.  21  illustrates  the  method  employed 
for  determining  the  resistance  for  various  temperatures  of  the 
source.  The  emf,  e^,  developed  by  the  thermocouple  on  open  . 
circuit  when  the  pjrrometer  was  sighted  upon  the  furnace  at  any  ^ 
definite  temperature,  and  the  potential  drop,  e,  across  the  resist- 
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ance,  r,,  connected  to  the  couple  terminals,  were  measvired  by  a 
potentiometer. 

The  resistance  of  the  couple,  r^,  is  given  by  the  expression: 


•-'.(?-) 


The  resistance  of  the  couples  of  F6ry  mirror  pyrometer  No.  iii, 
Thwing  cone  pjrrometer  No.  120,  and  a  Brown  pyrometer  were 
found  to  be  about  0.8,  0.6,  and  0.2  ohms,  respectively,  with  varia- 
tions from  these  values  of  2  or  3  per  cent  for  a  range  in  tempera* 
ture  of  the  soiu'ce  of  500®  to  1200^  C.  Since  only  a  very  short 
length  of  the  couple  is  heated  by  the  source,  lai^e  variations  in 
resistance  would  not  be  expected.  The  small  changes  in  resist- 
ance of  the  couples  observed  will  produce  no  effect  upon  the 
reading  of  a  galvanometer  indicator,  even  if  the  resistance  of  the 
galvanometer  be  as  low  as  10  ohms. 

3.  EFFECT  OF  DIRT  AND  OXIDATION  UPON  THE  CONDENSING  DEVICE 

Whipple  has  observed  that  a  slight  film  of  oxide  on  the  surface 
of  the  concave  gold  mirror  of  the  F^ry  or  Foster  radiation  p3rrome- 
ters  does  not  seriously  alter  the  amount  of  radiation  reflected  (96 
per  cent)  ,*^  as  the  greater  part  of  the  energy  exists  in  the  form  of 
long  wave  lengths,  which  the  tarnished  mirrors  reflect  without 
difficulty.  This  statement  has  frequently  been  interpreted  to 
mean  that  in  spite  of  dirt  accumulation,  stains,  and  scratches 
the  gold  surface  remains  tmchanged  in  its  reflecting  power,  but 
obviously  such  constancy  is  not  the  case.  Pyrometers  subjected 
to  severe  use  in  steel  mills  and  other  industries  soon  become 
coated  with  dust  and  dirt. 

As  an  actual  example  of  the  errors  to  be  expected  from  this 
source,  the  following  table  is  given  for  a  F6ry  mirror  thermo- 
electric p3rrometer  No.  108.  The  instrument  which  was  submitted 
to  the  Bureau  for  test  was  calibrated  (i)  in  the  condition  received 
and  (2)  after  the  accumulation  of  dirt  had  been  removed  from 
the  mirror.  This  case  is  not  at  all  exceptional;  many  other  in- 
struments have  been  received  which  were  just  as  dirty. 

^  Whi|>ple,  Enginecrins,  90,  p.  143;  29x0.    (See  also  the  present  paper,  p.  103.) 


Bmgut 


] 


Radiatum  Pyrometers 


149 


Indicator 
rMidlnc 

Without  diaphxocm  (tom- 
poxature  X) 

Wlthdli 

Dirty 
minor 

Clean 

minor 

A 

Dirty 
mirror 

Clean 
minor 

A 

600 

700 

800 

900 

1000 

1100 

1200 

1300 

1400 

1500 

1600 

1700 

1800 

706 
813 
920 
1026 
1133 
1240 
1346 
1452 

600 

702 

804 

906 

1008 

1110 

1212 

1314 

106 
109 
116 
120 
125 
130 
134 
138 

1050 
1158 
1262 
1370 
1478 
1S90 
1700 
1815 
1930 
2051 

920 
1025 
1125 
1229 
1336 
1445 
1554 
1662 
1777 
1893 

130 
133 
137 
141 
142 
145 
146 
153 
153 
158 

The  diflFerences  in  calibration  with  clean  and  with  dirty  mirrors, 
columns  4  and  7,  vary  from  100®  to  160®  C  in  the  temperature 
range  600®  to  2000°  C.  Since  the  ordinary  calibration  of  the 
p3rrometer  is  made  for  clean  mirrors,  the  instrument  as  used  with 
dirty  mirrors  may  read  too  low  by  over  100®  C.  It  is  interesting 
to  note  that  the  exponent  6  in  the  emf  relation  e^aT^  was  ap- 
proximately the  same  in  the  two  calibrations,  the  main  change 
being  a  shift  of  the  straight  line  on  the  log  e  vs.  log  T  plot,  parallel 
to  itself.  The  approximate  constancy  of  b  would  be  expected, 
since  the  dirt  merely  alters  the  reflection  coefficient  of  the  mirror 
and  diminishes  the  energy  falling  upon  the  couple,  and  hence  the 
emf,  by  approximately  a  constant  factor.  Accordingly,  only  the 
constant  a  can  be  seriously  affected. 

The  importance  of  keeping  the  mirror  free  from  dirt  is  therefore 
evident.  When  necessary,  the  mirror  may  be  taken  from  the 
'  telescope  and  carefully  washed  with  water,  care  being  taken  not 
to  rub  the  surface  of  the  earlier-type  gilded  mirrors  on  glass,  as 
the  gold  is  easily  removed.  Carefully  polishing  the  mirror  with 
soft  rouge  will  frequently  prove  beneficial. 

The  statement  of  Whipple  above,  viz,  that  oxide  films  do  not 
alter  the  reflection  coefficient  of  the  gold,  is  open  to  question.  It 
would  be  interesting  to  measure  the  reflection  coefficient  of  a 
freshly  polished  gold  mirror  for  several  wave  lengths  in  the  visible 
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spectrum  and  infra-red,  and  to  determine  the  coeflBicients  of  the 
same  mirror  after  it  had  been  exposed  to  the  atmosphere  for 
different  lengths  of  time,  one  to  five  years. 

The  effect  of  dirt  upon  the  surface  of  the  aluminum  cone  of  the 
Thwing  pjrrometer  has  not  been  tested,  but  without  doubt  the 
calibration  would  be  altered  in  a  manner  quite  similar  to  that 
observed  in  the  case  of  the  F^ry  pyrometer. 

4.  EFFECT  OF  DISTANCE  AND  SIZE  OF  SOURCE 

• 

As  is  seen  on  page  95,  the  simple  geometrical  optics  of  a  radia- 
tion p3^ometer  indicates  that  the  readings  should  be  independent 
of  the  distance  from  the  pyrometer  to  the  radiating  source,  pro- 
vided the  uniform  source  were  of  sufficient  size  required  by  the 
constant  aperture  of  the  instrument.  Enlarging  the  size  of  the 
source  above  this  limiting  value  should  produce  no  effect.  Actu- 
ally this  ideal  condition  by  no  means  obtains,  and  herein  Ues  the 
most  serious  error  to  which  radiation  pyrometers  are  subject. 

The  causes  for  the  dependence  of  the  readings  of  a  radiation 
p3rrometer  upon  the  distance  from  the  instrument  to  the  radiating 
source  are  two  in  number,  (i)  atmospheric  absorption  and  (2) 
construction  of  the  p3nrometer.  The  errors  due  to  atmospheric 
absorption  are  small  m  comparison  with  those  occasioned  by  an 
unsatisfactory  construction  of  the  p3^ometer.  Quantitative  meas- 
urements have  not  been  made  in  the  present  work  upon  the 
absorption  of  the  atmosphere.  Dr.  P.  E.  Powle,  of  the  Smith- 
sonian Astrophysical  Observatory,  however,  is  at  present  making 
very  extended  measurements  upon  the  absorption  coefficient  of 
air  containing  water  vapor,  from  the  ultra-violet  to  about  20  a* 
in  the  infra-red,  and  when  these  results  are  completed  it  will  be 
possible  to  determine  just  what  variation  in  the  reading  of  the 
p3^ometer  will  occur  when  the  instrument  is  used  close  to  the 
source  and  at  several  meters  distance.  It  is  possible  that  atmos- 
pheric absorption  and  absorption  due  to  water  vapor  and  gases 
such  as  CO  and  COj  which  occur  in  the  vicinity  of  most  fiunaces 
may  account  for  discrepancies  of  i  or  more  per  cent  in  the  emf  or 
linear  scale  readings  of  a  radiation  pyrometer  close  to  a  source  and 
at  3  meters  distance.     The  effect  of  atmospheric  absorption  is  to 
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dimmish  the  reading  of  the  pyrometer  as  the  distance  to  the 
source  is  increased. 

Errors  arising  from  the  size  of  the  som-ce,  when  this  size  is  greater 
than  that  required  by  the  aperture  of  the  pyrometer,  may  be 
ascribed  to  the  construction  of  the  instrument.  The  various  types 
of  instrument  examined  will  be  discussed  separately. 

(a)  F]6ry  Mirror  Thbrmoei<Ectric  Pyrometer — Mechanical 
Construction, — Many  of  the  p3rrometers  of  this  type  are  not  of 
constant  apertiure.  Fig.  22  illustrates  a  typical  example  of  this 
mechanical  defect,  observed  for  p3nrometer  No.  109.  Referring  to 
Section  II,  page  98,  the  energy  /  falling  upon  the  receiver  at  A 
is  proportional  to  /  sin'ff.  In 
order  that  /  may  be  independ- 
ent of  the  focusing  distance, 
sin^S  must  be  constant.  As 
constructed,  the  entire  mirror 
is  effective  for  all  possible* 
focal  distances.  The  diame- 
ter of  the  mirror  is  6.8  cm 
and  its  focal  length  7.6  cm. 
Hence,  for  a  focusing  distance 
of  80  cm  (mirror  to  source) , 
sin^d  —  sin*^!  —  0.396,  and  for 

•lOO    cm,    sin*5«sin*5-*«0.4';2.  F'O.  22.— A  common  mechanical  defect  in  ike 

Thus  the  ener^  recdved  bv  ^^^'"^'^'*  ^  *^  ^^^y  Pyrometer.  The  in^ 
1  nus,tne  energy  receivea  oy    ^^^^^^^  i,  ^^^  ^j  constant  aperture  in  thii 

the  thermocouple  at  i4  is  9  per    illustration 

cent  greater  for  a  focusing  distance  of  300  cm  than  for  a  focusing 
distance  of  80  cm.  The  difference  in  emf  of  the  thermocouple  for 
these  two  distances  would  be  approximately  9  per  cent,  and  if  the 
pyrometer  were  calibrated  at  80  cm  distance  and  used  at  300  cm, 
the  temperatures  thus  measured  would  be  too  high  by  approxi- 
mately X  X  9  P^  c^^t  -=  2  per  cent  of  the  absolute  temperature, 
ic,  35®at  1500®  C. 

This  particular  pjrrometer  may  be  made  of  fixed  aperture  for 
any  focusing  distance  greater  thkn  80  cm,  by  locating  at  £  a 
diaphragm  having  a  9  mm  opening.  The  angle  of  aperture  is 
then  0|.    The  size  of  the  proper  diaphragm  opening  is  determined 
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so  that  the  cone  of  rays  diverging  from  A  and  passing  through  the 
limiting  diaphragm  B  will  always  completely  intersect  the  surface 
of  the  gold  mirror  at  the  shortest  focusing  distance  u  employed 
(i.  e.,  the  longest  distance  v). 

In  the  discussion  of  the  independence  of  focusing  distance  of  a 
constant  aperttu-e  pyrometer  (p.  98)  it  was  assumed  that  the  re- 
ceiver is  of  very  minute  size.  In  actual  practice  the  receiver,  or 
entrance  diaphragm  immediately  in  front  of  the  receiving  surface, 
is  about  1.5  mm  diameter.  An  area  of  this  size  can  not  be  con- 
sidered theoretically  as  a  point  receiver.  The  discussion,  there- 
fore, rigorously  applies  not  for  the  total  energy  falling  upon  the 
receiver,  but  for  the  intensity  of  the  energy  at  a  point  in  the  center 
of  the  receiver.  It  would  be  possible  similarly  to  compute  the 
intensity  at  a  number  of  points  within  the  1.5-mm  image,  but  for 
practical  pvuposes  such  a  procedure  is  unnecessary,  the  simple 
discussion  as  given  being  sufficient. 

Another  factor  altering  the  rigorousness  of  the  simple  geo- 
metrical relation  is  the  aberration  of  the  gold  mirror.  Besides 
showing  the  usual  amoimt  of  spherical  aberration  for  a  mirror  of 
this  size  and  focal  length,  the  mirror  of  every  p3nrometer  examined 
shows  all  sorts  of  local  aberrations,  so  that  the  image  is  fuzzy  and 
distorted.  This  is  especially  true  of  the  gilded  mirrors  on  glass, 
but  even  the  gold-plated  copper  mirrors  in  the  later  type  instru- 
ments show  this  imperfection.  It  is  impossible  to  say  what 
effect  these  distortions  have  upon  the  reading  of  the  pyrometer  for 
various  focusing  distances.  The  Taylor  Instrument  Companies 
are  experimenting  with  gold-plated  speculum  metal  mirrors,  and 
it  is  hoped  that  better  mirrors  may  be  obtained  as  a  result  of  their 
investigations. 

Still  another  factor  modifying  the  simple  geometrical  relations, 
as  discussed  on  page  98,  is  the  shading  effect  of  the  small  box  con- 
taining the  thermocouple  receiver  and  of  the  supports  (K,  Fig.  6). 
It  is  easy  to  compute  the  shading  effect  of  this  system  for  a  point 
of  the  source  on  the  axis  of  the  pjrrometer  and  to  determine  the 
variation  of  the  magnitude  of  this  shading  for  various  focusing 
distances,  but  to  determine  the  integral  effect  of  the  shading  upon 
the  amount  of  energy  falling  on  the  receiver  would  require  a  con- 
sideration of  the  shading  for  every  point  of  the  source  (image  of 
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the  receiver)  for  several  focusing  distances,  the  source  of  course 
being  of  a:  dtfferent  size  at  each  distance.  A  rough  drawing  will 
show  qualitatively  that  the  mean  intensity  of  the  total  image 
decreases  as  the  focusing  distances  decreases,  in  consequence  of  the 
shading  of  the  thermocouple  box  and  mounting.  Hence,  on 
account  of  this  shading  effect,  the  pyrometer  reading  will  increase 
with  increasing  focusing  distance. 

Conrvectian  Currents. — ^The  question  of  convection  currents  of 
hot  air  passing  directly  from  the  source  to  the  receiver  is  not  of 
serious  importance.  The  effect,  which  is  very  small,  usually  tends 
to  produce  readings  which  increase  with  decreasing  focusing  dis- 
tance. It  has  been  suggested  that  convection  currents  of  this 
nature  might  be  reduced  by  placing  a  mica  window  on  the  front 
of  the  pyrometer.  This  would,  however,  reduce  the  readings  of  the 
instnunent,  due  to  reflection  of  a  part  of  the  radiation  at  the  sur- 
faces of  the  window,  which,  of  course,  is  undesirable.  Also, 
selective  reflection  of  the  mica  window  might  seriously  modify  the 
relation  discussed  on  page  107.  Furthermore,  the  absorption  of 
energy  may  heat  the  mica  and  give  rise  to  new  convection  cur- 
rents within  the  pjn-ometer. 

As  the  pyrometer  is  brought  nearer  the  source  the  temperattu^ 
of  the  case  and  entire  telescope  increases  somewhat,  on,  account 
of  convection  from  the  source  and  absorption  of  the  radiation  by 
the  metal  case.  This  increase  of  temperature  may  either  increase 
or  decrease  the  pyrometer  reading,  depending  upon  whether  it 
affects  the  hot  or  cold  jtmction  of  the  thermocouple.  With  ordi- 
nary care  the  F6ry  pyrometer  will  not  become  hot  enough  to 
have  any  serious  error  from  this  cause. 

Stray  Reflection. — ^Errors  resulting  from  stray  reflection  may 
cause  considerable  trouble.  The  F6ry  pyrometer  is  blackened 
inside,  but  most  of  the  stray  reflection  occurs  at  nearly  grazing 
incidence,  and  under  such  a  condition  a  surface  blackened  even 
with  a  thick  deposit  of  soot  from  the  acetylene  flame  becomes  a 
fairly  good  reflector.  The  thermocouple  box  of  all  the  instru- 
ments examined  produced  a  rather  intense  caustic,  caused  by 
reflection  from  the  side  walls.  Stray  reflection  can  be  reduced  by 
cutting  a  sharp  screw  thread,  preferably  of  small  pitch,  upon  all 
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the  surfaces  likely  to  give  any  trouble.  The  thermocouple  box 
should  certainly  have  such  a  screw  thread  cut  on  the  inside,  and, 
undoubtedly,  it  would  be  worth  while  to  cut  the  threads  on  the 
inside  of  the  p3rrometer  case.  Stray  reflection  for  a  sotux^e  of 
given  size  generally  causes  the  pyrometer  readings  to  ixicrease 
with  decreasing  focusing  distance. 

Effect  of  Size  of  Image. — It  is  obvious  in  the  use  of  the  P^ry 
pyrometer  that  the  source  should  be  of  a  size  sufl&cient  for  its 
image  to  cover  the  thermocouple  receiver  or  the  limiting  dia- 
phragm immediately  in  front  of  the  receiver.  (See  p.  140  for  a 
discussion  of  the  use  of  the  F6ry  with  sources  which  are  too  small 
to  meet  this  condition.)  Usually  this  limiting  diaphragm  is  the 
hole  in  the  focusing  mirrors,  although  in  some  of  the  instruments 
the  limiting  diaphragm  is  placed  between  the  focusing  mirrors  and 
the  thermocouple.  As  long  as  this  opening  is  covered  by  the  image 
of  the  source,  it  has  usually  been  assumed  that  the  reading  of  the 
P3rrometer  is  independent  of  distance  or  size  of  source. 

In  general,  the  reading  of  the  F^ry  pjrrometer  decreases  with 
increasing  focusing  distance  and  with  decreasing  size  of  source, 
even  though  the  image  of  the  source  always  covers  the  receiver, 
although  some  instruments  show  this  effect  much  more  markedly 
than  others.  It  is  even  possible  to  obtain  a  positive  reading,  as 
shown  by  Dr.  Kanolt,  when  the  p3rrometer  is  sighted  on  a  hole  in 
a  heated  surface,  even  though  tie  image  of  the  hole  covers  the 
opening  to  the  thermocouple  receiver.  The  cause  for  this  effect 
is  best  determined  from  a  consideration  of  the  size  of  the  image  of 
the  source. 

Errors  which  are  stuprising  in  magnitude,  and  which  completely 
outclass  those  resulting  from  the  preceding  causes,  may  arise  in 
the  variation  of  the  size  of  the  image  produced  by  the  gold  mirror 
of  the  F^ry  pyrometer.  The  size  of  the  image  may  be  altered  by 
(i)  varying  the  focusing  distance,  the  size  of  the  source  remaining 
constant,  and  (2)  by  varying  the  size  of  the  source,  the  focusing 
distance  remaining  constant. 

In  order  to  satisfactorily  study  the  errors  restdting  from  varia- 
tions in  the  size  of  the  image,  it  was  necessary  to  devise  a  method 
whereby  both  the  size  of  the  source  and  the  focusing  distance 
could  be  conveniently  and  rapidly  changed. 
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A  large  nickel  strip  (see  p.  128)  was  employed  as  the  radiator, 
in  front  of  which,  at  a  distance  of  i  or  2  cm,  were  placed  dia- 
phragms of  various  openings.  A  nmnber  of  polished  brass 
diaphragms  were  first  tried,  but  on  account  of  the  reflection  of 
heat  from  the  brass  back  to  the  strip  the  temperature  of  the  strip 
was  found  to  change  seriously  with  openings  of  different  size,  as 
would  be  expected.  Blackening  the  diaphragms  reduces  this 
effect  of  heat  reflection,  but  the  diaphragms  then  become  so  hot 
that  they  act  as  secondary  sources  of  radiation.  It  was  therefore 
necessary  to  employ  water-cooled  and  thoroughly  blackened  dia- 
phragms. For  convenience  of  operating  a  series  of  diaphragms 
was  constructed,  as  shown  in  Fig.  23.  By  a  sliding  arrangement 
and  spring  catch  the  various  openings  may  be  quickly  shifted  and 


Fig.  23. — Water-cooled  diaphragms  for  producing  sources  of  various  sizes 

centered  in  front  of  the  strip.  The  water  cooling  maintains  the 
temperature  of  the  diaphragms  at  about  that  of  the  room,  so  that 
there  is  no  effect  of  radiation  from  them,  and  the  thoroughly 
blackened  surface  of  the  diaphragms  absorbs  practically  all  the 
heat  falling  upon  it,  so  that  the  radiation  loss  from  the  surface  of 
the  strip  behind  the  diaphragm  is  the  same  as  that  from  the 
exposed  surface  of  the  strip.  Consequently  there  is  no  variation 
in  either  the  apparent  or  true  temperature  of  the  strip  when  the 
size  of  the  diaphragm  opening  is  qhanged.  Except  for  very  close 
distances  from  the  p3rrometer  to  the  strip,  the  diaphragm  open- 
ings act  as  the  real  source  of  the  radiation.  In  this  manner  five 
sizes  of  the  radiating  source  were  obtained^  circular  areas  having 
diameters  of  1.95,  3.5,  5.6,  8.5,  and  12  cm. 
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The  p3rrometer  was  mounted  upon  a  carriage  which  rolled  on 
parallel  tracks  similar  to  an  ordinary  photometer  bench  (Pig.  24) . 
The  strip  and  water-cooled  diaphragms  were  properly  adjusted 
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Flo.  a  5 . — Emf  as  a  function  of  the  site  of  image  at  the  receiver.     Firy  mirror  pyrometer  loyi 

at  one  end  of  the  bench,  and  the  apparatus  aligned  so  that  the 
image  of  the  diaphragm  opening  employed  was  always  centered 
upon  the  pyrometer  receiver  for  all  focusing  distances  (usually  80 
to  300  cm). 
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The  relation  between  the  diameter  of  the  source  D,,  the  diameter 
of  the  image  Di,  and  the  focusing  distance  u  (measured  from  the 
source  to  the  concave  mirror)  is  given  by  the  equation 


Ds 
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where  /  is  the  focal  length  of  the  mirror,  usually  about  7.6  cm. 

Thus,  for  a  given  diameter  of  the  source  at  any  distance  u,  the 
diameter  of  the  image  may  be  computed.  Fig.  25  represents  the 
variation  in  emf  with  the  diameter  of  the  image  of  a  uniform  tem- 
peratm-e  source  for  Fdry  mirror  p3rrometer  105a.  The  limiting 
diaphragm  immediately  in  front  of  the  thermocouple  receiver  is 
the  focusing  mirror  system,  the  opening  in  these  mirrors  being 
0.15  cm.  A  o.6-cm  diaphragm  is  located  immediately  in  front  of 
the  focusing  mirrors,  and  the  inside  diameter  of  the  thermocouple 
box  is  I.I  cm.  The  focusing  mirrors  are  of  thin  glass  silvered  on 
the  back  surface.  In  the  present  case  the  diameter  of  the  image 
was  varied  from  0.05  to  0.9  cm  by  employing  sources  of  diameters 
2  to  II  cm  at  focal  distances  of  70  to  250  cm.  In  the  section  AB 
of  the  ciu^e  the  image  was  not  large  enough  to  cover  the  0.15 
opening  in  the  focusing  mirrors.  For  this  range  the  emf  is 
approximately  proportional  to  the  area  of  the  image  or  to  the 
(diameter)',  so  that  AB  is  a  parabola.  If  the  focusing  mirrors 
formed  a  perfect  diaphragm  completely  shutting  out  all  radiation 
except  that  passing  through  the  opening,  the  point  B  would  rep- 
resent a  maximum  reading  and  the  curve  would  continue  hori- 
zontally along  the  line  BC.  Actually  the  emf  increases  up  to 
the  point  E,  where  the  image  has  a  diameter  of  about  i ,  i  cm,  the 
inside  diameter  of  the  thermocouple  box,  although  for  all  points 
from  B  to  E  the  size  of  the  image  was  sufficient  to  cover  the 
receiver.  The  large  increase  along  BE  is  due  to  the  heating  of 
the  silvered  glass  focusing  mirrors,  and  the  amount  of  this  heating 
increases  with  the  size  of  the  image,  until  the  image  completely 
fills  the  inside  of  the  thermocouple  box.  This  heat  is  communi- 
cated to  the  thermocouple  by  radiation  and  by  convection  cur- 
rents set  up  within  the  receiver.  The  errors  in  measurement 
resulting  from  variations  in  size  of  image  are  readily  apparent. 
For  example,  suppose  the  instrument  were  calibrated  by  sighting 
6844«— 15 11 
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at  1 50  cm  distance  upon  a  black  body  having  an  opening  of  3  cm 
and  were  used  for  the  measurement  of  the  temperature  of  a  sotu-ce 
II  cm  in  diameter  at  a  distance  of  100  cm.  In  the  first  case  the 
image  diameter  is  about  0.15  cm  and  in  the  latter  0.9  cm,  corre- 
sponding on  the  curve  to  the  points  B  and  E,  respectively.  The 
etnf  at  E  is  227  per  cent  of  that  of  J?,  so  that  as  used  the  instru- 
ment would  indicate  emf's  in  error  by  127  per  cent  Suppose 
this  instrument  obeys  the  law  e — aT*,  then  by  differentiation 

he      ST 
7-47- 

which  states  that  the  fractional  error  in  the  absolute  temperature 
is  one-fourth  the  fractional  error  in  emf.  Hence,  an  error  of  127 
per  cent  in  emf  is  equivalent  to  an  error  of  32  per  cent  in  the 
absolute  temperature.  Thus,  for  a  source  of  11  cm  diameter, 
100  cm  distance,  and  at  a  temperatm-e  of  1500®  C,  this  pyrometer 
would  read  about  2070®  C,  or  a  temperatiu-e  too  high  by  570®  C. 

The  example  cited  is  an  extreme  case,  and  the  variation  of  emf 
with  diameter  of  the  image  was  greater  for  this  instrument  than 
for  any  other  examined.  Actually,  a  pjrrometer  would  not  be 
calibrated  with  the  minimum-sized  image  required  by  the  optics 
of  the  instrument.  It  is  rather  difficult  to  center  such  an  image, 
so  that  usually  the  image  is  made  large  enough  to  overlap  the 
opening  of  the  receiver.  Probably  an  image  diameter  of  approxi- 
mately 0.4  cm  is  more  often  employed  in  calibration,  and  in  general 
use,  a  variation  in  image  diameter  of  from  0.2  to  i.i  cm.  Thus 
calibrated,  this  pyrometer  would  indicate  emf 's  too  small  by  32 
per  cent  when  the  smaller  image  is  used  and  too  great  by  1 7  per 
cent  with  the  larger  image. 

Fig.  26  illustrates  the  variation  of  emf  with  image  diameter  for 
the  F^ry  pjrrometers  No.  iii  and  No.  117.  The  size  of  image 
was  varied  by  both  altering  the  size  of  the  source  and  of  the 
focusing  distance,  as  explained  by  the  key  inserted  on  the  plot. 
The  fact  that  the  points  obtained  by  either  method  coincide  equally 
well  with  the  curve  precludes  the  possibility  of  any  experimental 
errors,  such  as  temperature  gradient  across  the  nickel  strip  used  as 
a  source  or  the  change  in  temperature  of  the  strip  due  to  the 
use  of  various  sized  diaphragms.  It  also  indicates  that  the  error 
due  to  the  atmospheric  absorption  is  small,  at  least  in  comparison 
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with  errors  involved  in  the  heating  of  the  focusing  mirrors.  These 
curves  represent  the  behavior  of  the  two  best  acting  psrrometers 
examined,  but  it  is  apparent  that  their  behavior  is  far  from  being 
satisfactory.  Thus,  in  the  case  of  No.  iii,  the  emf  for  a  i.i-cm 
image  is  133  per  cent  of  that  obtained  with  an  image  of  0.15  cm, 
the  diameter  of  the  limiting  diaphragm  in  front  of  the  receiver, 
and  for  No.  117  this  relation  is  162  per  cent.  If  these  instruments 
were  calibrated  with  an  image  diameter  of  0.4  cm,  the  emf  devel- 
oped by  No.  Ill  would  be  too  great  by  2  per  cent  for  a  i.i-cm 
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Flo.  26. — Emf  as  a  function  of  the  sue  of  image  at  the  receiver.    FSry  mirror  pyrometers 

Nos.  Ill  and  iiy 

Of  100  cm  distance  (size  of  source  varied);  C  +  X,  8.5  cm  source  (distance  varied):  A .  aoo  cm  distance 
(sue  di  source  varied);  #,  la  cm  source  at  300  cm  distance;  Q,  source  diameter  varied  from  z.95  to  za  cm. 

image  and  too  small  by  1 1  per  cent  for  a  0.2-cm  image,  and  by  No. 
117,  too  great  by  2  per  cent  for  the  larger  image  and  too  small 
by  18  per  cent  for  the  smaller  image,  with  errors  of  one-fourth 
these  percentages  when  referred  to  absolute  temperatures. 

Pyrometer  No.  1 1 1  has  a  metal  diaphragm  located  between  the 
silvered  glass  focusing  mirrors  and  the  receiver,  while  in  No.  1 1 7 
this  diaphragm  is  absent,  but  the  focusing  mirrors  are  of  gold- 
plated  sheet  copper.  These  two  instruments  show  a  smaller  effect 
of  variation  in  size  of  image  than  does  pyrometer  No.  105,  for  the 


i6o 


Bidletin  of  the  Bureau  of  Standards 


[Vol.  7J 


reason  that  the  metal  diaphragm  in  No.  iii  and  the  copper 
mirrors  in  No.  117  are  good  heat  conductors,  in  contrast  with  the 
glass-mirror  diaphragm  of  No.  105,  and  allow  part  of  the  heat  to 
be  carried  to  the  walls  of  the  thermocouple  box,  where  it  is  dissi- 
pated by  radiation  and  convection  on  the  outside,  away  from  the 
thermocouple. 

Summary  of  Focusing  Errors  for  a  Firy  Pyrometer. — ^The  prin- 
cipal error  results  from  a  variation  in  the  size  of  the  image 
of  the  spurce  formed  by  *  the  large  condensing  mirror,  and  is 
due  to  the  heating  of  the  limiting  diaphragm  or  the  focusing 
mirrors  immediately  in  front  of  the  thermocouple  receiver.  The 
amotmt  of  this  heating  increases  with  increasing  size  of  image. 
On  accotmt  of  this  fact,  the  pyrometer  readings  for  a  source  of 
constant  size  decrease  with  increasing  focusing  distance;  and  for 
a  constant  focusing  distance  the  readings  increase  with  increasing 
size  of  source.  With  ordinary  use  of  the  p3rrometer,  errors  of 
this  type  may  amoimt  to  several  himdred  degrees  in  extreme  cases, 
and,  in  general,  to  50°  or  more,  unless  certain  specified  methods 
of  procedure  are  employed,  for  example,  the  use  of  an  image  of 
a  definite  size  for  every  measurement.  Other  errors  to  which  the 
pyrometer  is  subject  are  of  minor  importance. 

The  following  table  presents  a  summary  of  the  various  errors 
the  magnitudes  of  which  depend  upon  the  focusing  distance.  For 
the  best  construction  of  the  F^ry  mirror  pyrometer,  it  might  be 
advisable  to  purposely  make  the  instrument  one  of  variable  aper- 
ture in  order  that  the  error,  arising  thereby,  may  be  used  to  annul 
the  errors  caused  by  convection  currents  and  atmospheric  absorp- 
tion, etc. 

Effect  Upon  the  Pyrometer  Reading  of  Increasing  the  Focusing  Distance 
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(6)  F6ry  Fluorite  Lens  Pyrometer. — Fig.  27  illustrates  the 
effect  of  size  of  image  upon  the  readings  of  the  F^ry  lens  type 
pjrrometer.  The  readings  increase  with  increasing  diameter  of 
the  image  just  as  is  the  case  with  the  mirror  instrument.  The 
diameter  of  the  receiver  is  less  than  o.i  cm,  but  on  account  of  the 
radiation  and  convection  from  the  shield  and  limiting  diaphragm 
to  the  receiver  the  readings  continue  to  increase  even  with  an 
image  diameter  of  0.9  cm. 

It  is  interesting  to  note  that  F^ry  and  Drecq  "  employed  an 
instrument  of  this  type  for  the  measurement  of  the  temperature 
of  the  radiator  used  in  the  de- 
termination of  the  constant  a-  of 
the  Stef an-Boltzmaim  law.  The 
value  of  a  determined  by  F^ry 
and  Drecq  is  6.51  X 10"*^  watt 
cm"*  deg"^,  while  the  imweighted 
mean  of  all  determinations  by 
various  investigators  is  about 
5.75.  The  latest  determination 
of  this  constant  is  5.61  .^  If  the 
pyrometer  used  by  F€ry  had 
been  calibrated  with  a  large  im- 
age, as  was  qtiite  likely  the  case, 
and  used  with  a  small  image, 
the  temperature  meastired  would 
be  too  small,  and  hence  the  value 
of  a-  too  great. 
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Flo.  27. — Emf  as  a  function  of  the  size  of 
image  at  the  receiver.  Firy  fluorite  lens 
Pyrometer 


(c)  Foster  Fixed-Focus  Pyrometer. — ^This  pyrometer  is  so 
constructed  that,  as  far  as  the  geometry  of  the  instrument  is  con- 
cerned, the  front  diaphragm  opening  acts  as  the  radiating  source 
provided  the  actual  source  has  a  diameter  at  least  one-tenth  the 
distance  from  the  actual  source  to  the  wing  nut  of  the  pyrometer. 
Thus  if  the  source  were  enlarged  to  a  diameter  more  than  one- 
tenth  this  distance  the  readings  of  the  instrument  should  be 
imaffected.  Similarly,  for  any  definite  size  of  source,  the  readings 
should  remain  constant,  as  the  distance  from  the  wing  nut  to  the 
source  is  increased  up  to  the  point  where  this  distance  becomes 


"  P<ry  and  Drecq.  J.  de  Phya.,  1  (5)  pp.  ssx-*;  X9xx. 
"Coblcntx,  Phys.  Zf.,  1ft,  x>p.  763-764;  19x4. 
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ten  times  the  diameter  of  the  soiirce.  For  still  greater  distances 
the  front  diaphragm  is  not  sufficiently  covered  by  the  source,  so 
that  a  rapid  decrease  in  the  readings  will  occur.  Actually  the 
readings  of  this  p5rrometer  decrease  when  the  distance  from  the 
source  increases,  even  though  the  aperture  of  the  instrument  is 
always  completely  filled,  on  account  of  (i)  atmospheric  absorp- 
tion, (2)  radiation  from  the  side  walls  and  diaphragms  of  the 
front  part  of  the  pyrometer  case  to  the  thermocouple  receiver, 
and  (3)  stray  reflection  from  the  side  walls.  The  largest  error  is 
probably  due  to  stray  reflection  and  could  be  decreased  by  cut- 
ting a  screw  thread  inside  the  entire  length  of  the  receiving  tube. 
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Fig.  38. — Emf  as  a  function  of  the  sighting  distance.    Foster  pyrometer 

However  radiation  from  the  heated  side  walls  and  diaphragms  of 
the  front  part  of  the  pjrrometer  may  amount  to  a  considerable 
fraction  of  the  entire  radiation  received  by  the  couple,  even 
though  the  temperature  of  the  case  does  not  rise  above  100^  C. 
This  radiation  effect  may  be  reduced  by  water-cooling  the  py- 
rometer case  and  by  the  use  of  heavy  metal  plate  diaphragms 
(preferably  copper) ,  making  good  contact  with  the  walls  in  order 
that  the  heat  they  receive  may  be  readily  conducted  to  the 
outside. 
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Both  the  effects  of  reflection  and  radiation  from  the  side  walls 
depend  upon  the  size  of  the  source,  as  well  as  the  sighting  distance. 
Fig.  28  illustrates  the  decrease  in  reading  of  a  Foster  pyrometer 
with  increasing  sighting  distance  (measured  from  the  source  to 
the  front  of  the  pyrometer)  for  three  different  sources  having 
diameters  5.6,  8.5,  and  12  cm.  The  arrows  mark  the  point  at 
which  the  given-sized  source  is  insufficient  to  cover  the  front 
diaphragm  of  the  pyrometer.  It  is  only  with  the  readings  from 
zero  distance  up  to  this  point  that  one  is  here  concerned.  The 
readings  were  taken  rapidly,  just  as  in  actual  practice,  and  hence 
the  curves  do  not  show  the  variation  with  distance  as  prominently 
as  they  would  if  several  minutes  were  allowed  for  each  determina- 
tion. Also,  at  zero  distance  the  water-cooled  diaphragm  in  front 
of  the  nickel  strip  does  not  act  as  the  real  source,  although  this 
fact  was  not  considered  in  drawing  the  curves.  Thus,  using  the 
pyrometer  under  these  favorable  conditions,  a  12  per  cent  varia- 
tion in  emf  was  observed  over  a  range  in  distance  at  every  point 
of  which  the  aperture  of  the  instrument  was  filled. 

It  is  evident  that  the  most  satisfactory  sighting  distance  from  a 
source  of  definite  size,  both  for  calibration  and  use  of  this  pyrome- 
ter, is  that  distance  at  which  the  slope  of  the  curve,  distance  vs. 
emf,  is  a  minimum,  i.  e.,  where  the  variation  of  emf  with  distance 
is  small.  The  ratio  of  the  best  distance  to  the  diameter  of  the 
source  is  roughly  constant,  as  seen  from  the  following  table 
obtained  from  the  curves  of  Fig.  28: 


•  IMttB0tof 

MOfM 

Bett  dtetanee— 

BMtdtetence. 

diameter 
Murce 

Tolnmt 
dtaphnfm 

To  wing  nut 

cm 

5.6 

8.5 

12.0 

cm 
19-27 
28-44 
60-70 

cm 
44-52 
5»-69 
85-95 

7.9-9.3 
6.2-8.1 
7.1-7.9 

Thus,  for  the  best  results,  this  individual  pyrometer  should  be 
calibrated  and  used  at  a  distance  from  the  source  (measured  to  the 
wing  nut)  approximately  seven  to  eight  times  the  diameter  of  the 
source.  Distances  greater  than  ten  times  the  diameter  of  the 
source  are  barred  because  of  the  aperture  of  the  instrument,  and 
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distances  smaller  than  seven  to  eight  times  the  diameter  of  the 
som-ce  should  not  be  used  on  account  of  stray  reflection  and 
radiation  from  the  walls  of  the  p3rrometer  tube.  Even  after  impos- 
ing this  limitation  upon  the  use  of  this  pyrometer,  the  instrument 
for  the  highest  accuracy  should  not  be  used  with  sources  or  sighting 
distances  materially  different  from  those  used  diuing  the  calibra- 
tion, on  account  of  atmospheric  absorption  and  the  fact  that  the 
amount  of  stray  reflection  from  a  source  of  constant  angular 


100 


W  fiO  M 

distano*  frcm  aovea  to  tnni  4Sivhrae»  of  pfsvMtor 


100 


U0 


ISO 


Fio.  39. — Emf  as  a  function  of  the  sighting  distance,     Tkwing  Pyrometers 

dimensions  (measuring  from  the  wing  nut)  increase^  as  the  source 
is  brought  nearer  the  front  opening  of  the  pjnrometer. 

In  general,  therefore,  it  may  be  concluded  that  the  readings  of 
the  Foster  fixed-focus  p3rrometer  decrease  with  increasing  dis- 
tance from  the  source,  but  that  the  errors  to  which  this  instrument 
is  subject  are  very  much  smaller  than  those  observed  with  the 
F^ry  pyrometer,  as  constructed  at  present. 

(d)  Thwing  Pyrometbrs. — ^The  Thwing  p3nrometers  are,  in 
general,  subject  to  the  same  errors  affecting  the  Foster  p3nrometer. 
The  readings  decrease  with  increasing  sighting  distance,  as  illus- 
trated in  Fig.  29.  The  readings  here  plotted  were  obtained  with 
a  soturce  12  cm  in  diameter,  which  is  of  sufficient  size  to  fill  the 
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aperture  of  the  instruments  at  every  distance  represented.  Curve 
A  refers  to  a  tube  form  pyrometer  No.  119  in  exactly  the  con- 
dition received.  The  instrument  was  then  remodeled  by  com- 
pletely water-cooling  the  receiving  tube  and  the  front  diaphragm. 
In  order  to  illustrate  the  importance  of  thoroughly  blackening  the 
inside  of  the  pyrometer  tube,  the  black  paint  was  removed  from 
the  front  part  of  the  case,  and  in  this  condition  curve  B  was 
obtained,  representing  the  variation  of  emf  reading  with  sighting 
distance.  When  the  inside  of  the  water-cooled  tube  was  thor- 
oughly blackened  with  smoke  from  an  acetylene  flame,  curve  C  was 
obtained.  The  water-cooling  prevented  the  p3rrometer  from 
becoming  warm  even  when  i  or  2  cm  from  the  radiating  strip,  so 
that  curve  C  represents  exposures  for  any  length  of  time  whatever, 
and  hence  can  not  be  compared  with  curve  A  or  with  the  curves 
of  Fig.  28  obtained  with  the  Poster  p3rrometer  for  short  exposures. 
Since  water-cooling  maintains  a  uniform  temperature  of  the 
pyrometer  tube  for  all  sighting  distances,  the  variation  in  emf 
illustrated  by  curve  C  can  not  be  due  to  stray  radiation  from  the 
side  walls.  The  decrease  in  emf  must,  therefore,  be  caused  by 
atmospheric  absorption,  and  more  especially  by  stray  reflection. 
The  entire  interior  of  the  tube  of  the  Thwing  pyrometers  is  cut 
with  a  shallow  screw  thread ;  and  even  though  this  was  thoroughly 
blackened  with  soot  from  the  acetylene  flame  it  is  still  probable, 
from  a  consideration  of  curve  D,  that  a  greater  part  of  the  varia- 
tion with  distance  is  due  to  stray  reflection. 

Curve  D  represents  the  variation  of  emf  with  distance  for  a 
box-type  (Fig.  12)  pyrometer.  In  this  instrument  there  are  no 
side  walls  to  produce  stray  reflection,  and  hence  the  error  from 
this  source  is  practically  nil.  The  decrease  of  the  first  20  cm  is 
due  mainly  to  heating  and  reradiation  from  the  front  diaphragm, 
this  blackened  diaphragm  becoming  almost  red-hot  when  the 
source  is  close.  The  variation  in  emf  from  25  to  100  cm  is  less 
than  2  per  cent.  Apparently,  then,  if  the  front  diaphragm  of 
this  p3n-ometer  were  thoroughly  water-cooled,  the  readings  would 
be  practically  independent  of  distance^  except  in  so  far  as  any 
effect  of  atmospheric  absorption  obtains. 

(e)  Brown  Pyrometer. — Fig.  30  illustrates  the  variation  of 
emf  with  sighting  distance  for  a  Brown  pyrometer.     The  points 
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close  to  the  source  were  taken  as  qtiickly  as  possible  on  account  of 
the  rapid  heating  of  the  thin  wall  of  the  pyrometer  tube,  the 
heating  in  a  few  seconds  being  sufficient  to  cause  fuming  of  the 
inside-painted  surface.     Consequently  the  emf *s  observed  at  these 
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positions  are  all  too  small.  Even  under  this  condition  the  varia- 
tion in  emf  observed,  from  zero  distance  up  to  the  maximtun 
distance  allowable  by  the  aperture  of  the  instrument,  is  about  65 
per  cent  of  the  zero  reading.  Thus,  if  the  pyrometer  were  cali- 
brated on  a  i2-cm  source  at  1 15  cm  distance  and  used  at  distances 
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close  to  the  source,  the  instrument  would  indicate  emf 's  too  great 
by  over  50  per  cent,  i.  e.,  absolute  temperatiures  too  great  by 
over  1 2  per  cent. 

On  account  of  the  construction  of  this  pyrometer  with  no  real 
front  diaphragm  the  errors  due  to  stray  reflection  are  of  consider- 
able magnitude. 

5.  THE  TEMPERATURE  OF  THE  RECEIVER 

In  the  discussion  on  page  131  it  was  assumed  that  the  tempera- 
ture of  the  hot  junction  of  the  thermocouple,  T©,  did  not  vary 
much  from  that  of  the  room.  This  assumption  is  approximately 
true  in  the  case  of  some  pyrometers;  for  example,  the  Thwing, 
but  with  certain  F^ry  instruments,  T©,  may  rise  very  considerably. 

The  value  of  T©  for  any  value  of  T  may  be  computed  under 
certain  assmnptions.  Thus,  in  the  case  of  the  F^ry  mirror 
P3n:ometer,  let  the  concave  mirror  be  considered  a  perfect  reflector 
and  suppose  no  heat  is  lost  from  the  black  receiver  by  either  con- 
duction or  convection.  Let  the  source  sighted  upon  be  a  black 
body  of  temperature  T.  As  far  as  the  receiver  is  concerned  the 
mirror  itself  acts  as  the  sotu-ce,  subtending  a  solid  angle  at  the 
receiver  of  about  0.2  7:,  If  the  soturce  subtended  a  solid  angle  of 
4  ;r,  i.  e.,  a  spherical  shell  inclosing  the  receiver,  T©  would  equal  T. 
It  follows  then  from  the  Stefan-Boltzmaxm  law  that 

Hence, 

To  =0.47  T  approximately. 

Thus,  for  the  given  case  cited,  the  absolute  temperature  of  the 
receiver  would  be  about  half  that  of  the  radiator.  Actually,  T© 
never  attains  such  high  values  on  account  of  convection  and  con- 
duction losses. 

The  temperatture  of  the  cold  junction  of  the  thermocouple 
receiver  is,  in  general,  closely  that  of  the  room,  and  should  change 
very  little  for  different  values  of  T.  Hence,  if  the  temperature- 
emf  relation  of  the  thermocouple  is  known,  the  temperature  of  the 
hot  junction  or  receiver,  T©,  for  any  furnace  temperature,  T,  may 
be  determined  from  the  emf  developed. 

As  an  example  of  the  actual  variation  of  T©  with  the  tempera- 
ture of  the  f lunace,  the  following  table  is  given  for  F6y  p3rrometer 
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No.  109.  This  instrument  has  an  iron-constantan  couple  which 
develops  an  emf  of  about  0.054  millivolts  per  degree  difference 
in  temperature  between  its  hot  and  cold  junction.  The  tempera- 
ture of  the  cold  junction  is  considered  that  of  the  p5rrometer  case, 

30- 


"C. 


Tempera- 
ture of 
tanace 

Emf 

Tempera- 
ture of 
receiver 

To 

T 

•c 

BCnUveltt 

•c 

*abt. 

*abt. 

700 

1.004 

49 

322 

973 

800 

1.462 

57 

330 

1073 

900 

2.058 

68 

341 

1173 

1000 

2.811 

82 

355 

1273 

1100 

3.759 

100 

373 

1373 

1200 

4.925 

121 

394 

1473 

1300 

6.310 

147 

420 

1573 

1400 

8.026 

178 

451 

1673 

1500 

10.03 

216 

489 

1773 

Thus,  when  the  p3rrometer  is  sighted  upon  a  source  at  a  tem- 
perature 1500°  C  the  receiver  is  at  216®  C,  the  cold  jimction  of 
the  thermocouple  being  30°  C. 

The  temperature  of  the  receiver  of  a  Thwmg  pyrometer  does 
not  rise  to  this  high  value,  as  is  seen  from  the  following  table  for 
pyrometer  No.  120.  This  pyrometer  has  a  thermocouple  of 
special  composition,  the  temperature-emf  relation  of  which  was 
determined  at  the  Bureau,  and  found  to  be  very  nearly  linear, 
approximately  0.060  millivolts  per  degree  difference  in  tempera- 
ture of  the  hot  and  cold  junctions.  The  cold  junction  tempera- 
ture is  taken  as  30°  C. 


Tempera- 
ture of 
furnace 

Smf 

Tempera- 
ture of 
receiver 

To 

T 

•c 

MllUvolta 

•c 

*abt. 

*abt. 

700 

0.17 

33 

306 

973 

800 

.24 

34 

307 

1073 

900 

.34 

36 

309 

1173 

1000 

.45 

37 

310 

1273 

1100 

.60 

40 

313 

1373 

1200 

.78 

43 

316 

1473 

1300 

.99 

46 

319 

1573 

1400 

1.25 

50 

323 

1673 

1500 

1.54 

54 

327 

1773 
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The  preceding  two  examples  can  not  be  taken  to  represent  the 
receiver  temperatures  of  all  the  Thwing  and  F^ry  p3n'ometers. 
Many  instruments  of  apparently  the  same  construction  have  been 
fotmd  to  give  quite  different  values.  The  statement,  however,  is 
generally  made  that  the  receiver  of  the  F^ry  p3n'ometer  does  not 
rise  above  80°  C.  A  value  of  200°  C  would  be  nearer  the  receiver 
temperature,  when  the  pyrometer  is  sighted  on  a  sotuxre  at  1 500*^ 
C,  for  the  average  run  of  the  F^ry  instruments. 

It  is  quite  apparent  if  T©  increases  fast  enough  with  increasing 
T  in  the  expression  e = a  (T*  —  To*) ,  that  To*  may  have  nearly  as 
great  weight  at  high  values  of  T  (say  2000^  C)  as  at  low  values 
(700*^  C).  If  To  remains  nearly  constant  at  room  temperature, 
the  curve  drawn  through  the  observations,  plotted  log  e  as  ab- 
scissas and  log  T  as  ordinates,  is  a  straight  line  at  higher  values  of 
T  with  a  sUght  bending  away  from  the  Ime  at  lower  temperatures, 
the  values  lying  above  the  line  in  this  region.  For  such  an  instru- 
ment the  correction,  p  (see  p.  1 31) ,  decreases  with  increasing  values 
of  log  T.  Frequently,  however.  To  increases  so  fast  with  increas- 
ing T,  that  the  correction  p  is  approximately  constant,  and  the 
best  curve  through  the  observations  on  the  log  e  vs.  log  T  plot  is 
a  straight  line  from  600®  to  1500®  C.  Fig.  16,  curve  J5,  represents 
the  correction  p  for  F^ry  pyrometer  No.  109  discussed  in  this 
section.  Values  of  p  are  just  beginning  to  increase  at  the  higher 
temperatures.  From  log  T«3.io  to  3.24  (i.  e.,  t^  C*=iooo  to 
1 500) ,  p  is  nearly  constant. 

The  errors  in  a  calibration  of  a  pyrometer  as  a  result  of  neglect- 
ing the  To  term  entirely  are  small,  only  a  few  degrees  at  the  most 
in  the  range  500°  to  1500*^  C.  The  question  has  been  considered 
here  mainly  because  of  the  general  impression  that  the  effect  of 
the  To  term  must  necessarily  rapidly  decrease  with  increasing  T. 
Actually,  in  some  cases  the  To  term  is  just  about  as  important 
at  ^  =  1 500^  C  as  at  <  -  700*^  C. 

Vn.  APPLICATIONS 
1.  DETERMINATION  OF  TOTAL  ElOSSIVTrT  OF  NONBLACK  MATERIALS 

The  total  emissivity,  E,  of  a  nonblack  material  is  defined  as  the 
ratio  of  the  total  energy  (/') ,  emitted  by  the  material  at  a  given 
temperature  to  that  (/)  emitted  by  a  black  body  at  the  same 
temperature.    The  apparent  absolute  temperature,  S,  of  the  non- 
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black  radiator  at  a  true  absolute  temperature,  T,  has  a  value  such 
that  the  total  energy  emission  is  equivalent  to  that  of  a  black  body 
at  an  absolute  temperature  5.  Hence,  from  the  Stefan-Boltzmann 
relation,  one  obtains  the  following,  a  being  an  empirical  constant: 


(i) 


total  emissivity 


If  the  energies  /  and  /'  are  measured  indirectly  by  the  emf  (e) 
developed  in  a  thermoelectric  circuit,  as  in  the  case  of  the  thermo- 
electric radiation  pyrometer,  the  following  equations  are  con- 
venient to  use: 

e^a{T^-To^) 

e'  =  a(S*-ro^) 


(2) 


£  = 


total  emissivity 


In  general,  since  the  To  term  is  small,  and  since  it  occurs  alike  in 
numerator  and  denominator,  the  equations  (i)  and  (2)  may  be 
written  as  follows : 


(i)' 


(2)' 


-(f)' 


The  small  error  in  £,  caused  by  neglecting  the  To  term  (equation  i) , 
is  illustrated  by  the  following  table.  The  value  of  T©  is  assumed 
constant  at  300^  abs. 


Apparent 
temperature 

SVT4 

Correctloii  to 
subtract 

from» 

•c 

r    o.9oro.i 

0.0020 

500 

.7er  .3 

.0045 

.5 

.0056 

[       .9  or  .1 

.0008 

800 

.7or  .3 

.0010 

.5 

.0015 

>1100 

.05  to  1.0 

<.0005 
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The  above  derivation  is  on  the  assumption  that  the  p3n:ometer 
employed  may  be  properly  considered  as  a  black  or  gray  receiver. 
(See  p.  99.)  This  assumption  is  usually  justifiable  over  a  moder- 
ate range  of  temperature. 

2.  THE  DETERMINATION  OF  TEMPERATURES 

As  follows  from  equation  (i)'  above,  the  relation  between  the 
observed  absolute  temperatm^  S,  measured  by  the  radiation 
pyrometer,  and  the  true  absolute  temperature  T,  of  the  material 
sighted  upon,  is: 

S^^'T,  or  expressed  in  terms  of  the  centigrade  scale: 

j°C-^-(^°C  +  273)-273 

where  E  is  the  emissivity  or  characteristic  constant  of  the  material. 
For  substances  in  the  open  E  is  always  less  than  i ,  but  frequently, 
in  the  case  of  the  measturement  of  the  temperatm-e  of  furnaces, 
E  becomes  sufficiently  near  imity  that  s  equals  t  for  all  practical 
purposes — ^that  is,  the  temperature  measured  by  the  pyrometer  is 
the  correct  temperature  of  the  fimiace,  since  the  fiunace  is  emit- 
ting black-body  radiation.  Thus,  if  the  pyrometer  is  sighted 
upon  a  small  hole  in  the  side  of  a  kiln,  the  walls  of  which  are  at  a 
tmiform  temperatiu-e,  correct  temperature  values  will  be  indicated 
by  the  pyrometer. 

It  is  frequently  desired  to  measure  the  temperature  of  a  certain 
part  of  the  fiunace  which  is  not  uniformly  heated  or  to  obtain 
the  temperatiu-e  of  the  interior  of  a  furnace  when  there  are  present, 
around  the  walls,  dense  clouds  of  cooler  smoke,  gases,  or  fumes. 
This  may  be  done  by  sighting  the  pyrometer  into  a  long  porcelain 
or  metal  tube  hennspherically  closed  at  one  end,  the  closed  end 
being  inserted  in  the  furnace  at  the  required  position,  as  illus- 
trated in  Fig.  31. 

If  a  considerably  greater  area  of  the  tube  than  that  radiating 
to  the  pyrometer  receiver  is  uniformly  heated,  the  temperatures 
measured  will  be  approximately  correct,  since  black-body  con- 
ditions are  then  approximately  obtained.  In  general,  the  tube 
must  have  a  rather  large  diameter,  larger  than  that  of  the  pyrom- 
eter. This  is  quite  evident  in  the  use  of  a  fixed  focus  pyrometer 
such  as  the  Thwing,  Foster,  or  Brown.    The  cone  of  rays  falling 
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upon  the  receiver  is  diverging  toward  the  source,  measuring  from 
a  point  within  the  pyrometer.  Hence,  if  the  tube  were  of  the 
same  diameter  as  the  front  opening  of  these  p3rrometers,  the 
greater  part  of  the  area  of  the  tube  capable  of  radiating  to  the 
pyrometer  receiver  would  be  that  included  in  the  front  part  of  the 
tube  (i.  e.,  the  cold  portion  located  in  the  wall  of  the  kiln,  Pig.  31). 

Hence,  the  temperature 
measured  would  be  by 
no  means  that  of  the  end 
of  the  tube  A.  The 
tube  must,  therefore,  be 
large  enough  in  diame- 
ter, so  that  the  cone  of 
rays  drawn  from  the 
pyrometer  will  intersect 
its  walls  at  a  position 
where  the  temperature 
distribution  from  this 
point,  at  least,  to  the 
end  A  of  the  tube  is 
viniform.  If  a  long  tube 
is  required,  it  frequently 
happens  that  the  diame- 
ter necessary  to  fulfill 
this  condition  is  so  great 
that  the  method  be- 
comes imsatisf  actory . 
Moreover,  in  the  use  of 
large  tubes,  especially  if 
the  tube  is  of  metal,  the 

Flo.  31. — Method  of  sighting  a  Pyrometer  into  a  closed  heat    conduction     away 
tube  inserted  in  the  walls  of  a  furnace  ^^^^  ^^  p^^^  ^f  ^^  f^_ 

nace  of  which  the  temperattire  is  desired  becomes  so  high  that 
correct  temperature  values  can  not  be  obtained.  There  appears 
to  be  no  satisfactory  method  of  readily  meeting  this  difficulty, 
although  reducing  the  aperture  of  the  pyrometer  will  help,  at  a 
sacrifice,  of  course,  of  sensibility. 

It  is  not  always  necessary  to  have  the  tube  of  at  least  the 
diameter  of  the  pyrometer  in  the  case  of  focusing  instruments  such 
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as  the  P^,  if  the  p3at>meter  is  located  some  distance  from  the 
opening  of  the  tube.  If  the  tube  is  of  smaller  diameter  than  that 
of  the  mirror  of  the  F€ry,  care  must  be  taken  that  the  cone  of 
rays  represented  by  lines  drawn  from  the  edges  of  the  mirror  to 
the  limits  of  the  required  area  of  the  source  (of  which  the  receiver 
is  the  image,  i.  e.,  the  source  of  sufficient  size  to  cover  the  hole  in 
the  focusing  mirrors)  lies  wholly  within  the  tube  and  does  not  cut 
the  front  end.  Thus,  if  the  p3n-ometer  were  sighted  at  such  a 
distance  that  a  soiu"ce,  say,  2  cm  in  diameter,  were  required, 
lines  drawn  from  the  top,  bottom,  and  sides  of  this  soturce  to  the 
corresponding  points  of  the  mirror  must  not  cut  the  stuface  of 
the  front  part  of  the  tube.  The  pyrometer,  however,  may  be 
located  at  too  great  a  distance  from  the  front  of  the  tube,  thus 
reqtdring  such  a  large  source  that  lines  drawn  in  the  above  manner 
will  still  intersect  the  tube.  In  this  case  the  pyrometer  must  be 
focused  at  a  closer  distance,  and  if  the  cone  still  intersects  the 
tube,  the  tube  must  be  enlarged.  Of  course,  it  is  not  absolutely 
essential  that  these  correct  geometrical  relations  be  realized,  if  a 
permanent  installation  is  made  and  merely  temperatture  control 
desired.  In  order  to  obtain  true  temperatures,  however,  with  an 
incorrectly  mounted  system,  the  p3n-ometer  would  have  to  be  cali- 
brated in  the  exact  position  in  which  it  is  used,  since  in  the  above 
cases  where  the  cone  of  rays  intersects  the  tube,  some  part  of  the 
tube  acts  as  a  limiting  diaphragm  or  entrance  pupil  and  really 
becomes  an  essential  unit  of  the  system. 

Whipple  has  slightly  modified  the  F6y  p)rrometer  by  perma- 
nently mounting  on  the  instrument  a  fire-clay,  metallic,  or  graphite 
tube  closed  at  one  end,  the  p3rrometer  being  focused  on  the  bottom 
of  the  tube.  This  instrument  has  been  employed  for  the  purpose, 
among  others,  of  measuring  the  temperature  of  molten  metals, 
the  tube  being  plunged  directly  into  the  metal. 

When  the  radiation  pyrometer  is  sighted  directly  upon  objects 
in  the  open,  it  will  read  too  low  by  amounts  depending  upon  the 
emissivity  of  the  material  in  question.  This  is  especially  true  in 
the  case  of  sighting  upon  molten  metals  which,  when  issuing  from 
the  furnace,  generally  present  a  clear  surface,  comparatively  free 
from  oxide.  A  slight  film  of  oxide,,  in  general,  greatly  increases 
the  emissivity  of  the  substance,  and  the  pyrometer  then  reads  more 
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nearly  correct.     Thus,  the  corrections  necessary  to  apply  to  the 
observed  readmgs  to  convert  them  to  true  temperatures  are  usually 
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FlG.  3a. — True  temperatures  vs.  temperatures  observed  with  radiation  pyrometer  sighted 

upon-  materials  in  the  open 

small  in  the  case  of  solid  iron  or  nickel  at  high  temperatures  in 
air,  since  the  surface  upon  exposure  to  air  almost  immediately 
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becomes  heavily  oxidized.  If  a  molten  surface  is  exposed  for  a 
few  seconds  to  the  air,  it  also  becomes  coated  with  an  oxide  slag, 
havmg  a  higher  emissivity  than  the  pure  metal.  The  great 
increase  in  emissivity  of  a  surface  after  oxidation  has  taken  place 
is  a  phenomenon  well  known  to  the  workmen  in  a  foundry,  who 
find  that  they  can  approach  quite  close  to  the  stream  of  metal 
when  poured  from  the  furnace,  but  that  as  soon  as  the  metal 
strikes  the  molds  and  comes  in  contact  with  the  air,  although  it  is 
necessarily  cooler  at  this  stage,  the  heat  radiated  becomes  so 
intense  that  one  can  not  longer  stand  near  the  metal." 

The  experimental  investigation  of  the  total  radiation  of  non- 
black  nmterials  or  metals  in  the  open,  at  high  temperatures,  has 
been  confined  to  an  extremely  small  number  of  materials.  The 
following  table  shows  the  true  temperatures  corresponding  to 
apparent  temperatures  measured  by  a  radiation  pyrometer  when 
sighted  upon  molten  copper,  copper  oxide,  iron  oxide,  nickel  oxide, 
and  platinum.  Determinations  for  other  metals  and  oxides  are 
in  progress.     This  table  is  represented  graphically  in  Fig.  32. 
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M  Obsco  have  been  noted  for  same  of  the  rwer  metals  where  the  oxide  possessed  the  smaller  emissiTlty. 
However,  this  condition  is  very  exceptional  and  is  never  met  in  practice. 
**Thwing,  Phys.  Rev.,  26.  pp.  190-193 ;  1908. 
**  BursesB.  Bm-ean  of  Standards  Scientific  Paper  No.  laz. 
^  Burgess  and  Poote,  Bureau  of  Standards  Scientific  Paper  No.  249. 
**  Burgess  and  Pq^te,  Bureau  of  Standards  Scientific  Paper  No.  as4. 
**  Poote.  Bureau  of  Standards  Scientific  Paper  Na  243. 
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Vra.  CONCLUSION 

In  the  foregoing  pages  there  have  been  given  an  account  of  the 
principles  which  form  the  basis  for  the  operation  of  total  radiation 
p3a'ometers,  descriptions  in  some  detail  of  representative  types  of 
this  instrument,  together  with  the  results  of  an  experimental  study 
of  their  calibration  and  behavior  under  various  conditions  of  use, 
and  as  modified  by  changing  the  several  factors  which  may  influ- 
ence the  readings  of  such  pyrometers.  A  considerable  portion  of 
the  text  is  devoted  to  the  examination  of  the  sources  of  error  and 
their  elimination  or  correction. 

In  all,  there  were  carefully  examined  some  20  instruments, 
including  all  the  ordinary  types  commonly  met  with  in  practice, 
such  as  the  F^ry,  Foster,  Thwing,  and  Brown  pyrometers. 

Although  this  investigation,  which  is  largely  concerned  with 
instrumental  details,  does  not  readily  lend  itself  to  a  brief  sum- 
mary, yet  the  following  conclusions  of  a  general  nature  may  be 
mentioned : 

The  Stefan-Boltzmann  law  £— a  (T^—Tq^)  is  not,  in  general, 
except  by  accident,  obeyed  in  its  exactness  by  any  of  the  pyrom- 
eters examined.  The  similar  equation  E^aT^ .  T^*,  in  which  6 
is  slightly  different  from  4  (usually  neglecting  the  T^  term)  is, 
however,  obeyed  with  sufficient  exactness  by  all  total-radiation 
P3n-ometers. 

The  main  factors  influencing  the  value  of  the  exponent  b  are 
the  geometry  and  mechanical  construction  of  the  instrument;  the 
value  of  6  for  20  thermoelectric  p3a'ometers  ranged  from  about 
3.5  to  4.5.  The  same  instrument  of  the  F&y  type  may  have  a 
different  exponent,  according  to  its  use  with  or  without  the  sec- 
tored diaphragm  for  increasing  the  temperatiupe  range. 

In  general,  a  radiation  pyrometer  behaves  not  as  a  **  black  "  or 
total  receiver  of  energy  but  as  a  **  gray  "  receiver  for  the  ordinary 
range  of  temperatiures.  For  the  F&y  pyrometer  with  a  gold 
mirror,  for  example,  the  effect  of  selective  reflectioi^of  the  gold 
mirror  does  not  become  practically  appreciable  until  above  2500^ 
C  but  may  cause  an  error  of  500®  C  at  the  temperature  of  the 
stm. 
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The  atixiliary  apparatus,  galvanometer,  or  potentiometer,  and 
recording  devices,  can  be  constructed  so  that  their  errors  will  be 
practically  negligible.  For  the  work  of  the  highest  accuracy  the 
potentiometric  method  of  measurement  is  to  be  preferred  with 
thermoelectric  radiation  pyrometers. 

The  principal  errors  to  which  the  several  types  of  radiation 
pyrometers  are  subject  are  shown  to  lie  in  the  design  and  mechan- 
ical construction  of  these  instruments ;  and  certain  of  these  inher- 
ent errors,  such  as  lag  or  slowness  in  reaching  an  equilibrium 
reading,  require  for  satisfactory  results  that  the  pyrometer  be 
calibrated  and  used  under  similar  conditions  of  time  of  exposure, 
distance  from,  and  aperture  of  soturce.  Wide  variations  in  the 
lag  effect  exist  among  apparently  similar  instruments,  ranging 
from  a  few  seconds  to  an  hour  or  more.  These  and  other  errors 
of  appreciable  magnitude,  such  as  stray  reflection,  convection  ctur- 
rents,  intervening  atmosphere,  size  of  source,  tarnishing  of  receiv- 
ing mirror,  etc.,  are  discussed  at  length  in  the  text. 

It  is  shown  that  errors  greater  than  100^  C  may  readily  be  caused 
by  dirt  on  or  oxidation  of  mirror. 

The  magnitude  of  errors  due  to  varying  the  focusing  distance 
may  amotmt  to  several  hundred  degrees,  if  suitable  precautions 
are  not  taken. 

A  convenient  method  for  the  rapid  comparison  of  different 
tjrpes  of  pyrometer,  and  for  determining  the  effects  of  size  of  aper- 
ture and  focusing  distance,  was  devised,  consisting  of  a  wide 
nickel  (oxide)  strip  heated  electrically,  a  series  of  circular,  water- 
cooled  diaphragms,  and  an  optical  bench. 

The  methods  in  use  at  this  Bureau  for  the  calibration  of  radia- 
tion pyrometers  by  means  of  especially  designed  experimental 
"black  bodies'*  are  described  in  detail  and  methods  of  extrapola- 
tion outlined,  as  well  as  methods  of  use  of  radiation  pyrometers, 
including  methods  of  obtaining  approximately  correct  tempera- 
tures for  the  case  in  which  a  source  of  insufl&cient  size  is  sighted 
upon. 

Finally,  there  is  considered  the  application  of  the  radiation 
pyrometer  to  the  determination  of  the  total  emissivity  of  non- 
black  subs^nces  and  to  the  measurement  of  temperattires. 
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In  conclusion,  the  writers  desire  to  thank  the  Taylor  Instrument 
companies,  of  Rochester,  N.  Y.,  and  the  Thwing  and  the  Brown 
companies,  of  Philadelphia,  for  very  kindly  placing  at  their  dis- 
posal several  radiation  pyrometers. 

Washington,  January  2,  191 5. 
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INTRODUCTION 

The  determination  of  accurate  wave  lengths  in  the  spectra  of 

iron  and  of  other  elements  has  recently  been  tmdertaken  at  the 
Bureau  of  Standards.    The  need  for  wave-length  determinations 
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of  great  accuracy  has  long  been  felt  by  physicists,  chemists,  and 
astronomers.  As  an  example,  it  is  impossible  to  make  a  com- 
plete ^>ectral  analysis  of  iron,  owing  to  our  Back  of  exact  kxK>vvl- 
edge  of  the  spectra  of  some  elements  of  tbe  ferrous  group.  Before 
any  reliable  wave  lengths  can  be  obtained  there  must  necessarily 
be  a  consistent  ftmdamental  system.  On  accotmt  of  the  irregu- 
larities existing  in  the  Rowland  system  of  wave  lengths,  an  mter- 
national  conference  of  eminent  spectroscopists  in  1907  recom- 
mended the  adoption  of  a  new  S3rstem  of  wave  fengths  based  on 
the  length  of  the  red  cadmium  line  as  determined  by  Benoit, 
Fabry,  and  Perot  by  direct  comparison  with  the  meter.  In  this 
system,  by  means  of  the  interferometer,  secondary  standards  were 
to  be  determined,  each  by  three  independent  observers,  in  the  iron 
spectrum  at  intervals  of  50  A  (0.005  A^)  \  that  is,  the  wave  length 
of  each  standard  was  to  differ  by  50  A  from  the  wave  lengths  of  its 
nearest  neighbors  to  the  violet  and  red.  All  wave  lengths  are  to 
be  reduced  to  760  mm  and  15^.  Wave  lengths  measured  on  tUa 
system  are  designated  by  I.  A.  (international  AngstrSm).  This 
same  group  of  spectroscopists  recommended  in  191 3  that  the 
standards  be  observed,  not  at  intervals  of  50  A,  but  of  10  A,  thus 
greatly  increasing  the  work  of  determining  a  fundamental  system. 
The  Bureau  of  Standards  has  imdertaken  to  do  the  part  of  this 
work  for  which  the  present  need  seems  to  be  the  greatest,  aad 
this  paper  presents  the  first  installment  of  wave  lengths  to  be 
meastued  here  in  keeping  with  the  international  plan.  As  soon 
as  a  satisfactory  system  of  standards  has  been  obtained  we  can 
proceed  to  the  accurate  measurement  of  wave  lengths  in  the 
spectra  of  all  the  elements. 

The  spectrograms  upon  which  this  work  is  based  were  obtained 
at  Marseille,  in  the  laboratories  of  Messrs.  Buisson  and  Fabry. 
The  interferometer  plates  which  were  used  there  were  afterwards 
very  kindly  loaned  to  the  Bureau  of  Standards,  and  the  fdiase 
change  was  redetermined  here  by  W.  F.  Meggers.  His  results  are 
found  in  the  article  which  follows  directly  after  this  paper.  All 
of  the  measuring  and  the  greater  part  of  the  computn^  upon 
which  the  wave  lengths  in  the  iron  spectrum  are  based  was  dime 
by  Mr.,  Meggers. 
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It  is  a  pl^sore  to  acknowledge  mdebtedness  to  Messrs.  Buisson 
and  Fabry  for  their  interest  a^d  help;  and  to  Director  Campbell, 
who,  by  appointing  me  Martdn  Kellog  Fellow  of  the  Lick  Ob- 
servatory, University  of  CaUft>mia,  made  it  possible  to  take  the 
plates  necessary  for  this  investigation. 

PURPOSE 

At  the  time  this  investigati<»i  was  undertaken  (May,  191 3)  na 
mtermitionat  standards  of  wave  length  had  been  decided  upon  in 
the  region  to  the  violet  of  3700  A,  and  one  object  was  to  make 
measurements  which  might  be  combined  with  the  results  of  other 
observers  to  furmsb  international  standards.  While  this  work 
was  in  progress  international  standards  ^  were  published  for  the 
region  to  the  red  of  3370  A;  but  a3  yet  only  one  series  *  of  inter- 
ferometer measurements  of  wave  lengths  shorter  than  3370  A 
has  been  published.  Another  object  which  was  kept  in  view  in 
nndertaking  this  work  was  the  detamination  of  standards  at 
intervals  of  10  A.  Since  this  was  recommended  afterward  by 
the  wave-length  committee  of  the  Solar  Union/  its  importance 
will  not  be  insisted  upon  here. 

APPARATUS 

It  was  necessary  to  use  rather  high  dispersion  and  resolution  in 
the  spectograph  in  order  to  obtain  a  sufiSciently  large  ntunber  of 
isolated  lines.  The  apparatus  was  essentially  the  same  as  that 
used  by  former  observers  for  the  purpose  of  meastuing  secondary 
standards  of  wave  lengths.  The  light  of  the  iron  arc  was  focused 
upon  the  etalon  by  the  simple  quartz  lens,  L^,  Fig.  i.  The  etalon, 
made  of  invar,  was  3.75  mm  thick.  The  interference  plates  were 
quartz  disks,  whose  inner  surfaces  were  coated  with  a  film  of 
nickel,  cathodically  deposited.  These  plates  were  just  as  they 
had  bc^n  used  by  M.  M.  Buisson  and  Fabry  some  seven  years 
before,  a  fact  that  is  of  interest  in  the  discussion  of  the  phase 
c^^tange. 

1  Kayter  ct  aJii,  Aslropli.  J..  M,  p.  93;  1914. 

*■  Bviaios  audi  Mmt.  AMroph.  J..  tt»  p.  169;  1908. 
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The  reflecting  power  of  the  films  is  satisfactory  throughout  the 
region  under  discussion.  The  rings  are  projected  upon  the  slit 
by  the  quartz-fluorite  lens,  Lj.  In  the  present  instance  the  slit  is 
mounted  as  indicated  in  Fig.  i,  otherwise  the  spectograph  is  as 
described  by  Buisson  and  Fabry.*  The  light  from  the  arc  after 
passing  through  the  slit  falls  upon  the  concave  mirror  Af ,  which 
sends  a  parallel  beam  of  light  to  the  grating  G,  The  slit  and 
grating  are  so  close  together,  as  seen  from  the  mirror,  that  the 
aberration  due  to  the  mirror  is  small,  and  in  any  case  the  effect  is 
very  small  along  the  diameter  of  the  ring  system  which  is  meas- 
ttred.  The  grating  was  ruled  by  Rowland.  It  has  a  radius  of 
635  cm  and  it  is  ruled  about  580  lines  per  millimeter,  having  some 
80  000  lines  in  all.    The  grating  was  used  excltisively  in  the  first 
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Fig.  I. — Plan  of  apparatus 

order.  In  the  present  mounting  the  dispersion  in  this  order  is 
about  5  A  per  millimeter.  Using  a  slit  0.04  mm  wide,  lines  0.2  A 
apart  are  easily  measurable.  The  spectrum  is  focused  by  the 
grating  upon  the  photographic  plate  at  C,.  A  flat  plate  was  used, 
which  gave  practically  perfect  definition  from  2900  A  to  3500  A. 
Measurements  extending  to  3700  A  show  that  the  slight  falling 
off  in  definition  had  no  appreciable  effect  upon  the  resulting  wave 
lengths. 

Two  holes  cut  in  a  brass  plate  served  as  a  guage  to  show  the  ratio' 
of  the  size  of  the  ring  system  on  the  slit  to  the  diameter  of  each 
ring  on  the  photographic  plate.  This  plate  was  slid  into  position 
along  a  groove  in  the  front  of  the  slit  head.  The  cadmium  light 
is  focused  upon  the  etalon  by  the  simple  quartz  lens,  L,.  The 
filter  F  cuts  off  all  the  light  excepting  that  from  the  red  line. 
When  this  cadmium  line  is  to  be  photographed,  the  totally  reflect- 
ing prisms  P^  and  Pj  are  put  into  position,  as  shown  in  the  figure. 

*  Pttbry  and  Buiiaoo.  Jour,  de  Phyi.,  •«  p.  at9: 19x0. 
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Pj  throws  the  light  upon  the  etalon  and  the  rings  are  focused 
upon  the  slit  by  the  quartz-fluorite  lens,  L,.  After  passing 
through  the  slit  the  cadmium  light  is  reflected  by  the  prism  P, 
into  the  objective  of  a  small  camera,  L4.  The  rings  are  photo- 
graphed at  Ci  without  having  passed  through  any  dispersive 
element.  In  both  of  the  cameras,  Q  and  Cj,  it  is  possible  to  slide 
the  plate  holder  up  and  down,  which  provides  for  the  making  of 
several  exposures  on  the  same  plate. 

SOURCES 

The  standard  wave  length  was  furnished  by  a  Michelson  H 
tube,  which  was  kept  at  a  temperature  of  about  315®.  It  was 
necessary  to  bathe  plates  in  order  to  photograph  rings  from  this 
rather  faint  source  in  a  reasonably  short  exposing.  Fast  plates, 
Lumtfere  sigma  or  Seed  27,  were  bathed  with  dicyanin  and  am- 
monia. The  iron  arc  was  fed  by  the  city  cmrent  at  220  volts, 
and  the  arc  burned  between  rotmd  electrodes  8  mm  in  diameter. 
In  Table  i  are  found  some  further  data  relating  to  the  conditions 
of  the  arc  and  the  length  of  the  exposures.  The  amperage  is  seen 
to  vary  from  3.3  to  4,  the  mean  being  3.6.  While  the  length  of 
the  arc  varies  from  1.5  to  5  mm,  only  5  out  of  25  exposures  were 
made  with  the  arc  shorter  than  4  mm.  The  arc  was  stationary 
with  the  positive  above,  excepting  on  6  exposures.  In  the  case 
of  4a  and  7c  the  arc  was  raised  and  lowered  continuously,  so  that 
light  from  the  positive  pole  might  fall  in  turn  upon  all  parts  of 
the  ring  system. 

On  plate  8  the  poles  were  interchanged  by  means  of  a  switch 
several  times  during  each  exposure.  It  may  be  said  that  the 
polarity  appears  to  have  no  eflfect  upon  the  wave  length.  Except- 
ing for  the  two  lines,  3497.8  A  and  3610  A,  the  length  of  the  arc 
within  the  limits  used  seems  to  be  without  effect.  In  the  case  of 
these  two  lines  there  may  be  a  displacement,  amotmting  to  less 
than  0.005  A,  due  to  change  in  the  length  of  the  arc,  but  the 
reality  of  this  displacement  is  quite  uncertain.  It  is  well  known 
that  many  ultra-violet  lines  are  broad  when  heavy  current  is  used, 
and  undoubtedly  some  of  these  lines  would  be  shifted  by  increas- 
ing the  current.     But  the  lines  are  very  sharp  for  the  most  part 
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under  the  conditioos  used  in  makings  these  plates,  and  no  shift  is 
to  he  expected  from  the  use  of  a  current  less  than  4  amperes. 

In  Table  i  the  column  headed  ''Temperature"  contains  the 
mean  temperature  at  the  etalon.  Under  ''Arc"  .is  given  the 
length  of  the  arc;  under  "Cadmium"  the  number  of  measurable 
exposures  on  the  cadmium  line  in  connection  with  each  plate. 
Other  column  headings  are  self-explanatory. 

TABLE  1 


Ptal* 

Bz- 

poran 

Tcno^M- 
atom 

- 

ASBBttCM 

Abb 

Tim«of 
pMore 

Cad- 

sat 

•c 

m 

mm 

flBSk 

mm 

1 
2 

16.4 
16.4 
16.6 

760 
760 
798 

3.S 

3.5 
3.5 

5.0 
5.0 
5.0 

1 
2 

0>04 
.04 
.04* 

16.6 

758 

3.5 

5.0 

1 

.04 

• 

16.6 

758 

3.5 

5.0 

2 

.04 

16. 6 

758 

3.9 

5wO 

4 

.04 

3 

17.2 

758 

3.3 

4l5 

8 

.08 

17.2 

759 

3.3 

4.5 

4 

.06 

17.2 

759 

3.3 

4.5 

2 

.08 

17.2 

798 

3.3 

4.5 

1 

.08 

4 

a  4 

17.2 

759 

3.3 

2.0 

5 

.08 

17.2 

759 

3.3 

4.0 

30 

.08 

6 

7 

17.8 
17.6 

758 
756 

3.5 
3.5 

5.0 
5.0 

20 
10 

.12 

^ 

17.6 

756 

4.0 

1.5 

11 

.12 

e* 

17.6 

796 

4.8 

L5 

5 

.12 

17.6 

756 

3.7 

5.0 

6 

.12 

17.6 

756 

3.7 

5.0 

1 

A  • 

.12 

8 

17.6 

761 

3.9 

4.0 

5 

.12 

17.6 

761 

3.9 

4.0 

ID 

.12 

17.6 

761 

3.9 

4.0 

1 

.12 

17.6 

761 

3.9 

4.8 

H 

.12 

9 

18.0 

761 

3.4 

2.0 

10 

AZ 

.' 

A8.0 
18.4 

761 

3.4 

2.0 

10 

.12 

10 

761 

3.9 

4.0 

60 

.12 

*  Diiplftoed  oootintKMttly. 

*  Poles  interdiMiged  at  intcrvab. 


*  Positive  abova. 
'Positive  below. 
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METHOD 

The  method  used  is  fully  discussed  by  Buisson  and  Fabry." 
The  formulas  are  given  below,  but  it  seems  unnecessary  to  repeat 
their  derivation. 


*  See  Notes,  p.  z8i. 
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p  « order  of  the  center  of  the  ring  system. 
P = order  of  a  given  ring  (whole  number) . 
0  =  angular  distance  between  the  reference  marks  as  seen  from 
the  Gauss  point  of  the  ring  projection  lens. 

r  « the  distance  between  these  marks  on  the  plate. 
J»the  diameter  of  a  ring. 

RBBncnDK  TO  NORMAL  CORDITIOflS 

Let  7  be  the  correction  in  wave  length  necessary  to  reduce  the 
observed  value  to  what  it  would  be  under  normal  conditions. 
\ = wave  length  under  normal  conditions. 
ilo"=  refractive  index  of  air  corresponding  to  X^. 
i;'^— refractive  index  of  air  corresponding  to  X  6438^  tmder  nor- 
mal conditions. 
M —density  of  the  air  under  the  conditions  of  observation. 
Mo  <-  » density  of  the  air  under  normal  conditions.     Then 

y^\  ivo^^o)  — jjj — 

CORRBCnON  FOR  PHASE  CHANGS 


(a)  Wkdgk-Shaped  Interferometer. — Let  v  be  the  correc- 
tion for  phase  change,  expressed  in  wave  length. 

Let  X  and  X'  be  the  wave  lengths,  respectivriy,  of  the  line  in 
question  and  oi  the  standard  (cadmhim  red) ;  q  and  q^  the  corre- 
spos^i6tig  orders  at  a  point  in  the  interferometer  marked  by  a 
cross;  and  e  and  e^  the  corresponding  thidmess.    Then  2  (&— e')  » 

6»oX— gr'X',  and  lis — 

(6)  Btalons  of  Different  THiCK3<mss.:— Let  T^  be  the  thidc- 
nus  of  one  etak>n;  T,  the  thidmess  of  another;  and  T  that  of 
the  etalon  in  connection  with  which  the  phase  diange  is  lequired. 
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Let  \,  X,,  and  X  be  the  corresponding  wave  lengths  obtained  by 
means  of  these  etalons  without  correction  for  phase.    Then 

Messrs.  Buisson  and  Fabry  measured  the  phase  change  by  means 
of  a  wedge-shaped  interferometer.  Mr.  Meggers  used  etalons  of 
different  thicknesses.  In  this  case  the  wave  lengths  of  the  neon 
lines  were  observed  by.means  of  an  etalon  of  2  mm  thickness  and 
by  one  of  1 5  mm  thickness.  The  correction  due  to  phase  change 
as  determined  by  Messrs.  Buisson  and  Fabry  and  seven  years 
later  by  Mr.  Meggers  differs  by  about  0.003  ^  (3-75  ^^^^  etalon) 
for  the  interval  6400  A  to  3400  A.  (The  former  determination 
was  made  over  five  yea^js  before  my  work  was  done,  and  the  latter 
determination  followed  my  work  by  a  year  and  a  half.)  This 
difference  may  be  real;  however,  we  have  treated  it  as  partly 
accidental  and  we  have  used  the  weighted  mean  of  the  two  deter- 
minations. Since  Mr.  Meggers's  result  was  obtained  closer  in  time 
to  the  observations  of  wave  length,  his  value  was  given  double 
the  weight  of  the  other.  The  values  at  3400  A  are:  B  &  F  + 
0.0084  A;  M., +0.01 1 7  A. 

,  The  correction  for  dispersion  of  the  atmosphere  amotmted  to 
only  0.0005  A  at  most.  The  mean  reduction  for  the  six  plates  was 
added  to  the  correction  for  phase  change  and  applied  to  the  mean 
wave  length  of  each  line. 

REDUCTION 

The  cadmium  line  was  measurable  in  connection  with  six  plates 
(20  expostu^s) .  If  every  line  had  been  measured  an  equal  num- 
ber of  times  on  each  plate,  the  mean  of  all  me^urements  could  be 
taken  directly;  but  each  plate  differed  systematically  from  the 
mean  (due  largely  to  accidental  errors  in  measurement  of  the 
cadmium  line) ,  and  some  lines  were  measured  almost  entirely  on 
plates  that  were  above  the  mean.  Other  lines  were  measured 
mainly  on  plates  which  were  below  the  mean.  To  correct  these 
lines  for  this  systematic  difference,  which  might  amount  to  0.005 
A  in  an  extreme  case,  there  was  formed  what  shall  be  called  the 
fundamental  mean.    The  mean  of  all  exposures  on  a  plate  was 
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taken  as  the  value  for  each  line  on  that  plate,  and  the  mean  of 
the  values  thus  obtained  was  formed  for  all  lines  occurring  on 
four  or  more  plates.  In  this  way  the  cadmium  line  in  connection 
with  each  plate  affects  the  mean  in  about  the  same  degree,  regard- 
less of  the  ntunber  of  exposures  on  the  plate.  ' 

Forty-eight  Jines  distributed  through  the  whole  region  were 
found  on  four  or  more  plates,  and  many  of  them  on  all  six  plates. 
Differences  between  this  series  of  means  and  the  observed  value 
were  now  plotted  for  each  exposure  and  corrections  were  made  by 
means  of  a  straight  line,  which  represented  the  observations. 
This  line  was  inclined  slightly  in  some  instances  with  respect  to 
the  axis  of  wave  length.  The  largest  correction  was  0.006  A. 
From  these  corrections  the  probable  value  of  a  systematic  error 
was  found  to  be  ±0.0011  A.  In  other  words,  if  we  were  inter- 
ested in  determining  the  wave  length  of  the  red  cadmium  line, 
using  these  iron  lines  as  standards,  the  probable  error  of  the 
determination  would  be  just  over  ±  0.002  A.  This  is  fairly  satis- 
factory, considering  the  interval  between  these  lines  and  the  red 
cadmitun  line  and  the  small  thickness  of  etalon  that  had  to  be 
used. 

TABLE  2 
Mean  Wave  Lengths  from  Individual  Plates 


Plal^A 

3370.776 

3380.104 

3383.978 

ObML 

Coir. 

OlMd. 

Con. 

OlMd. 

Coir. 

2 

776 
774 
770 
780 
779 
•       779 

776 
776 
776 
777 
776 
776 

974 

975 

102 
100 
107 
106 
106 

104 
106 
104 
105 
102 

973 

979 

981 

979 

€lp08ttf<M 

0.7763 

0.7762 
.7761 

0.1046 

0.1042 
.1041 

0.9760 

0.9777 
.9777 

In  Table  2  are  given  the  individual  values  of  the  wave  lengths 
of  three  lines  chosen  arbitrarily  in  the  middle  of  the  series.  The 
first  column  under  the  wave  length  gives  the  measured  value,  the 
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second  colimm  gives  the  value  corrected  for  the  systematic  differ- 
ence of  the  plate  from  the  mean.  It  is  readily  seen  that  when  a 
line  has  been  measured  on  several  plates  it  is  immaterial  whether 
the  mean  of  the  corrected  or  uncorrected  values  be  taken.  If  «the 
line  occurs  on  only  three  plates,  the  corrected  mean  may  differ 
by  a  few  thousandths  of  an  Angstrdm  from  the  imcorreoted 
mean.  In  these  means  each  plate  was  given  equal  .weight, 
although  one  had  foiu*  expostures.  Giving  each  expostu:e  equal 
weight  the  corrected  mean  is  written  at  the  bottom,  and  a  com- 
parison of  this  with  the  mean  by  plates  shows  that  there  is  no 
appreciable  difference  between  the  two. 

TABLE  3 
Order  at  J13J70  as  Determined,  from  Separate  Rings 


Plate 

Bipo- 
■ura 

Older 

2-1 

PlntftaC 

Seoond 
ring 

2 

c 
d 

a 
b 

c 

22321.m 
124 
138 
M7 
121 
127 
098 
114 
120 
109 
136 
131 
146 

22321.146 

123 
127 
138 
147 
127 
149 
118 
123 
132 
132 
138 
136 
172 
143 

-  2 

+  3 
±  0 
±  0 
+  6 
+22 
+20 
+  9 
+12 
+23 
+  2 
+  5 
+26 

-  3 

3 

4 

6 

7 

8 

Mean 

+  9 

In  Table  3  are  given  the  values  of  the  order  as  determined  from 
the  first  and  second  ring  for  each  exposure  on  the  line  3370.  Only 
two  rings  were  measured  on  each  line.  The  tendency  for  the 
second  ring  to  give  a  larger  value  of  the  order  is  common  to  all 
lines,  but  the  reason  for  this  could  not  be  found.  If  one  is  right 
and  the  other  wrong,  the  wave  lengths  are  one  part  in  four  milUon 
in  error  for  this  reason  alone. 
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SOURCES  OF  ESItOR 

The  angle  0  was  measured  in  two  diflferent  ways  and  the  agree- 
ment of  the  results  from  the  two  measturements  was  not  perfect 
It  is  possible  that  the  value  of  0  which  was  used  may  have  caused 
a  systematic  error  of  o.ooi  A,  but  that  is  the  extreme  limit.  It  is 
probable  that  the  error  arising  from  this  source  is  of  no  impoitance. 

The  measurements  were  examined  for  an  effect  of  varying 
exposure.  Interference  rings  are  sharper  on  the  outside  than  on 
the  inside  and  it  was  feared  that  increasing  exposure  might  tend 
to  shift  the  center  of  gravity  of  the  image  toward  the  center  of  the 
system,  resulting  in  increased  wave  length.  No  such  effect  was 
iound,  although  very  weak  and  very  strong  exposures  of  the  same 
line  were  measured  in  several  instances.  This  asymmetrical  form 
of  the  interference  rings  may  cause  apparent  shift  towardt  he  red 
if  the  line  is  broadened.  Such  an  effect  is  not  apparent  in  the 
present  work  in  case  of  lines  marked  **h"  when  these  values  are 
compared  with  grating  meastu-ements.  The  shifts  due  to  instru- 
mental causes  in  case  of  broad  fines  measiu-ed  by  interference  are 
probably  smaller  than  the  displacements  to  which  grating  meas- 
urements of  poor  lines  are  liable,  when  the  resolution  and  disper- 
sion of  the  grating  are  varied. 

PROCEDURE  W  MAKING  A  PLATE 

The  usual  procedure  in  making  a  plate  is  illustrated  by  the  work 
on  May  30,  191 3.  Plates  are  bathed  in  order  to  sensitize  them  to 
the  red  and  put  to  dry.  T'resh  plates  had  to  be  bathed  every  day 
since  the  red  sensitive  plates  do  not  keep  very  well  unless  held  at  a 
low  temperature.  While  they  are  drying  the  gas  is  lighted  under 
the  cadmium  lamp.  By  the  time  this  is  heated  to  the  proper  degree 
the  grating,  Which  is  kept  overnight  in  a  drying  chamber,  has  been 
put  into  place  and  a  focus  plate  has  been  taken  and  developed. 
Also  the  parallelism  of  the  interference  plates  has  been  adjusted 
and  the  etalon  has  been  put  into  position  and  the  center  of  the 
rings  brought  to  the  middle  of  the  slit.  For  adjusting  the  paral- 
lelism of  the  plates  I  observed  the  rings  due  to  the  mercmy  lines ; 
the  fight  was  furnished  by  a  Cooper  Hewitt  lamp.  The  stained 
plates  are  now  ready  for  use,  and  the  cadmitun  is  at  the  proper  tem- 
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perature.  After  testing  the  position  of  the  cadmium  lamp  the  to- 
tally reflecting  prisms  are  put  into  place  and  two  exposures  of  three 
minutes  each  are  made  on  the  cadmium  rings.  The  cadmium 
camera  must  now  be  closed  and  the  spectrograph  opened  and  the 
prisms  removed.-  The  arc  is  adjusted  on  the  etalon  and  the  spectro- 
graph plate  holder  opened.  A  30-minute  and  a  lo-minute  exposure 
is  made  on  the  iron.  This  plate  holder  must  now  be  closed,  the 
spectrograph  opened,  and  the  prisms  put  into  place.  The  cadmium 
camera  is  opened  and  two  exposures  of  3  minutes  each  are  made 
on  the  cadmium  rings.  The  etalon  is  now  removed  and  two  expo- 
sures of  20  seconds  made  on  the  gauge,  which  has  to  be  slid  into 
place.  This  finishes  the  cadmium  plate  and  the  holder  is  closed  and 
removed.  The  spectrograph  must  be  opened  again  and  the  prisms 
removed.  Then  the  spectrograph  plate  holder  is  opened  and  a 
7-second  expostu"e  made  on  the  gauge.  This  completes  the  obser- 
vation. 

The  temperatm-e  of  the  etalon  is  read  at  the  first  and  the  third 
cadmium  exposure.  The  temperatiire  of  the  cadmium  lamp  is  read 
at  each  exposure.  On  account  of  using  two  cameras  in  different 
parts  of  the  room  and  of  the  necessity  for  opening  the  spectrograph, 
there  are  many  accidents  which  happen  to  plates.  However, 
flaws  in  the  red  sensitive  plates  caused  the  greater  part  of  the 
actual  loss  of  exposures.  On  account  of  the  location  of  the 
Marseille  laboratory  in  the  center  of  the  city  between  two  of  the 
busiest  streets,  and  due  to  the  somewhat  temporary  nature  of  the 
mounting,  it  was  not  possible  to  make  long  exposures  with  satis- 
factory results.  All  attempts  to  get  the  faint  lines  of  wave  length 
shorter  than  3000  A  failed  through  displacement  of  the  apparatus 
during  the  long  exposures.  Six  satisfactory  plates  were  secured, 
and  three  or  four  other  plates  have  one  or  two  measurable  expo- 
sures of  the  iron,  but  through  accident  these  lack  exposures  of 
cadmium  rings  or  reference  marks.  These  latter  plates,  and  in  fact 
all  of  the  plates,  might  be  reduced  by  means  of  the  I.  A.  Standards, 
of  which  there  are  six  that  can  be  measured.  The  wave  lengths 
would  be  about  0.001  A  greater  if  reduced  by  these  standards. 
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RESULTS 

In  Table  4  the  column  headed  "Notes'*  contains  the  intensity 
and  in  some  cases  a  letter  indicating  the  character  of  the  line  at  6 
amperes.  It  is  to  be  noted  that  these  lines  were  not  reversed  when 
the  cmrent  strength  was  4  amperes.  The  letters  have  significance 
as  follows:  b— broad,  d- double,  h— hazy,  1« shaded  to  red, 
r— narrow  reversal,  R— broad  reversal,  and  V— shaded  to  violet. 

The  column  headed  ''p.  e."  contains  letters  to  indicate  the 
dependence  which  may  be  put  upon  the  given  value.  The  best 
lin^s  are  indicated  by  A,  those  marked  by  B  are  fairly  good,  but 
C  means  that  the  line  in  question  should  be  used  with  caution. 

TABLB4 
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NOTES  TO  TABLE  4 

1.  Lines  of  impurities  are  not  as  yet  recommended  for  standards. 
In  case  the  impurity  is  present  only  in  small  quantities,  it  is  prob* 
able  that  the  wave  length  of  the  impurity  lines  will  be  constant 
Until  the  matter  has  been  thoroughly  investigated  I  prefer  to  use 
no  such  line. 

2.  This  line  is  included  because  it  shortens  the  gap  between 
3129  A  and  3157  A.    The  measurements  are  discordant. 

3.  A  line  of  intensity  2  at  3476.86  A. 
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4.  This  line  has  been  measured  by  Buisson  and  Fabry,  by 
Pfund,  and  by  Eversheim.^^  It  is  not  reliable  on  my  plates  on 
account  of  a  close  companion  of  too  great  intensity. 

TABLB  5 
Coq^parisaii  with  Other  Interfereiice  Measiirenients 


B*F 
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lA 

B.BAF 

B-P 

B-I.A. 

2851.800 
2941.347 
2987.293 
3080.158 
3075.725 
3125.661 
8175.447 
8225.790 
3233 
3871.008 
3323.739 
3370.789 
3399.337 
3445.155 
3485.344 
3515.820 
3556.879 
8606.681 
3640.391 
76.812 

MMnto3300 
Mmii  aftar  3300 

802 
348 
298 
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726 
665 
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792 
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741 
787 
839 
153 
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822 
878 
682 
392 
312 

+2 
+1 
+5 
+4 
+  1 
+4 
+3 
+2 

153 
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661 

+3 
±0 

+4 
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008 

738 
788 
338 
154 
346 
821 
883 

+  1 
-3 
+3 
-1 
+1 
-2 
-3 
+1 
-5 

+2 
+2 
-2 
+2 
-3 
-1 
+2 
-1 
+1 
+1 
±0 

789 
337 
154 
345 
821 
881 
662 
392 
313 

-2 
+2 
-2 

-2 
+1 
-3 
±0 
dbO 
-I 

392 

±0 

+2.7 
+0.1 

+1.0 
-0.8 

-0.8 

COMPARISON  WITH  FORMER  MEASUREMENTS 

Comparison  with  such  I.  A.  (Table  5)  standards  as  occur  in  the 
r^ion  shows  a  mean  difference  of  ±0.0015  A  and  a  S3rstematic 
difference  of  half  as  much.  The  data  are  insufficient  to  establish 
the  reality  of  so  small  a  systematic  difference.  Table  5  also  gives 
a  comparison  of  my  values  with  those  of  Buisson  and  Fabry  ^^ 
and  of  Pfimd*  Prof.  Pfimd  kindly  furnished  me  with  a  list  of 
some  of  his  lines  which  have  not  appeared  in  print.  The  sys- 
tematic difference,  Bums —Fabry  and  Buisson,  is  zero  in  the 
r^on  of  3300  A  to  3676  A.    This  difference  in  the  region  2851  A 


i*SceNotei,  p.  z8z. 


1^  See  note  a,  p.  z8x. 
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.to  3300  A  is  +0.0027,  which  is  too  laige  to  be  accidental.  This 
systematic  change  at  3300  A  is  supported  to  a  large  extent  by  the 
differences  Bums— Pfund,  yet  it  is  difficult  to  see  how  anything 
systematic  could  enter  into  my  measurements  at  this  point,  as  all 
lines  are  measured  on  plates  which  covered  the  whole  region  at 
once.  • 

Between  3513  A  and  3622  A  there  are  21  lines  common  to  the 
present  table  and  the  measurements  of  Miss  Howell.^'  This 
investigator  used  two  gratings.  One  of  these  was  ruled  by  Row- 
land and  the  other  by  Anderson.  Both  of  these  were  6*inch 
gratings  of  21  feet  radius;  the  former  was  ruled  20000  lines  per 
inch,  the  latter  15  000.  Miss  Howell  used  a  4-mm  arc  fed  by  no 
volts  and  running  at  5.5  to  6.5  amperes.  The  I.  A.  standards 
5266,  5371,  5405,  and  5434  were  measured  in  the  second  order, 
and  the  lines  to  be  determined  were  measured  in  the  third  order. 
Three  I.  A.  standards  occur  in  this  list,  and  the  mean  difference 
Howell  — I.  A.  is  +0.0023  A.  For  the  same  lines,  B.  I.  (Bums 
interference)  —  I.  A. «  —0.0007,  so  H  —  B.  I.  —  +0.0030  A.  Three 
lines  are  not  enough  to  furnish  a  basis  for  any  conclusions,  but  it 
is  to  be  noted  that  the  mean  difference  H  — B.  I.  for  ai  lines  is 
+0.0027  A,  and  for  9  lines  B.  I.  —I.  A. «  —0.0008  A. 

It  seems,  then,  reasonably  safe  to  assume  that  the  mean  of 
Miss  Howell's  measurements  is  about  0.002  A  above  the  I.  A. 
scale  at  this  point.  This  may  be  due  to  a  discrepancy  between 
the  green  and  violet  I.  A.  standards,  which  in  turn  may  be  due 
to  the  variation  of  the  wave  lengths  of  the  iron  lines  with  changed 
conditions  of  the  source.  Aside  from  the  systematic  difference 
the  mean  value  of  H  — B.  I.  is  ±0.0015,  which  is  remarkably 
small.  Both  the  systematic  and  accidental  difference  between  the 
two  series  is  slightly  reduced  by  using  only  the  values  which  were 
determined  by  the  20  000-line  grating  instead  of  the  means  of  the 
results  which  Miss  Howell  measured  by  each  grating. 

There  are  two  series  of  measurements  made  by  means  of  grat- 
ings, which  extend  throughout  the  region  under  discussion,  the 
one  by  Bums,"  the  other  by  Viefhaus."  The  former  used  the 
second  order  of  a  6-inch  Rowland  grating  of  21  feet  radius,  which 

1*  Howdl,  AJtroph.  J.,  tf ,  p.  130;  19x4. 

M  Bums,  Zt.  f.  wiM.  Phot.,  It,  p.  907, 1913;  and  Udc  Obs.  BuUctin,  S,  p.  17;  19x3. 

i<  Yicfhaot,  Z*.  f.  wiM.  Phot.,  It,  pp.  009,  94s:  X9X4< 
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was  ruled  20  000  lines  to  the  inch.  He  used  the  center  of  a  long 
arc  which  was  fed  by  a  storage  battery  of  90  volts  and  btuned  at 
6.5  amperes.  Viefhaus  used  the  center  of  a  long  arc,  which  was 
fed  by  220  volts  and  burned  at  7  amperes.  His  grating  was  by 
Rowland;  it  was  ruled  10  000  lines  to  the  inch  and  had  over 
45  000  lines.  In  the  second  order  the  scale  was  about  3  A  per 
millimeter.  Comparing  the  present  values  with  the  grating 
measurements  of  Btuns  a  mean  difference  of  ±0.0028  A  is  found. 
For  the  measurements  of  Viefhaus  the  mean  difference  is 
±o.d056  A. 

Both  series  show  the  systematic  difference  due  to  the  discrep- 
ancy in  the  region  2851  A  to  3300  A  between  Buisson  and  Fabry 
values  and  those  found  in  this  article.  In  the  region  where  I,  A. 
standards  exist  there  is  no  systematic  difference  in  V.  -B.  I.  and 
B  — B.  I.,  which  is  large  enough  to  reduce  the  residuals  materi- 
ally. In  both  series  the  need  of  more  ntmierous  standards  is 
quite  apparent,  for  large  differences  of  like  sign  persist  in  some 
cases  for  100  A  or  more.  As  an  extreme  case  of  these  departures 
consider  the  values  of  Bums  between  3225  A  and  3323  A.  The 
standards  in  this  region  did  not  agree  on  his  plates  and  as  3271 
was  broad  and  hazy  it  was  not  used,  the  reduction  curve  being 
passed  through  the  other  standards.  This  proves  to  have  been 
a  mistake,  as  shown  by  the  residuals  B  — B.  I.  From  3225  to 
3323  the  residuals  are:  -2,  +4,  +5i  +4»  +9»  +7»  +5,  +5. 
+  7,  +8i  +4,  +4,  +3,  +3,  +1,  +3,  -I,  ±0,  ±0.  The  pres- 
ence of  two  or  three  more  standards  between  3240  A  and  3300  A 
would  undoubtedly  have  made  this  large  error  impossible . 

Goos  ^'  has  recently  published  a  series  of  wave-length  determi- 
nations which  extends  from  3370  A  to  the  end  of  my  list,  the  two 
series  having  58  lines  in  common.  This  investigator  used  the 
standard  conditions  of  the  arc,  which  were  recommended  by  the 
international  wave-length  committee.  These  conditions  are  for 
this  region:  Arc  6  mm  long,  of  which  only  the  central  2  mm  are 
to  be  used;  4  amperes;  220  volts;  7  mm  rods  of  iron;  arc  vertical, 
with  positive  pole  above.  The  grating  was  used  in  parallel  light, 
giving  a  dispersion  in  the  second  order  of  2.5  A  per  millimeter. 
This  grating  was  ruled  by  Anderson  and  had  some  78  000  lines. 

^  Gow,  Astron.  Nach.,  IM,  p.  31;  19x4. 


196  Bulletin  of  the  Bureau  of  Standards  iva,  u 

The  mean  difference  with  regard  to  sign  between  the  meastne- 
ments  by  Goos  and  Bums's  interference  values  is  —0.0001  A; 
in  other  words,  the  systematic  difference  is  nil. 

The  tendency  for  residuals  to  be  either  positive  or  n^fative 
over  a  large  interval  of  wave  length  is  not  so  pronounced  as  in 
the  case  of  the  other  grating  results,  which  have  been  cited.  The 
mean  difference  Goos  —  B.  I.  without  regard  to  sign  is  ±0.0019 
A.  This  excellent  agreement  leads  one  to  suppose  that  both 
series  are  nearly  free  from  systematic  error,  and  that  the  accidental 
errors  seldom  exceed  one  part  in  a  million.  No  doubt  thft  lines 
which  show  large  residuals  will  not  prove  to  be  satisfactory  as 
standards,  but  there  is  not  sufficient  homogeneous  material  at 
hand  to  warrant  the  discussion  of  this  matter  at  present.  A 
study  of  the  lines  by  means  of  etalons  of  different  thickness  will 
eventually  be  imdertaken.  Considering  only  the  lines  which 
have  been  measured  by  interference,  each  series  of  grating  meas- 
urements agrees  slightiy  better  with  the  interference  values  than 
with  any  other  grating  series. 

While  for  the  greater  part  of  the  region  2987  A  to  3701  A  satis- 
factory lines  have  been  foimd  at  intervals  of  10  A  or  less,  yet  there 
are  a  few  gaps  of  15  to  20  A  where  suitable  lines  are  lacking.  Both 
faint  and  strong  lines  were  measured  where  that  was  possible. 
The  advantage  of  having  standards  differing  greatiy  in  intensity 
has  been  discussed  in  previous  papers.^*  The  investigation  will 
be  extended  as  soon  as  possible  to  shorter  and  longer  wave  lengths. 

SUMMARY 

Between  the  limits  2851  A  and  3701  A,  131  wave  lengths  have 
been  measured  in  conformity  with  the  reconunendations  of  the 
international  wave-length  committee.  Where  it  was  found 
possible,  faint  lines  as  well  as  strong  ones  were  measured.  Through- 
out the  greater  part  of  the  regions,  2987  A  to  3701  A  lines  were 
measured  at  intervals  of  10  A  or  less. 

The  spectroscope  used  was  a  21 -foot  grating,  mounted  in 
parallel  light,  and  the  etalon  was  3.75  mm  thick.  The  method  was 
that  of  Buisson  and  Fabry. 

**  Bums,  Zs.  L  wiss.  Phot..  12f  p.  aoj,  19x3:  and  It^  p.  a^s*  X91S. 
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The  mean  difference  between  the  present  observations  and  the 
I.  A.  standards  is  one  part  in  two  million;  the  systematic  differ- 
ence is  half  of  that.  Between  2851  A  and  3300  A,  where  there 
are  no  I.  A.  standards,  a  comparison  with  the  worktof  Buisson  and 
Fabry  shows  a  systematic  difference  of  one  part  in  a  million; 
allowing  for  the  systematic  difference,  there  is  a  mean  difference 
of  one  part  in  three  million.  The  systematic  difference  Bmns  — 
Pfund  is  +0.001  A.;  the  mean  difference  is  ±0.0018  A  in  the 
region  of  wave  length  shorter  than  3300. 

Comparisons  with  different  series  of  grating  measurements  con- 
firms the  belief,  which  is  gaining  ground,  that  secondary  standards 
are  needed  at  much  closer  intervals  than  was  at  first  supposed. 

Washington,  February  26, 191 5. 


NOTTS  ON  COMPARISONS  OF  LENGTHS  OF  UGHT  WAVES 
BY  INTERFERENCE  METHODS,  AND  SOME  WAVE  LENGTHS 
IN  THE  SPECTRUM  OF  NEON  GAS 


By  W.  F.  Meggen 


IKTRODUCTION 

The  determination  of  secondary  light-wave  length  standards  in 
the  arc  spectrum  of  iron  from  X«29oo  A  to  X =3700  A  was  recently 
completed  at  this  Bm'eau,  the  results  of  which  are  published  in 
the  preceding  article.  To  obtain  these,  it  was  necessary  to  rede- 
termine the  corrections  due  to  change  of  phase  at  reflection  from 
the  nickeled-quartz  interferometer  plates.  Messrs.  Fabry  and 
Buisson  used  these  identical  plates  in  similar  work  eight  years 
ago  "  and  foimd  the  corrections  for  change  of  phase  at  reflection 
to  be  an  inverse  linear  function  of  the  wave  length."  Their 
method  of  obtaining  this  correction  was  again  appUed  to  these 
films  recently,  but  an  iron  arc  served  as  a  source  of  light  instead 
of  a  merctuy  lamp.  The  results  confirmed  the  linear  nature  of 
the  phase  change. 

Then  the  phase-change  correction  was  found  by  another  method, 
which  will  be  described  here.  For  this  new  determination  neon 
in  a  f used-quartz  vacutmi  tube  was  used  as  a  source  of  light,  and 
some  experiences  in  this  connection  may  be  of  interest  and  value 
to  those  engaged  in  this  kind  of  work.  Some  wave  lengths  of 
neon  lines,  a  new  type  of  neon  lamp,  and  a  simple  way  of  finding 
the  order  of  interference  in  an  etalon  are  incidental  results  of  this 
phase-change  determination,  and  notes  on  these  points  are  con- 
tained in  this  article. 

"  Joamal  dc  Phyilqtte.  7t  p.  169;  1908.  "  JoamAl  de  Phyaque,  7,  p.  417;  190& 

X98 
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dbtbriunation  of  the  phasb-changb  correction 

At  reflection  from  metallic  films  light  apparently  penetrates  the 
films  a  short  distance,  and  the  amount  of  this  pen)etration  varies 
with  the  wave  length.  This  phenomenon  is  considered  as  a  change 
of  phase  at  the  reflecting  surface. 

The  correction  due  to  change  of  phase  at  reflection  which  must 
be  applied  to  wave  lengths  obtained  by  interference  methods  is 
usually  made  for  each  wave  length  either  as  a  correction  to  the 
thickness  of  the  etalon  "  e  or  to  the  order  of  interference  ^  p. 
The  purpose  of  this  paragraph  is  to  show  how  the  correction  can 
be  made  directly  to  the  wave  lengths  from  their  uncorrected  values 
as  determined  from  a  thin  etalon  e^  and  a  thick  etalon  e,.  This 
method  was  used  by  Dr.  Btuns  in  his  interference  measiuements 
of  wave  lengths  in  the  spectrum  of  the  iron  arc  X  — 8824  to 
X = 5434."  The  values  from  e^  will  be  smaller  or  larger  than  those 
from  €2,  depending  on  their  position  in  the  spectrum  and  on  the 
nature  of  the  metallic  film.  Let  a  point  X'  in  the  spectrum  be 
chosen  as  a  standard  of  wave  length  and  represent  the  measure- 
ments of  another  wave  length  X  as  obtained  from  e^  and  e^  by  X«, 
and  X^,  respec^vely .  Let  the  diflference  X., — X^j  —  c.  If  the  effect 
of  phase  change  be  regarded  zero  at  X',  the  total  correction  to  X 
can  be  shown  to  be  proportional  to  c. 

Let  £Xe,  and  SK^  represent  the  phase-change  error  in  wave  length 
from  e^  and  e„  respectively.  If  the  penetration  of  light  into  the 
films  at  reflection  be  regarded  asan  increase  €  in  the  optical  dis- 
tance e  between  the  interferometer  plates,  then 


X^K,+SK.'-^^^-^+i^ 


2  (gi+€)^2g|       2< 
Pi  Pi        Pi 

and 

Pi  pi       pa 

ButX^-— andXe,«-^   since  the  measured  values  of  X  are 
Pi  Pt 

^*  Journal  de  Phyriqtie,  7«  p.  169:  190S. 
**  Aftro-Fhysical  Journal,  tS,  p.  197;  1908. 
*  Journal  de  Physique,  (5)  <•  P*  457'*  X9U> 
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always  e3q[>ressed  in  terms  of  the  etalon  thicknesses  which  result 
from  the  standard  wave  length  X'  and  the  orders  of  interference 
which  are  obtained  from  measurements  on  the  rings.  Conse- 
quently,. 

SXe,--T--and  ^-=-77 
Pi  Ft 

Then  Sk^/Sk^'^pjp^,  and  since  p  is  directly  proportional  to  e  fdr  a 
given  value  of  X  we  have 

^1 

Also  8Xej-8\^-Xe,-Xe,-C  (2) 

Subtracting  (2)  from  (i)  gives 

^^-i)-corSV...^  (3) 

The  phase-change  correction  from  X'  to  X  for  any  other  thickness  e 
is  then 

-^oX^or  — 


e      ^       e   e^—ei 

In  this  way  this  error  can  be  corrected  from  point  to  point  in  the 
spectrum. 

For  example,  several  wave  lengths  in  the  ultra-violet  portion  of 
the  spectrum  of  neqn  were  measured  with  2-mm  and  15-mm  eta- 
Ions,  using  X' "  5852.4862  A  as  a  standard. 


\ 

\ 

\t-\'^ 

3417-888 

3417.903 

+.015  A 

3447.685 

3447.703 

.018 

3520.457 

3520.472 

.015 

.The  mean  correction  to  X  in  this  region  is  therefore  proportional 
to  0.016  A  and  the  amount  which  must  be  added  to  X^,  is 

^          BiC      2X0.016  t 

oXea  — — ^ — — =-0.0025  A 

Thus,  the  mean  of  three  measiu^s  of  X  =  34i7+  with  15  mm 
etaloiis  gave  Xe,«  341 7.9031,  whence  the  true  wave  length  is 
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3417.906  A  to  three  decimal  places.    Similarly,  several  lines  near 

r  <--    t_     t^  2  X— 0.004 

X  =  65oo  gave  Xea—Xei=c= —0.004  nom  wmch  oXe,-  — 

=  —0.0005  A.  The  mean  of  three  measures  of  X-6532+  with 
15  mm  etalons  gave  Xe,  =  6532.8834  A.  The  correct  wave  length 
is  therefore  6532.883  A. 

The  method  used  by  Fabry  and  Buisson  to  determine  the  phase 
change  correction  consists  in  finding  the  difference  in  optical 
distances  between  the  interferometer  plates  for  different  wave 
lengths.  This  can  be  done  by  finding  the  relatively  small  orders 
of  interference  p  and  p'  for  two  wave  lengths  X  and  X'  at  the  same 
point  of  an  interferometer  arranged  with  a  thin  wedge-shaped  air 
space  so  as  to  give  localized  straight-line  fringes.  Then  the 
difference  in  double  optical  thicknesses  e  and  e'  at  this  point  for 
X  and  X'  is  €  =  2  (e— e')  ^p^—p^  X'.  From  their  curve  €  between 
X  «  6500  and  X  «  3460  was  equal  to  21  MM  or  210  A.  If  the  correc- 
tion to  wave  length  be  regarded  zero  at  X«650o  the  correction  to 

X'— 3460  from  a  15  mm  etalon  becomes  ,,     ,   —0.0024  A. 

^^  ^  30X10^  ^ 

The  above  measures  on  the  neon  lines  give  the  correction  over 

this  interval  as  0.0025+0.0005=0.0030  A.    This  difference  may 

represent  a  real  change  in  the  film  with  time. 

Whenever  €  varies  linearly  with  X  as  in  the  case  of  these  films, 

*        5X 
the  correction  to  any  wave  length  X  is  ^  J?^  angstrom  for  each  ang- 
strom, which  separates  X  from  the  standard  wave  length  used  in 
the  measurement.   Thus  the  mean  of  three  measures  of  X  »  7032.  + 

gave  Xe,- 7032.4143  A.    The  correction  is  gT^^^Tg^  *  (5852- 

7032) «  —0.0012  and  the  true  wave  length  is  7031.413  A. 

The  difference  Xe,— Xe^  «c,  upon  which  the  correction  depends, 
is  larger  the  greater  e^  is  and  the  smaller  e^  is.  The  accturacy  of 
its  determination  is  thus  increased  as  the  order  of  interference  in 
e,  becomes  larger.  The  use  of  a  soiurce  of  light  which  will  give  a 
high  order  of  interference  is  therefore  to  be  reconunended.  Since 
it  is  always  advisable  to  use  as  large  as  possible  an  etalon  in  inter- 
ferometer measures  of  wave  length,  sufficient  data  is  immediately 
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at  hand  from  which  to  make  the  phase  change  correctioii  to  the 
wave  lengths  measured  if  an  additional  set  of  measures  is  made 
with  a  thinner  etaloh. 

WAVE  LENGTHS  IN  THE  SPECTRUM  OF  NEON 

For  measurements  of  wave  lengths  in  the  spectrum  of  neon  the 
wave  length  of  the  neon  yellow  line  ^  =  5852.4862  A,  measured  by 
Priest,"  in  terms  of  the  cadmium  red  line  Jl«  6438.4696  waLs  used 
as  a  standard.  Eight  wave  lengths  X«5852  to  X  =  6304,  which 
Priest  measured,  were  again  compared  with  this  standard  and 
found  to  agree  very  satisfactorily.  The  largest  deviations  were 
±0.002  A  except  for  X«  6304.789,  where  Priest's  value  is  0.004  A 
larger.  In  addition,  7  longer  wave  lefigths  and  10  in  the  ultra- 
violet were  meastu-ed  and  are  here  presented : 

3369-903  c  6506.532  b 

3417.906  a  6532.883  a 

3447.706  a  6598.951  a 

3454.158  a  6678.274  a 

3460.533  c  6717.042  a 

3466.547  a  6929.468  a 

•    3472.573  a  7032.413  a 

3501.220  c 

3515.196  c 

3520.474  a 

The  letters  a,  b,  and  t  indicate  probable  relative  accuracy  in  the 
determinations.  The  values  marked  "  a  "  were  obtained  with  the 
15-mm  etalon  and  should  be  quite  reliable,  while  those  maiiced 
**b  "  and  "c"  come  from  7.5  mm  and  2  nun  etalons,  respectively, 
and  probably  contain  larger  errors.  These  wave  lengths  are  only 
provisional  and  will  be  verified  by  a  direct  comparison  with  the 
cadmium  red  standard  as  soon  as  possible. 

Attention  is  called  to  the  neon  tubes  which  were  used  in  this 
work.  Their  design  is  shown  in  Fig.  2.  They  are  made  of  fused 
quartz  and  contain  flat  circular  aluminum  electrodes  sealed  into 
the  ends.  We  take  this  occasion  to  thank  the  Cooper-Hewitt 
Electric  Co.,  of  Hoboken,  for  the  interest  and  kindness  shown  in 
making  these  excellent  tubes  for  us.    They  are  extremely  efficient 

A  This  BttUetin,  8,  p.  539;  zpii-za. 
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and  can  be  made  to  emit  light  of  great  intensity  without  appreaable 
heating  or  electrical  evaporation  of  the  electrodes.  One  of  these 
tubes  has  seen  over  25  hours'  service  at  high  intensity  and  shows 
.no  signs  of  electrode  disintegration  or  gas  occlusion.  The  tubes 
were  filled  at  the  Bureau  of  Standards  with  gas  which  was  obtained 
from  M.  Claude.  They  were  thoroughly  exhausted,  then  filled 
with  neon  and  a  discharge  passed  through  for  several  hotu^  while 
they  were  alternately  exhausted  and  filled  three  or  four  times. 
The  electrodes  probably  became  saturated  with  the  gas  in  this 
way.  The  tubes  were  finally  sealed  oflE  at  a  gaseous  pressure  cor- 
responding to  about  I  mm  dark  space. 


^ r 

J        V 


Fig.  a. — ScaU:  Hcdf  siu. 

DETERMINATION  OF  THE  ORDER  OF  INTERFERENCE 

The  thickness  of  the  layer  of  air  between  two  interferometer 
plates  is  e— —  —  -  {P+P')  where  p  is  the  order  of  interference  at 

the  center  of  the  system  of  circular  fringes.  P  is  an  ordinal  num- 
ber representing  the  waves  in  the  path  difference  producing  any 
ring,  and  p'  is  the  fractional  portion  calculated  from  observations 
on  the  rings  with  the  aid  of  p^  "PficP/Sr^.  The  linear  diameters 
of  the  ring  and  gauge  images  are  represented  by  d  and  r,  respect- 
ively, and  B  is  the  angle  at  the  lens  subtended  by  the  gauge.  A 
roughly  approximate  value  of  P  is  suflSdent  for  the  first  calctila- 
tion  of  p\  If  P  is  the  order  of  the  first  ring  from  the  center,  p^ 
will  lie  between  o  and  i. 

To  get  the  exact  value  of  P  quickly  and  easily  the  following 
modification  of  the  methods  used  by  Messrs.  Perot  and  Fabry  ^ 
and  by  Lord  Kayleigh  ^  is  suggested.  The  use  of  4  or  5  wave 
lengths  from  the  spectrum  of  neon  is  recommended  because  of 

V  Aanalt*  dm  CUaOm  et  4e  Phinlqiie.  (7)  19t  P.  ^89;  Om-  **  FUL  Mm*.  Hf  P.  685 ;  1906. 
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their  partictuar  applicability.     Find  the  ratios  R  of  any  wave 

length  to  each  of  the  others,  e.  g.,  ^      *  ' — .    This,  of  course,  gives 

the  rate  at  which  the  order  for  each  X  changes  when  that  for  X  « 
5852.4862  changes  one  wave  length.  These  values  of  X  and  R  can 
subsequently  be  used  with  any  etalon.  The  following  example 
will  illustrate  their  use.  This  partictdar  etalon  is  assumed  to 
possess  the  length  it  was  ordered  to  have,  i.  e.,  15  mm.  The 
approximate  order  of  interference,  Pb8u>  asstuning  the  double 

30 


thickness  30  mm  is  then 


5 1 260.    The  fractional  or- 


0.0005852486 

der  p\  however,  is  found  to  be  0.777,  so  that  the  tentative 
order  Px  may  be  called  51260.777  and  the  corresponding  double 
thickness  51260.777  X 0.0005852486 -« 30.0002990  mm.  Dividing 
this  thickness  by  the  other  wave  lengths  gives  their  tentative 
orders />A. 


A 

«.    5852.4862 

29.9891793 

90MO2990 
'^■"a(Iiiiiiiii) 

"*       X 

• 

8417.903 

1.7123 

a482 

87773.992 

87741.458 

5852.4862 

1.0000 

.777 

51260.777 

51241.777 

5881.894 

i99S0 

.578 

51004.487 

50981582 

6096.161 

.9600 

.554 

49211.789 

49193.549 

6S04.789 

.9283 

.715 

47583.351 

47565.714 

The  fractional  order  for  X  =  588i  computed  on  this  basis  is 
(0.578—0.487=)  0.091  smaller  than  />'  calculated  from  observa- 
tions on  the  rings.     Since  i?  =0.9950  coincidence  shotdd  occur  if 

0.091 


Pjasa  is  reduced  by 


18.    This  gives  the  order  of 


1 .0000  —  0.9950 

magnitude  of  the  change  necessary  in  P^s62  to  get  the  true  whole 
number.**  This  required  change  can  be  obtained  more  accurately 
from  the  other  wave  lengths.    Thus, 

^     ^     ^    •        1-554  -0.789      0.765  , 

X-6096  gives     ^^^ S^"—^— ^-19.12 

^    *^        1.0000—0.9600    0.040      ^ 

Similarly,  X«6304  gives  19.02  and  X«34i7  gives  18.94.  'This 
shows  that  Psm,  is   19  too  large  and  must  be  reduced  from 


**  The  next  odnddcnce  ivould  reoidre  a  diAiice  of  jttit  000  wmvet  cither  above  or  belo 
a  large  chance  is  cxdnded  by  the  itrelimhiary  knowledge  of  the  ax>proKiniatc  length  of  the  etalon. 


2jJJ^J  Wave  Lengths  in  the  Iron  Spectrum  205 

51260.777  to  51241.777  which  gives  the  true  thickness  2^  — 
51241.777  X  0.0005852486  =  29.9891793  mm.  The  correctness  of 
this  can  be  tested  very  readily  by  simply  subtracting  proportional ' 
amounts  from  the  provisional  />a  previously  found  for  the  other 
wave  lengths  and  observing  how  well  the  resulting  fraction  agrees 
with  the  p'  calculated  from  the  rings.  For  example,  />  for  X  «=  6096 
is  equal  to  49211.789  — (0.9600x19)  =49193.549,  while  the  ob- 
served p'  was  554.  The  remaining  differences  are  very  small  con- 
sidering that  experimental  errors  and  the  change  of  phase  at  reflec- 
tion are  present.  After  the  correction  for  phase  change  at  reflection 
from  these  plates  is  once  determined  it  can  be  applied  to  the  wave 
lengths  used,  so  that  the  resulting  agreement  between  fraction 
orders  is  even  more  perfect.  This  procedure  is  not  necessary  but 
it  is  advisable  in  the  case  of  larger  etalons.  The  partictdar  advan-  ^ 
tage  which  lies  in  the  spacing  of  the  neon  lines  used  in  this  method 
is  apparent.  They  enable  one  to  find  the  exact  length  of  an  etalon 
quickly  and  without  diffictdty  when  only  a  roughly  approximate 
value  is  known.  In  the  above  example  1 5  mm  was  used  because 
this  was  the  length  ordered  and  we  had  faith  in  its  approximate 
correctness.  A  Brown  &  Sharpe  micrometer  caliper  may  be  used 
to  give  a  sufficiently  accurate  value  with  which  to  begin  on  any 
etalon. 

SUMMARY 

A  convenient  way  to  apply  the  corrections  which  are  necessary 
to  interference  measurements  of  wave  lengths  because  of  the  change 
of  phase  at  reflection  is  described.  The  error  can  be  corrected 
for  each  wave  length  directly  from  its  measured  values  obtained 
from  thick  and  thin  etalons.  The  determination  of  this  correc- 
tion is  illustrated  by  some  measurements  of  wave  lengths  in  the 
spectrum  of  neon.  The  values  of  ten  lines  from  X=3369  to  X« 
3520  and  seven  from  X  =  6506  to  X  =  7032  are  given.  An  example 
is  given  to  show  how  the  determination  of  the  exact  order  of 
mterference,  or  the  optical  measurement  of  length  can  be  made 
easily  and  rapidly  with  the  aid  of  certain  wave  lengths  of  neon 
radiation. 

Washington,  February  26,  1915. 
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I.  INTRODUCTION 

When  alternating  current  is  flowing  in  a  conductor  the  density 
and  phase  of  the  current  will  not  be  uniform  over  the  cross  section 
of  the  conductor.  This  is  due  to  differences  in  impedance  of  the 
different  paths  of  current-flow  within  the  conductor,  which 
become  more  pronounced  the  higher  the  frequency  of  the  alterna- 
tions. The  effective  resistance  and  inductance  of  the  conductor 
as  a  whole  will  be  different  from  the  direct-current  values  and  will 
depend  upon  the  frequency.  The  effective  resistance  will  increase 
and  the  inductance  decrease  with  increasing  frequency.  This 
effect,  frequently  called  the  skin  effect,  is  of  interest  from  a  purely 
scientific  standpoint  and  is  sometimes  of  importance  in  engineering 
practice. 

When  the  conductor  is  of  simple  form  and  the  permeability  of  the 
material  is  known  and  may  be  considered  a  constant,  the  effective 
resistance  and  inductance  can  be  calculated  in  a  number  of  cases. 
Formulas  have  been  given  for  a  straight  cylindrical  conductor,^  a 
concentric  main,*  a  tubular  conductor,*  parallel  wires,'  a  circle,*  a 
single-layer  coil,'  a  stranded  wire,*  a  strip  which  is  part  of  an 
infinite  plane  plate,'  and  perhaps  for  other  cases.  When,  how- 
ever, the  conductor  is  made  up  entirely  or  in  part  of  ferromagnetic 
material  and  the  magnetizing  forces  in  that  material  are  such  that 
the  permeability  can  not  be  considered  a  constant,  the  problem 
becomes  so  complex  that  a  solution  is  apparently  impossible.  In 
such  cases  the  changes  in  inductance  and  resistance  are  very  large 
and  depend  not  only  upon  the  frequency  but  also  upon  the  current 
strength. 

These  two  phases  of  the  problem  correspond  to  two  uses  of  iron 
or  bimetallic  wires  in  practice — telephone  and  power  transmission 
work.    Conductors  of  iron  or  steel  are  used  to  some  extent  in 

1  Mazwdl,  Blect.  and  Mag.,  II,  690.    Heaviside,  Bled.  Papers,  II,  p.  64.    lUyleii^  Phil.  Mag..  SI,  p. 
381;  x8M.    Kelvm,  Math,  and  Phys.  Papers,  III,  p.  491. 

*  RumII,  PhiL  Maff.,  17,  p.  534*,  1909. 

*  Nidiohon,  Phil.  Mag.,  17,  p.  955;  and  18,  p.  417;  1909. 
<  Rosa  and  Graver,  this  Bulletin,  8,  p.  x8z;  19x1. 

*M.  Wien,  Ann.  d.  Phys.,  14,  p.  i;  1904.    Sommerfeld,  Ann.  d.  Phys.,  IS,  p.  673;  1904.    Plodafti,  O 
Nuoro  Cimento  (5).  8,  p.  351.    Coffin,  this  Bulletin,  8,  p.  475.    Cohen,  this  Bulletin,  4,  p.  x6x. 

*  Lindcnunn,  Jahrb.  d.  Drahtl.  Tel.,  4,  p.  561;  x9zo^zx. 

*  BeChenod,  Jahzb.  d.  Drahtl.  Tel.,  S,  p.  397;  X909. 
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telephone  work  where  the  currents  are  feeble  and  the  magnetizing 
forces  within  the  conductor  are  very  small.  It  has  been  shown 
experimentally  that  for  very  small  magnetizing  forces  the  per- 
meability of  iron  and  steel  is  approximately  constant.  If  we 
know  this  value  of  the  permeability  for  the  material  and  for  the 
circular  magnetization  which  results  when  a  current  flows  through 
a  wire,  the  values  of  the  effective  resistance  and  inductance  for  any 
frequency  can  be  calculated  by  formulas  which  have  been  devel- 
oped, provided  the  material  is  the  same  at  all  p£irts  of  the  con- 
ductor. In  this  connection  it  is  of  interest  to  compare  the  per- 
meability of  iron  wires  when  magnetized  circularly,  as  when 
carrying  a  current,  with  the  permeability  for  magnetization 
along  the  axis  of  the  wire  or  axial  permeability  such  as  is  ordi- 
narily obtained  in  a  magnetic  measurement.  In  this  paper  the 
results  of  a  number  of  such  comparisons  are  given,  and  the  method 
permits  the  exact  permeability  curves  for  circular  magnetization 
to  be  obtained  when  the  material  of  the  wire  is  homogeneous 
throughout. 

Conductors  which  are  made  up  of  two  metals  are  used  to  some 
extent  for  telephone  work.  We  will  consider  mainly  the  t3rpe  of 
bimetallic  wire  which  has  a  more  or  less  circular  core  of  steel 
surrounded  by  a  shell  of  copper.  The  present  paper  deals  with 
experimental  determinations  of  the  electrical  properties  of  these 
wires  up  to  and  including  telephone  frequencies  and  develops 
formulas  which,  with  some  limitations,  make  it  possible  to  compute 
the  effective  resistance  and  inductance  of  bimetallic  wires  at  differ- 
ent frequencies. 

Steel  and  bimetallic  wires  are  also  used  for  power-transmission 
purposes.  Here  the  magnetizing  forces  in  the  conductor  may  be 
considerable  and  the  resistance  and  inductance  may  be  quite 
different  from  the  values  for  feeble  currents.  In  this  work  the 
effect  of  current  strength  upon  the  effective  resistance  and 
inductance  of  the  conductors  included  in  the  investigation  has 
also  been  studied  experimentally  and  values  of  effective  permea- 
bilities of  the  materials  have  been  computed  and  plotted  in  some 
cases. 
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n.  HISTORICAL 

The  amount  of  experinjental  work  upon  conductors  made  up 
of  or  containing  iron  is  very  great.  Of  these  papers  we  shall 
review  two  which  have  more  or  less  direct  bearing  upon  the  work 
in  hand. 

Klemen2i£^  made  measurements  of  the  self -inductance  of  an 
annealed  soft  iron,  a  hard  iron,  and  a  Bessemer  steel  wire  with 
direct  current  of  different  strengths.  The  wires  were  i  m  long  and 
2  tnm  in  diameter.  Essentially  the  method  of  meastu'ement  wafi 
to  balance  a  resistance  bridge  which  contained  the  iron  wire  in 
one  arm  and  then  read  the  ballistic  deflection  of  the  galvanometer 
when  the  current  in  the  bridge  was  reversed.  From  the  deflections 
the  values  of  the  self-inductance  were  determined  and  values  of  the 
susceptibility  for  circular  magnetization  computed,  using  a  formula 
which  holds  only  for  constant  susceptibihty.  Thus  were  obtained 
what  may  be  called  effective  values  of  the  susceptibility.  Then 
arose  the  difficulty  as  to  what  values  of  the  magnetizing  force  these 
values  of  the  susceptibility  corresponded.  An  average  value  was 
taken,  which  was  obtained  by  summing  up  all  of  the  values  of  the 
magnetizing  force  over  the  total  cross  section  of  the  wire  and  then 
dividing  by  the  cross  section.  Susceptibility  curves  were  also 
determined  for  the  same  wires  by  the  ordinary  ballistic  method, 
in  which  the  magnetization  was  along  the  axis  of  the  wire.  The 
results  of  the  two  experiments  were  compared  and  the  author 
concluded  that  in  general  the  susceptibility  is  different  in  the 
circular  and  axial  directions.  The  results  of  Ellemenfiit  have  been 
recomputed  in  part  on  the  basis  of  developments  outlined  in  the 
present  paper  and  will  be  presented  later. 

Fowle,*  in  a  series  of  three  papers,  treats  very  thoroughly  the 
electrical  properties  of  compotmd  or  bimetallic  wires. 

The  first  paper  gives  a  ntunber  of  expressions  for  the  ratios  of 
the  weight  and  conductance  of  a  bimetallic  wire  to  a  solid  copper 
conductor  of  the  same  size.  It  contains  tables  and  curves  of  these 
ratios  for  copper-clad  and  alumintun-clad  steel  wires  with  different 
ratios  of  copper  and  aluminum  content  by  cross  section  and  weight. 

*Klcinencic,  Wied.  Annol.,  6S,  p.  1053;  1894. 

*  FOwle,  Elect.  World,  66.  pp.  X47Z.  xsaz,  xgzo;  and  67,  p.  xo8,  X9xx.  ' 
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The  second  paper  is  concerned  with  the  distribution  of  current 
between  core  and  shell  in  the  above-mentioned  wires  as  a  function 
of  the  shell  cross  section  and  develops  a  somewhat  complicated 
formula  for  the  internal  self -inductance  per  tmit  length  of  a  com- 
pound wire.  Now,  the  expression  for  the  internal  inductance  per 
centimeter  of  length  of  a  solid  wire  of  one  metal  is  very  simply 

given  by  -  where  /*  is  the  permeability  (constant) .  This  induct- 
ance does  not  depend  upon  the  size  of  the  wire.  It  is  interestmg 
to  note  that  also  in  the  bimetallic  wire  the  internal  inductance  is 
independent  of  the  wire  size.  If  the  characteristics  of  the  materials 
are  the  same  from  wire  to  wire,  the  inductance  varies  with  the 
conductivity  of  the  wire  alone. 

The  author  discusses  the  probable  conductivity  of  the  steel  in 
bimetallic  wires  and  gives  simple  formulas  to  calculate  the  induc- 
tance when  the  conductance  ratio  of  steel  to  copper  is  1 2  per  cent 
and  steel  to  aluminum  is  19.35  P^  cent. 

In  the  third  paper  the  results  of  experiments  upon  Nos.  6,  8,  9, 
10,  12,  and  14  copper-clad  wires  are  given.  The  resistances  and 
temperature  coefficients  of  resistance  were  measured,  and  the  per 
cent  conductivities  relative  to  solid  copper  were  computed.  An 
attempt  to  determine  the  conductance  ratio  of  the  steel  in  the  core 
was  somewhat  tmsatisfactory,  on  account  of  the  difficulty  in  meas- 
uring the  cross  section  of  the  core  accurately.  The  results  seem  to 
show  a  decreasing  conductivity  of  the  steel  with  decreasing  size 
of  wire.  , 

The  alternating  current  measurements  gave  the  ratio  of  apparent 
to  ohmic  resistances  and  the  inductive  reactances  for  currents 
ranging  from  3  to  35  amperes  and  frequencies  of  25,  40,  and  60 
C3rcles.  The  wires  were  strung  in  rectangular  loops  and  with  sepa- 
rations of  12,  18,  and  24  inches  between  the  long  sides. 

From  the  inductance  measvirements  average  values  of  the  per- 
meability of  the  core  were  computed  for  diflFerent  separations,  cur- 
rent strengths,  and  frequencies.  The  accuracy  of  these  values  is 
reduced  by  the  fact  that  the  internal  inductance  of  the  wire  was 
a  small  part  of  the  whole. 
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m.  THEORETICAL.    SELF-INDUCTANCE  AND  CIRCnLAK 

MAGNETIZATION 

1.  INIBNSIT7  OF  THE  ELECTRIC  FIELD  DUE  TO  INDUCTION  INSIDB  A 

STRAIGHT  CYLINDRICAL  CONDUCTOR 

• 

Suppose  a  current  of  uniform  distribution  to  flow  through  a 
homogeneous  cylindrical  conductor  and  return  along  the  surface 
so  that  there  is  no  field  external  to  the  conductor.     If  the  strength 


Fig.  I 


of  the  current  in  the  conductor  should  change,  we  can  determine 
the  intensity  of  the  electric  field  due  to  induction  at  any  point  P 
(Fig.  i)  internal  to  the  wire  as  follows:  We  have 


JEds^-^jB^S 


that  is,  the  line  integral  of  the  field  intensity  around  a  closed  path 
is  equal  to  the  rate  of  decrease  with  the  time  of  the  surface  integral 
of  the  induction  normal  to  a  surface  bounded  by  the  closed  curve. 
Integrating  around  the  rectangular  path  shown  in  the  figure,  we  get 
J^E  (Is^'EtXi  where  E^  is  the  field  intensity  at  the  point  P. 
This  is  equal  by  the  equation  to  the  rate  of  change  of  the  flux  of 
induction  through  the  rectangle,  or  since  the  induction  is  zero 
outside  is  equal  to  the  rate  of  change  of  the  induction  between 
P  and  the  outside  of  the  conductor.  Hence  the  field  intensity 
depends  upon  the  rate  of  change  of  the  flux  of  induction  outside 
of  the  point. 

2.  EXTRA  CURRENT  DUE  TO  INDUCTION 

Assume  a  conductor  of  radius  p  and  resistivity  c  and  consider 
the  magnetic  induction  only  in  the  concentric  cylindrical  shell  of 
radius  x  and  thickness  dx  and  that  the  total  flux  of  induction  per 


\ 
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unit  length  is  9.    Suppose  this  mduction  to  be  reduced  to  zero. 
The  field  intensit/  at  all  points  inside  of  x  would  be 


the  current  density 


the  total  current 


^         dt 


.    E        }_d<p^ 


J  _  iro?  p         Try*  dy 


and  the  total  quantity 


X 


If  this  same  flux  of  induction  were  outside  of  the  wire  the  quantity 

•^  m  would  flow.    Hence  the  effect  of  induction  inside  the  wire 

in  contributing  to  the  extra  current  of  induction  must  be  weighted 
in  the  ratio  of  the  area  of  the  cross  section  cut  by  the  induction  in 
collapsing  upon  the  axis  to  the  total  area  of  cross  section  of  the 
conductor. 

a.  DEFnunON  of  SBLF-nVDUCTANCB  FOR  A  CIRCUIT  WHICH  CONTAINS 

IRON 

If  there  is  a  mutual  inductance  M  between  two  circuits  (i) 

and  (2)  and  a  current  /j  in  the  first  is  interrupted  the  quantity  of 

electricity  which  will  flow  in  the  circuit  (2)  due  to  induction  will  be 

MI 
q„——i  where  /?,  is  the  resistance  of  the  second  circuit.    We 

could  define  M  in  terms  of  the  quantity  q.  In  a  similar  manner 
the  self-inductance  of  a  circuit  can  be  defined  in  terms  of  the 
quantity  of  electricity  which  would  flow,  due  to  the  induction 
linked  with  the  circuit,  if  the  current  in  the  circuit  were  interrupted 
or  reversed.  If  the  circuit  contains  iron  the  inductance  will 
depend  upon  the  current. 

Suppose  the  circuit  to  be  carrying  a  current  /  and  by  repeated 
reversals  of  this  current  the  iron  has  been  brought  into  a  cyclic 
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state.    Then  the  self -inductance  L  corresponding  to  the  current  / 

IL 
is  given  by  Q'^-p  where  R  is  the  resistance  of  the  circuit  and  q  is 

one-half  of  the  quantity  of  electricity  which  flows  due  to  induction 
when  /  is  reversed. 

4.  EXTERNAL  AlVD  VXTERSAL  INDtTCTAN  C£ 

If  the  flux  of  induction  is  outside  of  the  wire 


. ^"^-1 

9 


-il 


and  L  =-y»  the  flux  per  unit  current. 

If  the  induction  is  inside  the  wire  we  have  for  the  flux  of  induc- 
tion per  unit  length  |  Bx  dx.  This  is  equivalent  in  its  contribu- 
tion to  the  extra  current  of  induction  to  ^  tubes  of  induction 
outside  the  wires  where 

if  the  wire  is  homogeneous  in  respect  to  its  conductivity. 

Hence  the  internal  inductance  or  that  portion  of  the  self- 
inductance  which  is  due  to  the  internal  flux 

5.  FIELD  ENERGY 

If  dv  is  the  element  of  volume  of  the  wire,  we  have  dv'^2wxdx 
for  a  tmit  of  length 

y3  2  xl 

and  2ir«//,=4ir/-5;  //,-=-^- 

Substituting  these  values  in  the  above  expression  for  Li,  we  have 


«  s^^-Jt?''"-^?/'-"-- 


dv 


BdS 
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where  the  integral  is  taken  throughout  the  volume  of  the  conductor. 
This  is  in  the  usual  form  of  the  expression  for  the  electromagnetic 
eneiigy  in  the  field,  but  though  the  equation  can  \)e  used  to  com- 
pute the  inductance,  neither  side  of  the  equation  is  energy  tmless 
Li  and  fi  are  constants. 

To  show  this,  let  us  consider  the  case  of  a  long  solenoid  of  radius 
r  filled  with  perfectly  soft  homogeneous  iron,  and  let  the  solenoid 
have  one  turn  of  conductor  per  centimeter  of  length.  Let  some 
source  of  energy  start  up  a  current  in  the  solenoid.  We  will  cal- 
culate the  energy  which  must  be  supplied  to  a  single  turn  to  build 
up  its  share  of  the  field,  which  evidently  is  for  i  cm  of  length  of 
the  solenoid.    The  emf  of  induction  in  this  single  turn  is 

—if 

Since  the  magnetic  intensity  H  is  constant  over  the  cross  section 
of  the  solenoid,  B  is  also  constant  and 

The  energy  which  goes  into  the  field  is 

W-  -  I  EI dt'^m^  j^^  Id  B,  writing  the  subscript  /  for  final 

values,  but  H^^^w  I  and  B^^H 

Hence  W-^  pHd5 --("  (^*  fiHd  H-¥  f'^  H>  d  /il 

The  values  of  the  integrals  depend  upon  /i  as  a  function  of  H, 
hence  the  energy  is  not  determined  unless  this  function  is  specified. 

U4  H\  r*      I    r 
If /£=  constant,  then  W « ^^—^^^ — =-g-  I  av  H*/ dv,  and  we  have  the 

ordinary  expression  for  the  energy. 

In  any  case 

jBdS    /if  HfTTf* 

^'     I    "         I 
and  smce  H- Air/;  ^  L  P-^^-^^-^ J M/ HV  rfx^. 
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The  latter  is  only  an  energy  equation  when  /a  is  a  constant.  We 
may  apply  this  equation  when  the  iron  shows  hysteresis  if  we 
consider  it  to  be  in  a  cyclic  state  and  /*  to  be  the  ratio  of  B  to  ff , 
corresponding  to  the  tip  of  the  hysteresis  loop. 

6.  A  COMPARISON  OF  ELECTRICAL  AlO)  MAGNETIC  QUANTITIES 

The  current  /  is  related  to  the  magnetic  intensity  H  by  means 
of  a  line  integral.  Our  definition  of  the  self -inductance  L  in  terms 
of  quantity  of  electricity  has  as  a  consequence  that  IL  is  related 
to  the  magnetic  induction  B  through  a  surface  integral.  There- 
fore L  per  unit  length  is  related  to  /£.  Also  LP  is  related  to  (sIP 
through  a  volume  integral,  as  has  been  shown  in  the  preceding 
section. 

7.  METHOD  OF  OBTAININO  AN  EXACT  PERMEABILITT  CURVE  FOR  CIR- 
CULAR MAGNETIZATION  OF  AN  IRON  WIRE 

Suppose  a  current  /  to  be  flowing  in  a  homogeneous  iron  wire  of 
radius  p  and  that  the  iron  is  in  a  cyclic  state.    The  self -inductance 

of  the  wire  is  given  by  -  LP  —  ^  I  a*// *  dv.    Let  us  consider  only 

the  internal  inductance  per  unit  length  and  write  it  Li. 

Then  -  Li  P^tt-  I  f^  H^  2  irxdx  where  dx  is  an  element  of  the 

radius  at  a  distance  x  from  the  axis. 

Smce  2  7rx//  =  4  ^-^>  ^^~~^'>     ^^T'  ^^      — 7^ 

-^  ^-h  H'  -^  -  If  ^  f  -  AX'  -*• « 

If  the  current  in  the  wire  is  increased  toI  +  M  and  the  iron  again 
brought  into  a  cyclic  state,  the  self-inductance  will  then  l^e 

Li  +  J  Li  =  Q  /r  .^n4  I      ^      /^*   ^^»  which,  since  the  iron  is 

O  {J  -t^l)  Jo 

homogeneous 

i(/+A/) 


^(7T27y+8l7fci?X'  '    '*^*''' 
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This  may  be  interpreted  as  follows:  That  by  increasing  the  current 
those  tubes  of  induction  present  in  the  earlier  case  have  been 
crowded  in  toward  the  axis  tending  to  diminish  the  inductance  in 

the  ratio  of  i :  (  ,        .  j  and  a  new  flux  of  induction  has  been  added 

2  / 
in  the   outside  shell  where  the  value  of  H  varies  from  —  to 

P 
— ^ '  and  which  tends  to  increase  the  inductance  by  the 

amount  given  in  the  second  term  on  the  right. 

Now  let  us  assume  fi  to  have  the  uniform  value  fip  in  the  outside 
shell  over  which  the  integral  is  taken.    Then 


and 


neglecting  terms  in  higher  powers  of  ^ 

Hence  |ip  =  2L<+--^ 

and  in  the  limit  when  J I  and  J  Li  become  dl  and  dL% 
/  \  r      I  T  dLi 

{2)  ^,.2  U+-I -jj 

Where  /i^  is  the  value  of  /*  corresponding  to  the  magnetizing  force 

H^ — .     For  /A«iA.  a  constant,  tt^o  and  we  have  I^— -  which 
P  dl  2 

is  the  ordinary  expression  for  the  internal  inductance  per  centi- 
meter of  length  when  the  permeability  is  constant.  If  we  have 
determined  a  curve  by  direct  current  which  gives  L^  as  a  ftmction 

dLi 
of  /,  we  can,  from  the  values  of  Li  and  -jr  at  diflferent  points  of 

the  curve,  determine  a  ciuve  for  /a  as  a  function  of  H. 


2l8 
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IV.  EXPERIMENTAL.     CIRCnLAR  AND   AXIAL  MAGNETIZA- 
TION 

1.  DETERMINATION       OF      THE       PERMEABniTT      FOR      CIRCULAR 

MAGNETIZATION 

In  determining  L«  as  a  function  of  /  an  Anderson  bridge  was 
used,  as  shown  in  Fig.  2,  with  a  secohmeter  to  alternately  reverse 
the  battery  and  galvanometer  connections  to  the  bridge.  Refer- 
ring to  the  figure,  P  and  i?  were  lo-ohm  coils  m  oil;  C,  mica  con- 
densers of  about  3  microfarads  capacity;  r  was  made  up  of  two 
resistance  boxes,  one  of  which  was  variable  from  tenths  to  thou- 
sandths of  an  ohm  and  the  other  contained  larger  valued  coils;  S 

was  a  special  box  of  cur- 
rent carrying  coils  in  oil  in 
which  the  resistance  could 
be  varied  in  steps  of  one- 
thirtieth  of  an  ohm  from 
0.033  to  0.767  ohm.  The 
Q  arm  contained  the  iron 
wire  to  be  measured  or  a 
substitute  copper  wire  of 
the  same  length,  a  small 
inductance  for  ballast, 
several  manganin  or  cop- 

^G.a.^^Secohmeter  and  bridge  ^^    jj^j^g    ^^     ^^    ^^^ 

length  and  same  size  wire  and  a  mercury  sUder.^^  The  latter  was 
used  in  getting  a  resistance  balance  and  has  the  advantage  that  the 
change  in  inductance  with  the  setting  is  extremely  small — ^less  than 
20  cm  for  the  whole  range,  which  is  about  o.  i  ohm.  To  reduce  the 
heating  it  was,  in  general,  partially  submerged  in  water.  The  total 
current  in  the  bridge  was  read  by  an  ammeter  in  series  with  the 
battery.  Currents  as  high  as  10  amperes  were  used  in  the  meas- 
urements. The  bridge  is  balanced  for  inductance  when  the  total 
quantity  of  electricity  which  flows  through  the  galvanometer  due 
to  a  reversal  of  the  battery  current  is  zero.  The  condition  for 
balance  is  L  -CS  (/?  +  2f)  when  P-=R  and  g «5. 


MDcUinfer,  Phys.  Rev.,  tt,  p.  6x4.  xpxz;  and,  tS.  p.  ais,  19x1.    Graver  and  Curtis,  this  BuUetbi.S. 
p.  4166;  1911. 
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A  method  of  differences  was  used  in  making  the  measurements. 
First  a  copper  wire  was  put  in  the  Q  arm  and  a  resistance  balance 
obtained  by  means  of  the  manganin  links  and  mercury  slider; 
then  the  secohmeter  was  run  and  an  inductance  balance  obtained 
by  means  of  the  resistance  r.  This  was  in  effect  a  zero  balance 
for  the  bridge.  The  iron  wire  was  then  substituted  for  the  copper 
and  a  resistance  balance  obtained  by  the  mercury  slider  alone  or 
by  subsitudng  copper  links  for  manganin  links  to  bring  the  balance 
within  the  range  of  the  mercury  slider.  Then  a  series  of  inductance 
balances  were  obtained  by  means  of  r  with  increasing  currents 
in  the  bridge  and  between  these  balances  the  resistance  balance 
was  adjusted.  The  zero  balance  for  the  bridge  was  then  again 
obtained.  The  difference  in  inductance  of  the  iron  and  copper  wires 
was  then  given  by  ^L  »  2  CS^r  where  ^r  is  the  difference  in  the 
setting  of  r  with  the  iron  wire  in  and  out.  The  difference  between 
the  external  inductance  for  the  iron  and  copper  wires  was  com- 
puted and  appUed  as  a  correction,  which  then  gave  the  internal 
inductance  of  the  iron  wire  less  one-half  a  centimeter  of  inductance 
per  centimeter  of  length. 

In  the  earlier  work  the  bridge  was  so  arranged  that  it  was  neces- 
sary to  bend  the  wire  into  a  rectangle  in  order  to  introduce  it 
into  the  bridge.  In  ordec  to  eliminate  the  working  of  the  iron 
caused  by  the  bending,  the  bridge  was  modified  so  that  straight 
wire  up  to  140  cm  in  length  cotdd  be  used.  The  wires  weresoldered 
into  copper  terminals  which  dipped  into  mercury  cups.  A  heavy 
copper  wire  of  the  same  length  and  with  similar  terminals  was 
used  in  determining  the  zero  balance  of  the  bridge.  While  being 
measured  the  wires  were  immersed  in  oil  in  a  long  wooden  tank, 
in  order  to  reduce  the  drift  due  to  temperature  changes.  The 
leads  which  connected  to  the  bridge  were  run  perpendicularly  io 
the  wire  under  measurement  for  a  distance  of  20  cm.  Then  one 
of  these  leads  ran  parallel  to  meet  the  other,  and  the  two  were 
run  side  by  side  about  2  m  to  the  bridge. 

In  order  to  get  accurate  results  and  a  steady  balance  of  the 
bridge,  considerable  care  was  necessary  in  the  adjustment  and 
manipulation  of  the  secohmeter.  In  the  first  place  it  was  found 
necessary  to  keep  the  commutator  segments  and  brushes  very 
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clean  and  polished  and  generously  oiled  with  a  light  oil,  such  as 
sewing-machine  or  dock  oil.  On  account  of  the  high  currents 
used  a  frequent  overhauling  was  essential  to  good  operation. 
Secondly,  it  was  found  to  be  very  important  that  the  brushes 
should  be  so  adjusted  that  the  reversal  of  the  galvanometer  con- 
nections came  very  exactly  midway  between  the  reversals  of  the 
battery  connections.  The  result  of  this  adjustment  is  to  eliminate 
to  a  great  extent  effects  upon  the  inductance  balance  due  to  a 
lack  of  balance  of  the  bridge  for  resistance.  It  was  of  special 
importance  in  this  work,  for  when  high-current  strengths  were 
used  the  bridge  was  extremely  sensitive  with  respect  to  a  resist- 
ance balance  and  the  heating  in  the  Q  arm,  which  was  made  up 
in  good  part  of  metals  with  high-temperature  coefficients,  made  it 
practically  impossible  to  preserve  a  balance.  The  adjustment  of 
the  secohmeter  was  accomplished  by  substituting  a  dry  cell  for  the 
battery,  a  less  sensitive  galvanometer  for  the  galvanometer  used 
in  the  measurements,  and,  in  place  of  the  bridge,  connecting  wires 
across  from  the  Br  termiaals  on  one  side  to  those  on  the  other. 
The  brush  holder  on  the  galvanometer  commutator  was  then 
adjusted,  so  that  when  the  secohmeter  was  running  the  galvano- 
meter showed  no  deflection  in  either  direction.  With  the  secoh- 
meter adjusted  in  this  manner  the  resistance  balance  of  the  bridge 
could  be  disturbed  so  as  to  deflect  the/ galvanometer  off  the  scale 
without  producing  an  appreciable  effect  upon  the  inductance 
balance. 

The  secohmeter  was  run  by  a  small  shunt  motor  and  the  speed 
could  be  regulated  by  a  variable  resistance  in  the  armature  circuit. 
The  effect  of  the  speed  upon  the  balance  was  investigated  and  it 
was  kept  so  low  that  a  considerable  increase  produced  no  appre- 
ciable change  in  the  balance.  At  different  times  from  13  to  30 
reversals  per  second  were  used. 

In  order  to  obtain  consistent  results  for  circular  magnetization, 
it  was  found  to  be  necessary  to  demagnetize  the  iron  wire  carefully 
just  as  is  necessary  in  meastu'ements  of  axial  magnetization.  This 
is  illustrated  in  the  curves  in  Fig.  3,  which  show  two  sets  of  deter- 
minations of  Li  as  a  function  of  /  for  a  soft-iron  wire  (No.  43  Steel 
Wire  Gage).    The  first  set  was  taken  without  any  attempt  to 
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demagnetize  the  wire,  and  the  results  are  plotted  by  closed  circles. 
Before  taking  the  next  set  the  wire  was  demagnetized  by  reducing 
the  cturent  in  the  wire  slowly  from  4  amperes  to  o.i  ampere  with 
the  secohmeter  running.  The  results  of  the  second  set  are  plotted 
by  open  circles.  The  curves  show  the  same  characteristics  as  the 
induction  curves  obtained  by  Burrows  ^^  in  investigating  the  effect 
of  imperfect  demagnetization  in  ordinary  magnetic  measurements  ; 
i.  e.,  considerably  higher  values  of  the  magnetic  induction  for  the 
demagnetized  wire  in  the  region  where  the  curve  is  steep,  but 


Current  in  Ampenes 


Fig.  3. — Effect  of  demagneUtaUon 


practically  no  difference  in  the  values  after  the  knee  of  the  cmve 
is  reached. 
Having  obtained  a  curve  for  Li,  tangents  to  the  curve  were 

drawn  at  a  number  of  points  and  values  of  -W  determined.    Then 

/A  was  calculated  from  equation  (2)  and  plotted  as  a  function  of  H. 

2.  DBTERMINATION  OF  THE  PERMEABILITY  TOR  AXIAL  MAONBTI2EATI0N 

In  order  to  compare  the  permeability  for  circular  magnetization 
with  that  obtained  when  the  wires  were  magnetized  axially,  meas- 
urements were  also  made  upon  the  wires  by  the  ordinary  ballistic 

11  ThJa  Bulletin,  4,  p.  905;  1907  (Sctentific  Paper  No.  78)< 
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method."  The  wires  were  a  meter  or  more  in  length  and  the 
magnetizing  coil  was  115  cm  long  and  2.6  cm  in  diameter,  with 
eight  turns  to  the  centimeter.  The  test  coil  had  a  single  lajrer 
of  1000  turns  of  No.  32  enameled  wire  wotmd  on  a  glass  tube  and 
was  about  22  cm  long.  The  galvanometer  was  standardized  by 
means  of  a  variable  mutual  inductance,  whose  secondary  was 
alwa3rs  kept  in  the  circuit.  Deflections  were  obtained  with  the 
iron  wire  in  the  test  coil  and  with  the  test  coil  alone,  and  this  data, 
together  with  the  diameter  of  the  wire  eCnd  the  sensitivity  of  the 
galvanometer,  sufficed  to  compute  fi.  In  the  drcular  measure- 
ments an  average  value  over  the  whole  length  of  wire  is  obtained, 
and  in  the  axial  an  average  over  about  22  cm.  The  effect  of 
having  different  portions  of  the  wire  inside  the  test  coil  was  tried 
without  showing  a  marked  lack  of  homogeneity  in  any  case. 

3.  RSSULTS  Ain>  COMPARISON  OF  RSSULTS 

In  the  earlier  work  measurements  were  made  upon  a  soft-iron 
wire  (No.  43  Steel  Wire  Gage)  and  drill  rod  i  }4  mm  in  diameter. 
These  meastu^ments  were  not  satisfactory.  At  this  time  it  was 
necessary  to  bend  the  wire  into  a  rectangle  in  order  to  make  the 
inductance  meastu-ements.  The  determinations  shown  in  Fig.  3 
were  made  before  a  method  was  determined  upon  for  the  axial 
measurements,  and  it  was  not  considered  desirable  to  bend  the 
wire  straight  again  for  the  axial  measurements.  The  other  meas- 
urements upon  the  No.  43  wire  were  made  upon  annealed  speci- 
mens; the  process  of  annealing  was  faulty  and  the  wires  showed 
considerable  scale.  The  meastirements  upon  the  drill  rod  and  the 
recomputed  results  of  Klemen£i6  ^^^  for  an  annealed  soft-iron  wire 
are  shown  in  Figs.  4  and  5.  Klemen&iS  gives  two  series  of  axial 
meastu-ements  taken  before  and  after  the  circular  determination. 
It  was  necessary  in  this  work  to  bend  the  wire  to  introduce  it  into 
the  bridge,  and  the  differences  between  the  two  series  of  axial 
measurements  may  possibly  be  due  to  the  bending.  These  curves 
show  marked  differences  between  the  permeabilities  for  circtdar 
and  axial  magnetization.     The  circular  permeability  is  lower,  and 

>*  The  snthor  it  indebted  to  Dr.  C.  W.  Bunows  for  racgertkiis  with  respect  to  tUb  wodc 
»»  See  p.  aio. 
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as  is  more  definite  in  Pig.  4,  the  maximum  comes  at  a  higher  mag- 
netizing force.  These  characteristics  are  repeated  in  some  of  the 
later  curves. 

After  this  the  bridge  was  so  arranged  that  straight  pieces  of  wire 
could  be  used.  Samples  of  tmgalvanized  commercial  iron  tele- 
graph and  telephone  wires  were  then  obtained.^'  Axial  permeabil- 
ity curves  were  determined  for  a  No.  4,  a  No.  8,  and  a  No.  10  of 
each  of  the  three  grades  known  as  E.  B.  B.  (Extra  Best  Best), 
B.  B.  (Best  Best),  and  S.  (Steel).  (The  diameters  of  the  wires 
accorded  with  the  Birmingham  Wire  Gage,  excepting  for  the  No.  4 
B.  B.  and  No.  4  Steel,  which  agreed  better  with  the  Steel  Wire 


Flo.  4. — Permeability  curves  for  drill  rod 

Gage.)  These  curves  are  shown  in  Fig.  6.  The  wires  of  the  same 
grade  show  similar  magnetic  characteristics,  with  the  exception 
of  No.  10  B.  B.  Another  piece  from  the  same  coil  of  this  latter 
wire  gave  a  similar  curve.  In  the  later  work  the  six  samples  of 
the  E.  B.  B.  and  S.  grades  were  used,  since  they  represented  the 
extremes  in  magnetic  characteristics.  In  Figs.  7,  8,  and  9  are 
given  the  curves  for  both  axial  and  drctdar  permeabilities.  Two 
sets  of  curves  are  given  for  No.  4  E.  B.  B.  (Fig.  7).  The  set 
marked  (i)  shows  the  characteristics  of  the  wire  in  its  original 
condition.     It  will  be  noted  that  there  is  a  very  great  difference 

u  Kindly  furaiihed  by  C.  I,.  MIOer,  of  the  Amcricui  Sted  &  Wire  Co. 
10397*»— 15 4 
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between  the  axial  and  circular  curves  for  No.  4  £.  B.  B.  and  No.  4 
Sm  while  No.  8  £.  B.  B.  and  No.  8  S.  and  also  No.  10  S.  show  a 
fair  agreement  between  the  two  permeabilities.  No.  10  E.  B.  B. 
reaches  a  somewhat  higher  maximum  for  the  circular  magnetization 
and  it  comes  at  a  higher  magnetizing  force.  With  the  exception 
of  No.  4  £.  B.  B.,  the  values  for  minimum  permeability  show  a 
close  agreement 

The  differences  are  tmdoubtedly  due  to  nonhomogeneity  caused 
either  by  drawing  the  wire  or  heat  treatment.     In  the  axial  meas- 


Magnetizing  Force   CG5  Unib 

Fto.  5, — Annealed  soft  iron  wire. 


KUmentii 


urement  an  average  value  of  the  magnetic  flux  over  the  whole 
cross  section  is  obtained  and  each  portion  is  subjected  to  the 
same  magnetizing  force.  In  the  circular  meastuement  the  flux 
is  weighted  in  its  effect  upon  the  self -inductance  in  proportion  to 
the  area  of  the  cross  section  which  it  surrotmds;  for  this  reason 
the  flux  at  the  outside  of  the  wire  is  more  important.  Also  the 
magnetizing  force  is  highest  at  the  outside  of  the  wire.     If  a  wire 
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5         6 
Mi^iMtizif^  Force    CCS  Untts 

FtG.  6. — Axial  permeability.    Iron  telephone  wires 
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had  an  outside  shell  of  somewhat  harder  (magnetically)  material 
we  might  expect  a  behavior  such  as  is  shown  by  No.  8  E.  B.  B. 
The  axial  curve  would  be  lowered  somewhat  throughout  the  whole 
range  on  account  of  the  harder  portion,  the  drctdar  still  more 
influenced  in  the  region  of  lower  magnetizing  forces,  and  the 
maximum  might  come  at  a  higher  magnetizing  force;  for  the 
magnetizing  forces  as  plotted  are  those  at  the  outside  of  the 
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Fxo.  8.— Ctfci^ar  and  axial  permeabilities.    No.  8  E.  B.  B.  and  No.  8  Steel 

wire  and  the  softer  material  within  would  reach  its  maximum 
later. 

The  drawing  of  the  wire  would  probably  tend  to  lower  the  cir- 
cular values  relative  to  the  axial.  It  is  fotmd,  even  in  annealed 
transformer  iron,  that  the  permeability  of  the  material  is  con- 
siderably higher  in  the  direction  of  rolling  than  in  the  transverse 
direction. 

In  order  to  obtain  some  further  light  upon  the  difference  between 
the  two  permeabilities,  the  No.  4  E.  B.  B.  wire,  which  showed  a 
very  great  difference,  was  turned  down  from  about  6  mm  to  4  mm 
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In  diameter.  The  curves  then  obtained  are  those  numbered  (2)  in 
Fig.  7.  The  differences  were  still  great.  Lower  permeabilities 
were  obtamed  in  the  steep  portion  of  the  curve  for  both  magnetiza- 
tions; both  maxima  came  later  and  gave  considerably  higher 
values.  No  explanation  for  this  behavior  is  at  hand  and  further 
work  in  the  direction  of  obtaining  an  explanation  was  not 
attempted. 

For  the  piupose  of  obtaining  information  with  respect  to  the 
permeability  characteristics  of  the  core  of  a  copper-steel  bimetallic 
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Fio.  9. — Circular  and  axial  permeabiUHes.    No,  10  E,  B.  B.  and  No,  JO  Steel 

wire,  a  No.  4  wire  of  this  kind  was  ttuned  down  so  as  to  give  a 
steel  wire  of  2.5  mm  diameter.  It  was  expected  that  on  accoimt 
of  the  protecting  coat  of  copper,  the  steel  within  might  be  more 
homogeneous.  The  curves  for  the  circular  and  axial  permeabili- 
ties (Fig.  10)  do  show  a  fair  agreement  of  the  two  quantities.  The 
working  due  to  turning  down  the  wire  must,  of  course,  produce 
some  effect.     In  Fig.  1 1  are  given  curves  of  the  permeability  for 
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axial  magnetization  of  the  cores  of  No.  4,  No.  8,  and  No.  10 
(A.  W.  G.)  copper-steel  wires."  The  curve  for  the  No.  4  wire  is 
the  same  as  that  in  Fig.  10;  the  values  for  the  No.  8  and  No.  10 
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Fig.  zo. — Permeability  curves.    Steel  core  of  bimetallic  wire 

were  obtained  from  measurements  upon  the  whole  wire,  the  cross 
section  of  the  steel  being  computed  from  electrical  data.  In  each 
of  the  latter  determinations  two  samples,  which  were  taken  from 

J&op 

030 


, 

Y 

- 

1 

^ 

y 

y 

X 

^^ 

^ 

/ 

^ 

^ 

= 

- 

^^ 

^:^t 

ip 

« 

1 

I 

•                 < 

\         A 

, 

$    i 

>      i 

1      i 

5     1 

» 

0 

1 

«.  ' 

^     » 

4      « 

Magnetizing  Forca   CG5  Units 

Fio.  zi. — Axial  permeability.    Steel  cores  of  bimetallic  wires 

the  ends  of  a  30-meter  stretch  of  wire,  gave  close  agreement.  As 
might  be  expected,  the  permeabilities  were  lower  for  the  smaller 
wires. 


^*  The  aampks  of  wire  were  kindly  fumiahed  by  the  Duplex  Metals  Co. 
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V.  THEORBTICAL.    EFFECTIVE  RESISTANCE  AND 

INDUCTANCE 

1.  ItfyKCnVK  RBSISTAlfCE  AND  INDnCTAlfCB  OF  STRAIGHT  CYUHDRI- 

CAL  WHtBS 

As  has  been  mentioned  before,  the  problem  of  the  effective 
resistance  and  inductance  of  straight  cylindrical  wires  has  been 
worked  out  for  the  case  of  constant  permeability.  The  formulas 
generally  used  are  those  given  by  Kelvin,  which  make  use  of  the 
ber  and  bei  functions  and  their  derivatives  ber'  and  bei'.  These 
ftmctions  introduced  by  Kelvin  are  given  by  the  following  series: 

*^^'"^"2'4'"^2»4»6»8»^ 


^P^ 


where  x 

and     p  =»  radius  of  conductor  in  cm. 

0-»  resistivity  of  the  material  in  absolute  electromagnetic 

units, 
fi = permeability. 
p^2ir  times  the  frequency. 
The  formulas  for  the  effective  resistance  and  inductance  can 
be  put  in  simple  forms  by  the  use  of  the  auxiliary  quantities 

W^her  X  bei'x— bei  x  ber'x 
Y  =  (ber'rc)»  +  (bei'rc)» 
Z = ber  X  ber'ap + bei  x  bei'x 

We  have  then  for  the  resistance  /?'  at  a  frequency  /  =  -£ 
terms  of  the  direct  ciurent  resistance 

(3)  «'-<-:  ^) 

and  similarly  for  the  internal  inductance 

(4)  ^'-^($y) 


in 
2  7r 
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in  which  L,  the  internal  inductance  for  direct  current  and  length  /, 
is  given  by 

2 

The  tables  of  -  ^  and  ^  ^  as  given  by  Rosa  and  Grover  "  have 
been  of  very  great  use  in  the  present  work. 

2.  EQUIVALENT  PERMEABILirY  OF  IRON  WIRES 

If  the  material  of  the  wire  is  homogeneous  and  the  value  of 
the  initial  permeability  is  known,  we  can  calculate  the  effective 
resistance  and  inductance  of  solid  iron  wires  by  means  of  equations 
(3)  and  (4)  for  the  case  when  the  current  in  the  wire  is  very  small. 

The  same  formulas  may  be  used  to  determine  what  may  be 
called  the  equivalent  permeability  of  the  wire  from  experimental 
determinations  of  the  effective  resistance  and  inductance  with 
considerable  currents.  By  equivalent  permeability  is  meant  that 
value  of  the  permeability  which,  if  constant,  would  result  for  a 
given  wire  and  frequency  in  the  same  value  of  effective  resistance 
or  inductance  as  that  observed. 

The  equivalent  permeability  is  quite  readily  computed  from  the 
resistance  observations;  for  the  ratio  of  the  effective  resistance 

to  the  direct  current  resistance  gives  the  quantity  -  t^  in    (3) 

directly.  From  the  above-mentioned  tables  we  can  then  obtain 
the  corresponding  value  of  x  and  then  the  equivalent  permeability 
/*'.  The  computation  from  the  internal  inductance  values  is  not 
as  direct,  for  here  the  direct  cturent  inductance  as  well  as  the 

quantity  -  p.  in  (4)  are  fimctions  of  /*'.    The  following  method 

was  used  to  obtain  /*'  from  the  inductance  values:  A  series  of 
values  of  ik'  was  assumed  and  a  table  of  the  corresponding  values 
of  the  inductance  for  a  given  frequency  was  computed  together 
with  the  second  and  third  differences.  Then  from  the  meastu^d 
values  of  the  inductance  at  that  frequency  the  corresponding  value 
of  Ik'  was  obtained  by  interpolation. 

u  Potntuks  ftod  Tables  for  the  Calculation  of  Mutual  and  Self-Inductance  (Reviaed)  this  IbfTM^n.  %^ 
p.  a36;  X9ZI  (Scientific  Paper  No.  169). 
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3.  EFFECTIVE  RESISTANCE  AND  INDUCTANCE  OF  BIMETALUC  WIRES 

A  simple  method  of  computing  the  effective  resistance  and 
inductance  of  bimetallic  wires  over  a  considerable  range  of  fre- 
quencies was  developed  from  the  consideration  of  two  circuits  in 
parallel.  We  will  consider  the  copper-steel  wire  and  assume  the 
steel  core  to  be  circular  in  cross  section  and  concentric  with  the 
shell.  The  magnetizing  forces  in  the  steel  will  be  assumed  so  low 
that  the  permeability  of  the  material  is  practically  constant  and 
equal  to  the  initial  value.  Even  for  direct  ciurent  most  of  the 
current  flows  in  the  high  conductivity  material  of  the  shell  and 
the  magnetizing  forces  in  the  steel  are  relatively  low.  As  the 
frequency  increases  the  concentration  of  current  in  the  shell  also 
increases,  and  the  effective  resistance  and  inductance  of  the  con- 
ductor become  independent  of  the  cmxent  strength.  The  assump- 
tion is  also  made  that  the  distribution  of  the  current  in  the  shell  is 
uniform  at  all  frequencies.  This  would  introduce  appreciable  error 
at  high  frequencies,  but  since  the  changes  in  distribution  are  small 
for  a  thin  tube,  the  formulas  are  quite  acctuate  in  general  up  to 
telephone  frequencies  and  over  the  range  of  frequencies  wherein 
the  changes  are  characteristic  of  the  bimetallic  wire.  A  check 
calculation  upon  a  solid  copper  conductor  will  be  given  later. 
This  serves  to  furnish  an  estimate  of  the  error  consequent  upon 
the  above  assiunption. 

If  we  consider  the  magnetic  fields  of  the  core  and  shell  sepa- 
rately, the  total  internal  inductance  of  a  bimetallic  wire  can  be 
resolved  into  the  following  elements: 


Inductive 
effect  of 


(a)  the  flux  in  core  due  to  core  current 

(b)  the  flux  in  shell  due  to  core  current 

(c)  the  flux  in  shell  due  to  shell  current 

(d)  the  flux  in  shell  due  to  shell  current  |  cutting 

(e)  the  flux  in  shell  due  to  core  current  J  the  shell. 


cutting 
the  core. 
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The  elements  in  (a),  (b),  and  (c)  belong  to  the  total  inductive 
effect  upon  the  core  and  similarly  (d)  and  (e)  belong  to  the  shell. 
We  may  designate  them  as  self  and  mutual  inductances  in  the 
following  manner: 

(a)  +  (b)  —  L'l  +L"i  =Li  =»  self -inductance  of  the  core. 

(c)  =Mj,i  =  mutual  inductance  of  the  shell  on  the  core. 

(d)  =L, = self -inductance  of  the  shell. 

(e)  =  Ml,,  =  mutual  inductance,  core  on  shell. 

In  computing  the  values  of  these  elements,  when  the  flux  lies 
within  the  cross  section  of  that  part  of  the  conductor  upon  which 
its  inductive  effect  is  being  considered,  it  must  be  weighted  in  the 
integration  in  the  proportion  of  the  area  of  the  conductor  cut  by 
the  flux  to  the  total  area.  Expressions  for  several,  if  not  all,  of 
these  quantities  have  been  given  in  other  places,  but  they  are 
derived  here  for  the  sake  of  completeness. 

In  the  following  r^  is  the  radius  of  the  core  which  has  a  per- 
meability PL,  r,  is  the  outside  radius  of  the  shell  of  permeability 
unity,  and  x  is  the  distance  from  the  axis  of  a  cylindrical  shell  of 
thickness  dx.  H^  and  if,  are  the  magnetic  intensities  due,  respec- 
tively, to  the  ciurents  /»  in  the  core  and  /,  in  the  shell.  Their 
values  are  determined  from  the  fact  that  the  lines  of  force  are 
circles  concentric  with  the  axis  of  the  conductor  and  lie  in  a  plane 
perpendicular  to  the  axis,  and  the  law  that  the  integral  of  the 
magnetic  intensity  around  such  a  line  of  force  is  equal  to  47r  times 
the  current  flowing  through  the  surface  botmded  by  the  line.  The 
expressions  are  then  derived  for  unit  length  as  follows: 

(a)      Hj  =» — y-'    Weighting  the  flux  in  proportion  to  the  area  of 
the  core  cut  I^  L\^ii  I    (^-7^)—  dx^h  -\  ^\  ^^  the  familiar 
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expression  for  the  internal  self-inductance  per  cm  of  length. 

(b)  Hx-^ 

(c)  /f,-^^-  ^^ 


r 


Af„-i- 


2^      Aa'-yi*         11       *'»\ 


2/         x^  —  r^ 

(d)  if,"    2_'  3 ^  Weighting  the  flux  in  proportion  to  the 

area  of  the  shell  cut 

2/ 

(e)  Hj  — — *  Weighting  according  to  area  of  shell  cut 
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The  above  expressions  may  also  be  obtained  from  the  expression 
given  by  Fowle  "  for  the  internal  inductance  of  a  bimetallic  wire 
for  direct  cmrent.  To  do  this,  we  will  treat  the  core  and  shell 
as  two  circuits  in  parallel,  each  of  which  contains  self -inductance 
and  which  act  upon  each  other  mutually.  The  equivalent  induct- 
ance of  two  such  circuits  in  parallel  is  given  for  zero  frequency  by 

The  expression  for  the  self-inductance  when  the  shell  is  of  imit 
permeability  and  the  core  of  permeability  a*  becomes 

where  /j  is  the  core  current  and  /,  the  shell  current. 

If  we  equate  the  two  expressions  for  Lp-o  and  also  equate  the 
coefficients  of  /j*,  IJ^i  ^^^d  /,',  we  get 

(5)  L,=^  +  2log^» 


(6)  M  =  i-2-^logJ 


n*      n 


(7)  ^'"2"(^;^)['"^7^'^°^n] 

which  are  identical  with  the  expressions  obtained  above. 

We  can  now  extend  the  treatment  of  the  bimetallic  wire  as  two 
circuits  in  parallel  to  the  case  of  the  frequency  greater  than  zero 
and  compute  the  effective  resistance  and  inductance  of  the  con- 
ductor for  a  given  frequency.  If  we  consider  the  distribution  of 
the  current  in  the  shell  to  remain  uniform,  it  is  then  necessary  to 
take  into  accotmt  only  the  effects  of  change  of  distribution  in  the 
core.     Since  a  change  of  distribution  in  the  core  will  for  the  same 

core  current  affect  only  the  field  inside  the  core  itself,  only  L\^- 

of  the  above  inductances  will  be  altered.     We  can,  however,  com- 

M  Blcct.  World,  66,  p.  1593;  19x0. 
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pute  the  value  of  L\  for  a  given  frequency  from  the  formula  akeady 
given  for  a  straight  cylindrical  wire  of  constant  permeability. 

The  resistance  of  lie  core  will  also  be  altered  by  the  change  of 
distribution,  but  the  effective  resistance  for  a  given  frequency  can 
also  be  computed  by  the  formula  previously  given. 

We  obtain  then  from  the  expressions  for  the  equivalent  resist- 

ance  and  inductance  of  the  divided  circuit  at  a  frequency  /  —  — 

the  following  formulas  for  the  effective  resistance  and  inductance 
of  a  bimetallic  wire: 

(8) 

p,    [/?./?, -/>»(L.L,-M»)](Jg.  +R,)  +p'(R,L,+R,L^)m  +L,-2M) 

^  "  (/?,+/?,)» +/»»(L,+L,-2M)» 

and 

(9) 

, ,     iR,L,+RJ.,)  (R,  +R,)  '-[R.R,  -p^jL,!^  -  A^)](L,  ^L,  -  2M) 

Where  R^  is  the  computed  effective  resistance  of  the  core  and  R^ 
is  the  (assumed)  constant  or  direct  current  resistance  of  the  shell 
and  Lj  ^L\  (computed)  +L'\. 

The  formulas  were  checked  and  estimates  of  the  errors  due  to 
the  assumption  of  uniform  distribution  in  the  shell  were  obtained 
by  computing  the  effective  resistance  and  inductance  of  a  solid 
hard-drawn  copper  conductor.  The  core  and  shell  were  given  the 
same  dimensions  as  those  used  later  in  the  computation  of  a  No.  4 
bimetallic  wire.  In  effect  the  computation  gave  the  effective 
resistance  and  inductance  of  a  larger  wire  from  the  effective  resist- 
ance and  inductance  of  a  wire  of  smaller  radius.  The  values  could 
then  be  directly  calculated  for  the  large  wire  by  the  exact  formulas 
and  the  two  sets  compared.  The  following  values  were  used  in  the 
computation:  r^  =0.2607  c^>  r,  =  0.2231  cm,  a  =  1770.6  abs.  units. 


/?, «-  3.0983  ohms  per  kilometer. 
L"i  —31.14  microhenrys  per  kilometer, 
jf^ — 9.56  microhenrys  per  kilometer. 
M  — 14.78  microhenrys  per  kilometer. 
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S£Fecti?6  Resistance  and  Inductances  of  Core 


FieoiMncy 
Mcona) 

IdWmeter) 

L'l  (mlcro- 
henrysper 
kUometer) 

0 
1000 
3000 
5000 

1.1323 
1.1608 
1.3538 
1.6205 

50.00 
49.37 
45.19 
39.64 

BffectlTtt  rMislmoe  (ohms  per  kOomater) 


The  following  values  were  obtained  for  the  effective  resistance 
and  inductance  of  the  larger  wire  by  the  formulas  (5)  and  (6)  and 
the  exact  formulas  (3)  and  (4),  respectively: 


Cydes  per  MOQiid 

Aypmhwitft  focimiUi* . . . . 
BxHct  tonnnla 

Per  cent  dtttorance 

ApprwlBMte  temiule . . . . . 
Bnct  tonnoli 

Percent  difEeience 


0.8293 
0.8293 


0.0 


0.8667 
0.8676 


ai 


1.0912 
1.0972 


0.6 


1.3432 
1.3582 


1.1 


Effective  btductanoe  (mlcroAiefuyg 
per  kilometer) 


50.00 
50.00 


0.0 


48.86 
48.85 


0.0 


42.20 
42.14 


0.1 


35.30 
35.14 


0.5 


The  error  even  at  5000  cycles  per  second  is  only  i .  i  per  cent  for 
the  resistance  and  0.5  per  cent  for  the  inductance  and  in  the 
direction  to  be  explained  by  neglecting  the  changes  in  distribution 
of  the  current  in  the  shell.  The  values  given  by  the  approximate 
formulas  approach,  as  limiting  values  for  increasing  frequency,  the 
resistance  and  inductance  of  the  shell,  while  actually  the  resistance 
should  become  infinite  and  the  (internal)  inductance  zero.  For  a 
given  frequency  the  values  for  the  bimetallic  wire  with  a  steel  core 
would  be  more  strongly  determined  by  those  for  the  shell  than  in 
the  above  case,  and  hence  somewhat  higher  errors  may  be  expected. 
A  number  of  comparisons  will  be  made  later,  between  the  values 
for  actual  wires  as  determined  by  experiment  and  those  given  by 
the  formulas  (8)  and  (9) . 
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VI.  EXPERIMENTAL.     METHODS 
1.  THB  BRIDGE 

The  Anderson  bridge,  used  in  the  measurement  of  inductance 
with  direct  current,  was  also  used,  with  a  few  modifications,  for 
the  determinations  of  effective  resistance  and  inductance.  P,  R, 
S,  r,  and  C  (Fig.  1 2)  were  the  same,  but  the  Q  arm  contained  in 
addition  to  the  wire  under  measurement  (or  the  substitute  link) 
the  manganin  or  copper  links  and  the  mercury  slider,  a  low  resist- 
ance variable  inductance  of  about  50  microhenrys  range.  The 
indicating  instrument  was  a 
vibration  galvanometer  of  the 
Rubens  type  for  frequencies  of 
50  or  100  cycles  per  second  or  a 
low  resistance  telephone  for  the 
higher  frequencies.  The  cur- 
rent for  the  bridge  was  sup- 
plied by  two  generators,  one  for 
50  and  1 00  cycles  and  the  other 
for  frequencies  from  500  to 
3000  cycles.  These  machines 
were  run  by  storage  batteries. 
A  12  to  I  or  24  to  I  step-down 
transformer  of  600  watts  ca- 
pacity was  used  to  reduce  the 
voltage  on  the  bridge  and  to 
increase  the  available  ciurent.  The  current  in  the  bridge  was  read 
by  Hartmann  and  Braun  hot-wire  ammeters  of  i ,  5,  and  10  amperes 
range.  A  variable  resistance  p  was  introduced  into  the  bridge  in 
serieswith  the  condenser  C  for  the  following  purpose:  The  balance  of 
an  ideal  Anderson  bridge — ^that  is,  a  bridge  made  up  of  completely 
noninductive  resistances,  perfect  condenser,  etc. — is  independent  of 
the  frequency  and  the  equations  for  balance  when  P = 2?,  are 

L  =  CS(R  +  2r) 

In  an  actual  bridge,  however,  the  resistance  coils  have  residual 
inductance  and  the  condenser  is  absorbing.     On  this  accotmt,  the 


■A/WW 


Transformer 


^ 


"PiQ.  12. — Anderson  bridge 
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bridge  balance  at  high  frequencies  and  especially  the  resistance 
balance,  will  change  considerably  with  the  frequency.  In  a  bridge 
such  as  that  used  in  this  work  where  the  range  of  balance  is  some- 
what limited,  even  though  no  error  may  be  introduced,  consider- 
able changes  in  balance  with  the  frequency  axe  inconvenient. 

If  we  assume  the  residual  inductance  1,  in  P  and  in  /?,  I4  in  5 
and  I5  in  r  and  a  resistance  p  in  series  with  a  perfect  condenser  C, 
the  equation^'  which  gives  the  condition  for  a  resistance  balance 
may  be  brought  into  the  form 

neglecting  smaller  terms. 

In  a  low-resistance  bridge  the  residual  inductances  are  positive 
and  the  factor  within  the  brackets  can  be  reduced  to  zero  by  a 
proper  choice  of  p.  The  resistance  balance  of  the  bridge  then 
becomes  independent  of  the  frequency.  However,  the  condenser 
may  not  be  perfect  and  though  it  then  is  eqtiivalent  at  a  given 
frequency  to  a  perfect  condenser  with  a  resistance  in  series,  this 
resistance  depends  upon  the  frequency  and  an  exact  compensa- 
tion for  all  frequencies  is  not  possible.  However,  with  a  good 
mica  condenser,  as  was  used  in  this  work,  the  changes  in  balance 
can  be  made  very  small. 

2.  RANGE  OF  THB  MBASURSMBHTS 

The  effective  resistance  and  inductance  of  conductors  which 
contain  iron,  depend  in  general  both  upon  the  frequency  and  the 
current  strength.  Also  as  in  the  case  of  the  direct-current  meas- 
mements,  it  was  found  that  for  solid  iron  wires  consistent  results 
could  only  be  obtained  when  the  iron  was  demagnetized.  The 
procedure  was  to  demagnetize  the  wire,  using  a  low-frequency 
current  by  reducing  the  current  slowly  to  one  or  two  tenths  of  an 
ampere,  from  a  considerably  higher  value  than  the  maximum  used 
in  the  experimental  determinations.  Then,  at  a  given  frequency, 
the  measurements  were  made  with  successively  increasing  cur- 
rents and  the  wire  was  again  demagnetized  before  taking  up 
another  frequency.    The  range  of  current  strengths  was  from  0.5 

>'  The  derivatka  It  rinular  to  that  girea  by  Rom  and  Graver,  this  BiiUctln,  1,  p.  ^04;  1904-5  (Scientific 
Fftper  No.  14). 
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to  10  amperes  and  frequencies  of  50,  100,  500,  1000,  and  3000 
cycles  per  second  were  used  in  addition  to  the  direct  current 
measurements. 

A  high  accuracy  in  the  measurements  was  considered  tumeces- 
sary  on  accotmt  of  the  considerable  variations  that  could  be 
expected  between  different  samples  of  the  same  grade  of  material. 
For  this  reason  no  attempt  was  made  to  control  the  temperature 
of  the  wire  tmder  investigation;  the  measurements  were  made  at 
room  temperatures  which  for  most  of  the  work  varied  from  about 
20*^  to  23^  C. 

3.  MBTHOD  USED  FOR  50  AND  100  CTCLES 

The  measurements  at  50  and  100  cycles  were  made  in  a  manner 
similar  to  that  used  in  the  direct-current  measurements,  except- 
ing that  here  the  resistance  as  well  as  the  inductance  was  con- 
sidered. The  resistance  changes  were  measured  by  reading  the 
settings  of  the  calibrated  merctny  slider  when  the  range  of  this 
was  sufficient,  otherwise  the  balance  was  brought  within  range  of 
the  mercury  slider  by  substituting  manganin  links  for  similar 
copper  Unks,  the  resistance  changes  due  to  the  substitution  having 
been  determined  by  separate  experiments.  The  inductance 
changes  were  determined  from  the  settings  of  the  resistance  r. 
The  frequency  of  the  cmrent  was  adjusted  by  means  of  the  two 
vibration  galvanometers  used  at  these  frequencies  to  determine 
the  balance  of  the  bridge.  One  was  tuned  to  50  and  the  other  to 
100  cycles  and  the  frequency  of  the  current  was  always  adjusted 
to  obtain  the  maximum  sensibility.  This  determined  the  fre- 
quency to  well  within  a  per  cent. 

The  method  pf  meastu-ement  was  to  balance  the  bridge  with  a 
substitute  link  in  place  of  the  wire  under  measurement  and  with, 
say,  3  amperes  cmrent  at  50  cycles  in  the  bridge.  The  iron  wire 
was  then  introduced  and  another  balance  obtained.  Finally  the 
bridge  was  balanced  on  direct  ciurent  of  the  same  strength.  The 
difference  in  the  setting  of  the  resistance  r  between  the  first  two 
balances  gives  the  inductance  at  50  cycles  and  3  amperes  when 
corrected  for  the  inductance  of  the  substitute  link.  The  difference 
in  the  resistances  of  the  mercury  slider  and  manganin  or  copper 
links  between  the  last  two  balances  gives  the  change  in  resistance 
of  the  wire  from  direct  current  to  50  cycles  and  3  amperes. 
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4.  METHOD  USED  FOR  500,  1000,  AND  3000  CTCIBS 

At  the  higher  frequencies  the  above  method  would  be  liable  to 
considerable  error  and  the  following  procedure  was  used: 

(i)  The  bridge  containing  the  wire  imder  measurement  was 
balanced  at  100  cycles  and  desired  current.  Readings  of  r  and 
merciuy  slider  were  recorded. 

(2)  The  bridge  was  balanced  at  the  higher  frequency  by  means 
of  r  and  the  mercury  slider  and  if  necessary  by  substituting  a 
copper  for  a  manganin  link  and  these  were  recorded. 

(3)  The  substitute  link  was  introduced  into  the  bridge  and 
another  balance  at  the  higher  frequency  obtained.  This  time  the 
inductance  balance  was  obtained  by  means  of  the  variable  self- 
inductance,  r  remaining  unchanged.  The  mercury  slider  was 
read. 

(4)  A  final  balance  at  100  cycles  with  the  substitute  link  was 
obtained  by  means  of  r  and  slider. 

By  this  procedure  a  resistance  and  inductance  which  do  not 
change  appreciably  with  the  frequency  are  substituted  for  the 
resistance  and  inductance  of  the  iron  wire  at  the  higher  frequency, 
the  other  parts  of  the  bridge  remaining  imchanged.  Then  the 
determinations  at  100  cycles  serve  to  compare  the  values  for  high 
and  low  frequency  or  to  measure  the  changes  from  100  cycles  to 
the  higher  frequency. 

The  resistance  change  is  given  by  the  difference  in  the  readings 
of  the  mercury  slider  in  going  from  (i)  to  (2)  and  then  again  from 
(3)  to  (4).  Any  changes  in  resistance  links  in  the  first  interval 
must  also  be  considered.  In  the  latter  interval  the  mercury 
slider  alone  will  suffice  on  account  of  the  resistance  p  in  series 
with  the  condenser. 

The  inductance  change  is  given  by  the  difference  in  the  settings 
of  r  in  (i)  and  (4).  No  calibration  of  the  variable  inductance  is 
necessary. 

The  method  has  the  advantage  of  measuring  the  changes  due  to 
frequency  in  the  wire  under  investigation  and  eliminates  changes 
due  to  frequency  in  all  parts  of  the  bridge  excepting  the  substitutes 
for  the  wire.  The  latter  consisted  of  a  variation  of  the  mutual 
inductance  between  the  two  coils  of  a  so-called  variable  self- 
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inductance,  and  a  variation  of  resistance  by  means  of  the  mercury 
slider,  the  resistance  links  of  manganin  wire  and  the  substitute 
link.  The  self-inductance  was  woimd  with  stranded  wire,  each 
strand  insulated,  and  wotdd  probably  have  introduced  no  error 
even  if  wound  with  solid  wire,  for  we  are  here  interested  in  the 
mutual  inductance  between  the  two  coils  which,  in  general,  is  not 
strongly  influenced  by  frequency.  The  merciuy  slider  and  man- 
ganin links  wotdd  not  show  appreciable  skin  effect  at  3000  cycles 
due  to  high  resistivity  and  small  cross  section.  In  the  measure- 
ments upon  solid  iron  wire  where  straight  pieces  of  about  1.4 
meters  were  included  in  the  bridge,  the  substitute  link  was  a 
copper  wire  which  was  made  fairly  heavy  for  convenience  in 
handling.  This  had  an  appreciable  skin  effect  at  1000  and  3000 
cycles  and  the  small  corrections  for  this  were  calculated  and 
applied.  In  the  case  of  the  solid  copper  and  copper-steel  bimetal- 
lic wires  of  which  considerable  lengths  were  used  and  strung  in  a 
rectangular  shape,  the  ends  were  cldse  together  and  a  short  su1> 
stitute  link  of  manganin  was  used  for  which  no  correction  was 
necessary. 

It  was  found  that  errors  could  be  introduced  into  the  measure- 
ment by  a  drift  in  the  resistance  balance  of  the  bridge  between  (i) 
and  (2) ,  and  (3)  and  (4) .  This  error  was  reduced  to  a  negligible 
amount  by  putting  the  measuring  ciurent  on  the  bridge  for  a  sufl5- 
cient  time  before  taking  a  measurement  and  by  the  procedure  in 
which  the  wire  imder  measurement  was  first  included  in  the  bridge 
and  then  the  low  temperature  coefficient  substitutes. 

Enx)rs  cotdd  be  introduced  also  by  mutual  inductance  effects 
between  different  parts  of  the  bridge  and  upon  the  indicating 
instrument,  which  changed  when  the  substitution  was  made. 
These  were  guarded  against  in  the  arrangement  of  the  bridge  and 
mvestigated  experimentally. 

5.  A  TEST  MBASURSMEUT 

Probably  the  most  conclusive  evidence  of  the  freedom  of  the 
method  from  errors  is  shown  by  the  test  of  the  accuracy  in  measur- 
ing the  small  changes  in  a  No.  10  solid  copper  wire.  These  could 
also  be  computed  and  compared  with  the  measured  values. 
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A  length  of  about  32.5  m  of  the  above  wire  was  strung  m  a  rect- 
angular shape  with  about  30  cm  spacing  between  the  wires.  The 
total  resistance  was  0.108  ohm  and  the  inductance  as  strung  37.0 
microhenrys.  The  changes  in  resistance  and  inductance  as  meas- 
ured and  computed  for  100  to  2000  and  100  to  3000  cycles  were  as 
follows: 


CydM 


10010  2000. 
100  to  3000. 


Data 


fSiperimental 
[Computed... 
JEzperlnioiilkl 
[Comptitod. . . 


Cliaiiceia 

roolsCance 

(obms) 


+0.00116 
+0.00132 
+0.00304 
+0.00300 


dunmis 

Indiicnnco 

(canti- 

motart) 


-13 
-11 
-26 
-2$ 


The  measurements  were  made  with  3  amperes  bridge  current; 
the  values  for  2000  cycles  are  the  mean  of  seven  determinations, 
those  for  3000  cycles  the  mean  of  nine.  The  agreement  is  in 
general  better  than  would  be  expected  from  the  sensitivity  of  the 
bridge  under  the  conditions  of  meastu^ment.  Small  corrections 
(about  2  cm)  were  made  for  changes  in  inductance  with  the  setting 
of  the  mercury  slider;  in  later  work  this  correction  was  of  no 
consequence. 

Vn.  THE  EFFECTIVE   RESISTANCE  AND  INDUCTANCE  OF 

IRON  WIRES 

1.  EXPERIMENTAL  RESULTS 

Measurements  of  the  effective  resistance  and  inductance  of  iron 
wires  were  carried  out  upon  the  samples  of  telegraph  and  tele- 
phone wires  previously  mentioned.  Three  wires  each  of  the 
grades  E.  B.  B.  (Extra  Best  Best)  and  Steel  were  used  and  Table  i 
gives  data  with  respect  to  them.  The  resistance  measurements 
were  made  at  about  20®  C 
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TABLE  1 


Wire 

Oege 

nominal 

(mini- 
meten) 

Meaatiied 

(milU- 
meters) 

D.C. 

resktence 
(ohms  per 
kilometer) 

Realatlvitr 

cent!'- 
meters) 

Percent 

conducdv- 

llyofH.D. 

copper 

4B.B.B 

B.  W.O.. 
B.  W.  0.. 
B.W.O.. 
St.W.O.. 
B.W.O.. 
B.W.O.. 

6.0 
4.2 
3.4 
5.7 
4.2 
3.40 

6.04 
4.18 
3.89 
5.68 
4.16 
3.41 

3.74 
7.70 

1L9 
5.34 
9.69 

14.7 

11.7 
10.6 
10.8 
13.5 
13.2 
13.4 

15.1 

8B.B.B 

10B.B.B 

16.8 
16.5 

48teel 

13.1 

•Steel 

13.4 

lOSliel 

13.2 

The  results  of  the  measurements  of  effective  resistance  and 
inductance  are  given  in  Tables  2  to  7  and  plotted  in  Figs.  13  to  18. 
The  resistances  are  given  in  ohms  per  kilometer  and  the  internal 
inductances  in  millihenrys  per  kilometer.  The  values  for  the 
D.  C.  inductances  correspond  to  currents  which  are  equal  to  the 
maximum  values  of  the  R.  M.  S.  currents  in  the  headings. 

Prom  the  measurements  the  following  points  of  interest  may 
be  noted : 

1.  Due  to  the  lower  permeability  of  the  material,  the  Steel 
wires  rapidly  become  better  conductors  than  the  E.  B.  B.  wires 
of  the  same  size  as  the  frequency  and  current  strength  increase. 
At  50  cycles  and  5  amperes  the  No.  4  Steel  has  a  lower  resistance 
than  the  No.  4  E.  B.  B.  and  the  same  is  true  of  the  Nos.  8  and  10 
at  the  same  frequency  and  3  amperes. 

2.  The  internal  inductance  at  the  higher  frequencies  is  but 
slightly  dependent  upon  the  current  strength  and  is,  roughly,  the 
same  in  value  for  all  of  the  conductors. 
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TABLE  2 
No.  4  £•  B.  B« 


R«  liC  ■  S*  cuxrait  in 

Fnqaenqr: 

D.C 

50 

100 

500 

1000 

3000 


as 


1.5 


3.0 


S.0 


7J 


10^ 


3.74 

3.74 

3.74 

3.74 

3.74 

4.04 

4.58 

5.77 

7.62 

8.64 

4.53 

5.61 

7.27 

9.99 

11.9 

8.53 

10.9 

14.7 

21.5 

28.7 

11.9 

15.7 

19.9 

26.1 

33.3 

19.5 

24.7 

.30.9 

39.9 

50.5 

3.74 
8.80 
12.4 
30.0 
319 


Intamil  Inductaace  (mtHtheuiyi  per 

-  ) 


D.  CM 

50 

100.... 
500.... 
1000... 
30001. . 


5.1 
4.5 
4.0 
2.2 

1.5 
0.9 


7.8 

14.7 

84.6 

29.3 

6.7 

10.1 

13.9 

16.3 

5.5 

7.3 

9.5 

11.1 

2.6 

3.0 

3.6 

3.9 

1.7 

2.1 

2.6 

3.1 

1.0 

1.1 

1.3 

1.6 

17.2 

11.7 

4.8 

3.4 


TABLB3 
No.  4  Stool 


r: 
D.C 
SO... 
100.. 
500.. 
1000. 
3000. 


0.5 


1.5 


3.0 


S.0 


7.S 


l&O 


RMlituiM  (diiiit  p#r  kUooMtMr) 


5.84 

5.34 

5.84 

S.34 

5.84 

5.50 

5.70 

6.00 

6.51 

7.51 

6.01 

6.39 

6.90 

7.92 

9.  S3 

10.4 

11.6 

13.4 

16.5 

24.1 

14.1 

16.1 

18.3 

21.0 

26.1 

23.0 

25.5 

29.3 

• 

34.1 

41.1 

5.34 
8.56 
1L4 
28.5 

31.4 


latonial  indaclaiice  (mUUlMOfyi  fer 
kUomater) 


D.C.U 
50 

100.... 
500.... 
1000... 
3000... 


4.9 
4.6 
4.4 
2.6 
1.8 
1.0 


5.9 

7.6 

10.2 

15.0 

5.7 

7.0 

8.9 

11.8 

S.1 

6.1 

7.3 

9.1 

2.8 

3.1 

3.5 

3.9 

1.9 

2.2 

2.S 

2.8 

1.1 

1.2 

1.4 

1.6 

14.5 

las 

4.3 
3.3 


>*  The  valuea  of  indacteaoe  for  D.  C  corrtipuiid  to  the  me¥ininia  vahiea  M  theR.  M.  8.  cnncati  ghrco 
in  the  hcediaft. 
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TABLB4 
No.  8  B.  B.  B 


K*  Bft*  8*  coiXMit  in 

D.C 

SO... 
100.. 

soo.. 

1000. 
8000. 


0^ 


1.5 


3.0 


5.0 


7.5 


IOlO 


HittiiHmf  (oluitt  per  WmMts) 


7.70 

7.70 

7.70 

7.70 

7.70 

8.10 

9.27 

11.8 

14.5 

15.1 

8.86 

U.0 

14.4 

19.0 

20.5 

15.0 

19.8 

27.6 

40.1 

47.9 

20.7 

27.5 

36.8 

49.8 

57.5 

32.0 

41.9 

54.5 

74.5 

91.5 

7.70 
14.7 
80.1 
46.8 
56.6 


D.C.W s 

50 

100 

500 

1000 


Tntmiil  iadaeluics  (mlUlhaxyi  per 


6.6 
6.5 
5.9 
3.5 

2.5 
1.7 


12.5 
11.1 
8.9 
4.2 
2.8 
1.9 


27.4 

17.7 

12.6 

5.2 

3.6 

2.1 


40.8 

23.2 

16.1 

6.0 

4.6 

2.4 


4a2 

25.1 

17.6 

6.2 

5.2 

2.8 


818 

17.7 
6.4 
5.8 


TABLES 
No.  8  Slaol 


H*  IC*  S.  cofTwit  is 
tncBc 

D.C 
SO... 
100.. 
500.. 

1000. 


0.5 


1.5 


8.0 


M 


7J 


104) 


FMlihmf  (oiuiit  per  kUeoMler) 


D.CJ« 

9D 

100.... 
500.... 
1000... 


9.69 

9.69 

9.69 

9.69 

9.69 

9.80 

10.1 

10.5 

11.6 

13.3 

10.2 

10.7 

11.5 

13.3 

^6.4 

15.3 

17.2 

20.2 

27.7 

4a7 

20.5 

23.6 

27.5 

34.3 

417 

32.5 

37.5 

43.7 

54.7 

73.1 

9.69 
14.5 
18.5 
43.8 
51.4 


Inleniel  indqctamce  (mUHlMinfyi 
kUemeter) 


12 

6.6 

9.0 

14.0 

21.8 

115 

6.5 

8.6 

U.3 

17.2 

4.9 

6.0 

7.7 

10.1 

13.6 

3.6 

3.9 

4.4 

11 

18 

2.5 

2.8 

3.2 

3.7 

4.7 

1.5 

1.6 

1.8 

2.0 

2.7 

19.9 

15.3 

6.8 

IS 


*Tlw^elDC>of  JndtictMweiorP.  C  corrapondtotheiniTinMiin  vmluei  of  the  R.  M.  S.  carrmti  chrcn 
in  the  heedingB. 
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TABLE  6 
No.  10  E.  B.  B 


R«  ICa  SL  ciinMit  in  tfuporM. 

FiMioMicy: 

D.C 

SO 

100 

500 

1000 

3000 


0.5 


L5 


3.0 


5.0 


7.5 


lOO 


Ttiiilrtinfn  f oiuiis  iMr  kflmalw) 


11.9 
12.2 
12.8 
19.0 
25.9 
41.3 


11.9 

11.9 

U.9 

11.9 

13.1 

16.1 

19.5 

19.8 

14.6 

19.0 

25.1 

26.4 

24.7 

35.4 

52.8 

60.8 

34.3 

46.9 

65.1 

73.9 

52.9 

69.3 

96.8 

118.5 

U.9 
19.0 
2S.S 
S8.8 

73.0 


InteniAl  indvctmce  (mnHliMuyi  fer 
kUoauter) 


D.  C.« 

SO 

100.... 
SQO.... 
1000... 

3000... 


6.4 
6.3 
6.0 
4.3 
3.1 
1.8 


11.? 

26.4 

42.4 

43.7 

10.7 

19.5 

27.2 

29.2 

9.4 

14.7 

19.5 

21.1 

5.3 

6.4 

7.4 

7.5 

3.7 

4.5 

5.9 

6.4 

2.1 

2.4 

3.1 

3.6 

28.9 

21.0 

7.6 

«.5 


TABLE  7 
No.  10  Steel 


IL  Iff*  8*  curant  in 

ViWIUMicy: 

D.C 

50 

100 , 

500 

1000 

3000 


0.5 


1.5 


3.0 


5.0 


7.5 


UU) 


RMlituiM  (phins  p#r  VOtnutn) 


14.7 
14.8 
15.1 
19.9 
26.3 
40.7 


14.7 

14.7 

14.7 

14*7 

15.1 

15.7 

17.4 

19.7 

15.7 

16.8 

19.9 

23.6 

22.7 

27.5 

39.7 

52.8 

30.7 

36.7 

47.8 

61.0 

47.2 

56.4 

75.1 

90.1 

14.7 
20.2 
25.2 
54.6 
64.9 


Intanul  indvckance  (mUlilwiiyi  per 
kUometer) 


D.  C.« 

SO 

100.... 
500.... 
1000... 
3000... 


5.2 
5.2 

5.0 
4.0 
3.0 
1.8 


6.8 

10.0 

17.4 

27.8 

7.0 

9.8 

15.6 

2L0 

6.5 

8.8 

12.9 

16.5 

4.6 

5.4 

6.6 

7.0 

3.4 

4.0 

5.0 

5.9 

1.9 

2.3 

2.8 

3.4 

22.9 

17.7 
7.3 
6.3 


*  The  valttct  of  iadactanoe  for  D.  C  comtpood  to  the  ni«Tiinniii  vfthice  of  the  R.  M.  S.  carmt  given 
in  the  heedlngi. 
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2.  COMPARISON  OF  OBSERVED  AND  COMPOTBD  VALUES  FOR  ZERO 

CURRENT 

From  the  ctirves  of  Figs.  7,  8,  and  9  we  can  obtain  the  initial 
values  of  the  permeability  for  circular  magnetization  and  by 
means  of  these  values  compute  the  effective  resistances  and  in- 
ductances of  the  wires  for  zero  current.  In  Table  8  these  com- 
puted values  are  compared  with  the  corresponding  observed  values 
obtained  by  extrapolating  the  results  of  experiment  to  zero  cur- 
rent. The  agreement  between  the  two  sets  of  values  is  fair;  the 
differences  may  be  due  partly  to  the  error  in  extrapolating  and 
partly  to  a  lack  of  homogeneity  of  the  iron  in  the  wires,  which 
would  require  a  somewhat  different  value  of  the  minimum  per- 
meability to  be  used  at  different  frequencies. 

TABLE  8 

Comptriaon  of  Obseryed  and  Computed  Values  of  EflFectiTe  Resfatance  and  Inductance 

of  Iron  Wires  for  Zero  Current 


win 


4B.B.B. 


4  8IM1. 


•  B.B.B 


•  Steel. 


10B.B.B. 


10  Steel. 


bUUy 


78 


94 


96 


90 


98 


90 


FraQuency 


500 

1000 
3000 

500 
1000 
8000 

500 
1000 
8000 

500 
1000 
8000 

500 
1000 
8000 

500 
1000 
8000 


Obeerved 

7.4 
10.0 
17.0 

9.9 
18.2 
21.9 
12.8 
17.2 
27.0 
14.8 
19.0 
80.0 
16.2 
21.5 
85.8 
18.4 
24.1 
38.0 


CampaUtA 

7.5 
10.2 
16.8 
10.8 
14.0 
28.1 
12.9 
17.5 
28.7 
14.2 
19.2 
31.2- 
16.2 
21.8 
35.4 
18.8 
24.2 
39.2 


Zntenul  indudance 


OtMtived 

2I1 
1.4 
0.8 
2.4 
1.7 
1.0 
8.2 
2.4 
1.7 
8.4 
2.4 
1.5 
8.7 
2.8 
1.7 
3.7 
2.7 
1.7 


Compntod 

2.2 
1.5 
0.9 
2.8 

2.0 
1.1 
3.4 
2.4 
1.4 
3.5 
2.6 
1.5 
8.8 
2.9 
1.7 
8.9 
8.1 
1.8 
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3.  BQUIVALBNT  PERMBABILITT— BRBCTS  OF  HTSTBRSSIS 

The  values  of  equivalent  penneabflity  were  computed  in  the 
manner  outlined  on  page  230.  The  values  shown  in  the  curves  of 
Pigs.  19  and  20  were  calculated  from  the  measurements  upon  the 
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Pio.  19. — Equivalent  permeabilUy  from  resistance  data 

No.  4  E.  B.  B.  wire.  They  are  characteristic  of  the  curves  ob- 
tained for  the  other  wires.  It  will  be  noted  that  the  permeabilities 
calculated  from  resistance  data  reach  extremely  high  values  for 
500  cycles,  while  at  the  same  frequency  the  values  obtained  from 
the  inductance  data  are  low.    From  this  we  caft  obtain  some 
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interesting  deductions  with  respect  to  the  r61e  played  by  h3rsteresis 
in  determining  the  effective  resistance  and  inductance  of  the  wire. 
The  energy  loss  due  to  hysteresis  increases  the  effective  resist- 
ance of  the  conductor.  Let  us  first  assume  that  the  distribution 
of  current  in  the  wire  is  unaltered  as  the  frequency  increases. 
Then  the  loss  of  energy  per  cycle  would  beaconstant;  the  loss  per 
second  would  increase  proportional  to  the  frequency.  In  such  a 
case  the  resistance  would  increase  proportional  to  the  frequency. 


0  I  £  3  4 

Current  in  Amperes 
Fio.  90. — Equivalent  permeMUtyfrom  inductance  data 

Actually,  however,  as  the  frequency  increases,  the  current  tends 
to  concentrate  more  and  more  in  the  outer  layers  and  the  ampli- 
tude of  the  magnetizing  force,  and  hence  the  hysteresis  loss  per 
cycle  is  diminished  in  the  iron  within  the  conductor.  Thus,  as 
the  frequency  increases  these  two  effects  oppose  each  other.  At 
500  cycles  the  hysteresis  loss  reaches  a  maximum,  and  on  this 
account  the  equivalent  permeability,  as  computed  from  the  resist- 
ance data,  attains  high  values. 
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Now  let  us  consider  the  effect  of  hysteresis  upon  the  inductance 
of  the  wire.  The  inductance  is  determined  solely  by  the  distri- 
bution of  the  current.  We  can  consider  that  the  hysteresis  loss 
is  due  to  a  counter  emf.  This  counter  emf  vould  be  a  maximum 
at  the  outside  of  the  conductor  since  there  the  amplitude  of  the 
magnetizing  force,  and  hence  the  hysteresis  loss  is  a  maximum. 
On  this  account  the  outer  layers  would  have  a  higher  eflfective 
resistance  than  those  within,  and  this  would  tend  to  equalize  the 
current  distribution  over  the  cross  section,  i.  e.,  to  diminish  the 
skin  effect.  On  this  account  th^  equivalent  permeability  values 
for  500  cycles,  as  calculated  from  the  inductance  data,  would  be 
low. 

Vm.  THE  EFFECTIVE  RESISTANCE  AND  INDUCTANCE  OF 

COPPER-STEEL  BIMETALLIC  WIRES 

1.  EXPSRIMBNTAL  RESm^TS 

Three  sizes  of  copper-steel  bimetallic  wires,  the  so-called  copper 
clad  wires,  were  investigated.  The  sizes  were  No.  4,  No.  8,  and 
No.  ID  A.  W.  G.  Lengths  of  about  33  m  of  the  wire  were  strung 
in  a  parallel  wire  arrangement  with  separations  of  about  30  or 
40  cm.  No  effect  of  separation  upon  the  changes  in  resistance  and 
inductance  with  the  frequency  was  expected  or  looked  for  with 
separations  as  large  as  these.  The  following  data  may  be  of 
interest: 

TABLE  9 
Copper  CUd  Wires  and  Steel  Core  of  No.  4 


Win 

Mmh 
(mm) 

CaleuUited 

Sll«ll 

RMMmcaper 

Ulom«(er- 

olmis 

ftsslstiflty 

(niKnliiii* 

on) 

PMCent 

oondocUvlly 

(H.D.eoppir> 

4 

5.22 

3.27 
2.57 
2.46 

0.38 
0.36 
023 

2.24 
4.42 
8.15 
26.5 

4.79 

3.n 

4.23 
12.63 

37.6 

8 

47.7 

10 

41.9 

Ctn^i 

14.0 
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The  experimental  results  are  given  in  Tables  10,  11,  and  12,  the 
resistance  in  ohms  per  kilometer  and  the  internal  inductance  in 
microhenrys  per  kilometer.  The  external  inductance  in  centi- 
meters for  parallel  wires  of  radius  p  spacing  d  and  length  /  all  in 
centimeters  is  readily  calculable  from  the  formula 


L=4{log.~j] 


where  /  is  the  length  of  each  wire. 


TABUB  10 

No.  4  Copper  CUd 


S.  Iff.  S.  cmraiit  In  atopdw. 

D.C 

SO 

100 

500 

1000 

3000 

D,C.« 

50 

100 

500 

1000 

3000 


0.5 


1.5 


10 


RMlstance  (ohms  per  kUomctor) 


2.24 

2.24 

2.24 

2.24 

2.25 

2.26 

2.26 

2.27 

2.29 

2.30 

2.31 

2.33 

2.60 

2.61 

2.63 

2.64 

2.73 

2.75 

2.75 

2.76 

2.94 

2.92 

2.93 

2.94 

2.24 
2.30 
2.38 


Internal  inductance  (miooheiuya  per  kUometer) 


293 

318 

355 

392 

288 

306 

335 

369 

274 

284 

298 

316 

123 

122 

118 

112 

71 

70 

66 

69 

43 

41 

39 

39 

446 
361 


^  The  vahies  given  for  the  D.  C  inductance  corresmnd  to  the  maTinniTn  valnes  of  the  R.  M.  S.  currents 
l^ven  in  the  hcadinga. 
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TABLE  11 
No.  8  Copper  CUd 


R.  In*  Ra  cuf  I'ttiii  "i  flXniMfWi. ...  ..................... 

0^ 

1^ 

3 

5 

10 

RMiitanoe  (ohms  per  kUomctor) 

D.  C 

4.42 

4.42 

4.42 

4.42 

4.42 

50 

100 

4.43 
4.58 

4.77 
5.04 

4.44 
4.59 
4.78 
5.04 

4.44 
4.60 
4.78 
5.04 

4.44 
4.62 
4.80 
5.02 

500 

1000 

sooo. ............................................ 

Xntenial  indoctance  (mlciolienxyi  per  kUsmeter) 

50 

141 

140 

112 

75 

38 

145 

144 

112 

76 

39 

151 

149 

115 

78 

88 

158 

155 

113 

75 

38 

174 

100 

500 

1000 

SOOO. 

TABLE  12 


No.  10  Copper  Clad 


R*  Bffa  8*  Currant  in  imperee. 

FteQttencj: 

D.C 

100 

500 

1000 

3000 


50.. 
100. 
500. 
1000 
3000 


Reilatenoe  (tfhms  per  kflemeter) 


8.15 

8.15 

8.15 

8.16 

8.16 

8.17 

8.36 

8.39 

8.43 

8.72 

8.75 

8.79 

9.38 

9.38 

9.39 

8.15 

8.18 
8.50 
8.84 
9.39 


Inleniil  tBdndance  (mlcndieniyi  per 
"  ) 


344 
240 
181 
121 
40 


198 

209 

224 

198 

208 

222 

171 

175 

179 

122 

123 

122 

45 

41 

43 
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The  results  are  plotted  in  Figs.  21,  22,  and  23.  For  low  fre- 
quencies there  is  an  increase  in  resistance  and  inductance  with 
increasing  cinrent.  This  is  due  to  an  increase  in  the  flux  of  induc- 
tion in  the  steel  core  which  increases  the  inductance  as  a  direct 
effect  and  increases  the  resistance  indirectly  on  account  of  the 
skin  effect.  The  latter  tends  to  reduce  the  inductance,  but  is 
outweighed  by  the  direct  effect.     As  the  frequency  increases  the 
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Resistance 
Fig.  21. — No.  4  copper  clad  wire 

resistance  and  inductance  become  independent  of  the  cturent 
strength.  This  is  due  to  the  fact  that  the  impedance  of  the  core 
has  become  so  high  relative  to  the  impedance  of  the  shell  that 
very  large  changes  in  the  former  would  be  required  to  produce 
appreciable  changes  in  the  combined  impedance.  At  very  high 
frequencies,  of  coinse,  the  copper  clad  wire  would  behave  exactly 
the  same  as  a  solid  copper  conductor.    Similarly,  the  higher  the 


^54 


Bulletin  of  the  Bureau  of  Standards 


iV6l.iM 


conductivity  of  the  copper-steel  wire  the  less  the  dependance  of 
the  resistance  and  inductance  upon  the  current  strength,  in  this 
case  also  approaching  as  a  limit  the  solid  copper  conductor. 

2.  A  COMPARISON  OF  OBSERVED  AND  COUPXnED  VALUES 

The  experimental  determinations  of  the  effective  resistance  and 
inductance  with  a  current  of  0.5  ampere  may  very  well  be  taken 
to  represent  the  case  where  the  permeability  of  the  core  is  a  mini- 
mum and  constant.    The  maximum  values  of  the  magnetizing 

a 
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ResisUnce* 
Fig.  22. — No.  8  copper  clad  wire 


lao 


force  in  the  core  for  direct  cmrent  of  0.5  x  V^  ampere  are,  roughly, 
0.18,  0.20,  and  0.32  C.  G.  S.  units  for  the  No.  4,  No.  8,  and  No,  10 
wires,  respectively.  From  Fig.  11  it  may  be  seen  that  the  per- 
meabilities for  these  magnetizing  forces  are  practically  the 
minimum. 

In  order  to  compute  the  values  of  the  effective  resistance  and 
inductance  for  a  given  frequency,  it  is  necessary  to  know  the 
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raditis,  resistivity,  and  permeability  of  the  core.  Measurements 
upon  the  steel  wire  which  was  obtained  by  turning  down  the  No. 
4  Copper  Clad  wire  gave  the  resistivity  of  the  steel  as  12.63 
microhm-centimeter.  The  resistivity  of  hard-drawn  copper  was 
taken  as  2.7  per  cent  higher  than  the  international  annealed  cop- 
per standard;**  i.  e.,  as  1.77 1  microhm-centimeter.  The  resis- 
tivities of  both  the  steel  and  the  copper  will  vary  irregularly  from 
one  wire  to  another,  due  to  compo-  ^ 
sition,  heat  treatment,  and  draw- 
ing. The  above  values  were, 
however,  asstuned  for  all  three 
wires  in  the  calculations.  From 
these  values — ^the  measured  re- 
sistances on  direct  cturent  and 
the  radii  of  the  wires — ^we  obtain 
the  data  in  Table  13. 

The  first  calculations  were  made 
before  the  permeability  cmves  of 
Fig.  II  were  obtained  for  the 
No.  8  and  No.  10  sizes,  and  the 
value  M — 90  determined  from  the 
core  of  the  No.  4  wire  was  used 
for  all  three  wires. 

Using  the  above  data  the  ef- 
fective resistance  and  internal 
inductance  of  the  core  was  calcu- 
lated for  the  frequencies  100,  500, 
1000,  and  3000  by  the  formulas 
(3)  and  (4)  and  the  inductances 
L„  Lj,  and  M  by  the  formulas 
(5),  (6),  and  (7).     In  formula  (5) 
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Fig.  23. — No,  10  copper  clad  wire 


in  place  of  -'  the  computed  value  of  the  internal  inductance  of 

the  core  was  substituted.  Finally  the  effective  resistances  and 
internal  inductances  of  the  copper-clad  wires  were  computed  by 
formulas  (8)  and  (9).     The  experimental  values  for  0.5  ampere 

"  Copper  Wire  Tlabks,  Circular  No.  31,  Bureau  of  Standards. 
10397**— 15 6 
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and  the  computed  values  are  compared  in  Table  14,  the  resistances 
being  given  iu  ohms  per  kilometer  and  the  internal  inductances 
in  microhenrys  per  kilometer. 

TABLE  13 


win 


Ho.  4. 
Ho.  8. 
Ho.  10 


lUdiiM 

(cmHiBO- 
tor) 


a261 
a  164 
0.129 


of 

ooreCcon- 
tlmotor) 


a  223 

a  128 

0.106 


ThleknoM 

ofiheU 

(contlme- 

tor) 


0.038 
a036 
a  023 


reiliteiiGO 
(ohflu  par  kOooifltar) 


Core 


&06 
24.65 
35.95 


ShoO 


3.10 
139 

ia53 


It  will  be  noted  that  two  sets  of  computed  values  are  given  for 
the  No.  ID  wire.  The  first  set  (i)  was  computed  from  the  assumed 
value  M  "^  90,  as  explained  above.  The  determination  of  the  per- 
meability curves  given  ia  Fig.  1 1  was  then  made  and  resulted  in 
values  of  85  and  70  for  the  initial  values  of  the  permeabilities  of 
the  No.  8  and  No.  10  wires,  respectively.  The  calculation  for  the 
No.  10  wire  was  repeated,  using  the  value  70,  which  resulted  in 
the  second  set  (2),  which  show  considerably  closer  agreement 
between  the  observed  and  computed  values,  in  particular  for  the 
self-inductance. 

TABLE  14 

Con^flxiflon  of  Observed  and  Computad  Values  of  Eifective  Resistance  and  Intenial 

Inductance  of  Copper-Clad  Wires 


WIro 

Dote 

0- 

100^ 

500- 

1000— 

3000- 

Ho.  4... 

(RooMshgo.  ................ 

[Oboervod 

[Computed 

2.24 
2.24 

2.29 
2.31 

2.60 
2.68 

2.73 
2.80 

2.94 
2.93 

Internal  indncteafio 

Oboervod 

Computed 

293 
360 

274 
316 

123 
99 

71 
46 

43 
18 

fBfulitinfo 

Oboeowl 

Computed 

OtMOtved 

Computed 

4.42 

4.48 

4.58 

4.77 

5.04 

Ho.  8... 

£DC0C<IUU  uKEQdftBOO  «•••••« 

4.42 
141 
163 

4.44 
140 
160 

4.63 
112 
118 

4.85 
75 
71 

5.04 
38 

30 

[OtMOtved 

8.15 

8.16 

8.36 

8.72 

9.38 

fRoflliteiico 

Computed  (1).. 
Computed  (2).. 

8.15 
8.15 

8.16 
8.16 

8.41 
8.32 

8.85 
8.67 

9.58 

9.46 

Ho.  10.. 

[OtMOtved 

198 

198 

171 

122 

45 

Ihtdfiisl  liidiictaiiM.. 

Computed  (1).. 

246 

245 

208 

146 

50 

Computed  (2).. 

195 

194 

176 

137 

53 
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3.  SraSCT  OF  NONPIRCULARITY  OF  THE  CORS 

It  is  of  interest  to  inquire  into  the  possible  cflfects  of  departures 
of  the  core  of  actual  wires  from  the  circular  cross  section  assumed 
in  the  calculation.  At  low  frequencies  the  core  plays  its  most 
important  part  in  determining  the  resistance  and  inductance  of 
the  wire,  and  this  is  especially  true  when  the  shell  is  thin.  The 
inductance  is  the  more  strongly  injSuenced,  as  may  be  seen  from 
the  above  two  values  of  the  inductance  for  the  No.  10  wire  at  zero 
frequency  for  /«=90  and  a*  — 70.  Here  the  change  in  a*  is  22  per 
cent  and  the  change  in  the  inductance  about  21  per  cent.  As 
the  frequency  increases,  the  resistance  and  inductance  of  the  wire 
approach  the  values  for  the  shell.  It  woidd  seem  that  departure 
of  the  core  from  circularity  would  have  the  effect  of  decreasing  the 
eflFective  radius  of  the  core  and  increasing  the  effective  thickness  of 
the  shell;  for  when  the  core  is  circular  the  lines  of  force  woidd  run 
either  entirely  through  steel  or  entirely  through  copper,  the  steel 
would  have  its  maximum  effect,  xnaking  the  total  induction 
internal  to  the  wire  a  maximum.  When,  however,  the  core  is 
noncircular,  some  of  the  lines  of  force  woidd  run  partly  through 
steel  and  partly  through  copper,  the  reluctance  of  the  path  would 
be  determined  practically  entirely  by  the  copper,  and  the  effect 
of  this  steel  would  hardly  be  any  more  than  ii  it  were  a  nonmag- 
netic material.  It  could  then  be  considered  a  part  of  the  shell. 
The  effects  due  to  noncircularity  would  be  the  following : 

1.  A  decided  decrease  in  the  self-inductance  for  direct  current 
and  low  frequencies,  due  to  the  decrease  of  the  core  inductance. 

2.  A  reduction  of  the  magnitude  of  the  skin  effect  for  inter- 
mediate frequencies,  due  to  a  decrease  in  the  effective  radius  of 
the  core. 

3.  An  increase  in  the  limiting  value  of  the  inductance  for  higher 
frequencies,  due  to  the  increase  in  the  effective  thickness  of  the 
shell. 

The  limiting  value  of  the  resistance  for  high  frequency  would, 
however,  not  be  changed  very  much,  due  to  the  increase  in  the 
effective  thickness  of  the  shell,  for  this  increase  is  brought  about 
by  the  addition  of  a  material  of  high  resistivity;  but  the  limiting 
value  ought  to  be  attained  somewhat  slower. 
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The  differences  between  the  computed  and  experimental  values 
for  the  No.  4  wire,  in  which  the  core  departs  badly  front  circularity, 
are  exactly  such  as  to  be  explained  from  this  cause.  The  agree- 
ment in  the  resistance  at  3000  cycles  is  probably  bettered  some- 
what by  skin  effect  in  the  ^ell  which  brings  the  observed  value 
up  to  the  computed,  in  which  this  skin  effect  is  neglected. 

The  noncircularity  of  the  core  is  an  advantage  at  low  fa%quencies 
from  the  standpoint  of  practice,  since  it  reduces  both  the  induc- 
tance and  resistance  of  the  wire.  It  is  probable  that  the  increase 
in  resistance  and  inductance  due  to  increasing  current  strength  is 
likewise  diminished  by  the  noncircularity  of  the  core.  This  sug- 
gests the  possible  desirability  of  giving  the  core  a  cross  section 
which  would  have  the  effect  of  a  considerable  departure  from 
circularity,  as  might  be  accompUshed  by  having  a  slotted  cross 
section  Uke  that  in  Fig.  24.     This  would  approximate  somewhat 


Fic.  34. — Slotted  crosi  Mction 

a  conductor  having  a  core  of  high  resistivity,  nonmagnetic  metal. 
In  such  a  conductor  the  internal  inductance  would  be  lower  than 
in  a  soUd  conductor,  and  both  the  resistance  and  inductance 
would  be  independent  of  the  current  strength.  Further,  as  the 
frequency  increased  the  per  cent  conductivity  relative  to  "a  solid 
copper  conductor  would  increase  throughout  the  whole  range, 
whereas  the  opposite  is  the  case  in  the  lower  range  of  frequencies 
for  the  wire  as  now  made. 

In  Fig.  25  are  shown  the  cross  sections  of  the  Nos.  4,  8,  and  10 
wires  used  in  the  measurements.  These  drawings  were  obtained 
from  photomicrographs.**  One  sample  was  taken  from  each  end 
of  the  30'm  length  of  wire.  The  photographs  show  a  considerable 
deviation  of  the  core  from  circularity  (especially  for  the  No.  4), 
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together  with  a  fair  constancy  of  the  cross  section  of  the  steel  in 
a  particular  wire  both  in  shape  and  area. 

In  malting  the  calculations  for  effective  resistance  and  induc- 
tance of  the  copper-clad  wires  it  seemed  reasonable  to  assiune  that 
the  resistivity  of  the  copper  would  be  very  nearly  constant  from 


Fig.  15. — Ctosi  iKiiint  t^eopptr  clad  vimf torn  phoUnficrographt 

wire  to  wire;  the  resistivity  of  the  steel,  however,  was  considered 
to  be  susceptible  of  considerable  variations.  In  order  to  obtain 
some  information  in  this  respect,  the  photomicrographs  were 
meastu%d  with  a  planimeter  and  the  ratio  of  r,  to  r,  determined 
for  all  three  wires.     This  measured  ratio  agreed  very  closely  with 
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that  previously  computed  for  the  No.  8  wire,  but  for  the  Nos.  4 
and  10  was  several  per  cent  higher.  Since  a  direct  measurement 
of  conductivity  had  been  made  upon  th6  steel  of  the  No.  4  wire, 
this  meant  that  the  copper  was  considerably  lower  in  conductivity 
than  the  assumed  value — i.  e.,  97.5  per  cent  of  standard  almeakd 
copper.  A  short  strip  of  copper  was  then  sawed  from  the  No.  4 
wire,  and  the  conductivity  was  found  to  be  only  about  84.8  per 
cent  of  annealed  copper.  It  is  therefore  probable  that  the  copper 
in  the  No.  10  wire  was  also  low  in  conductivity,  but  that  the  No. 
8  was  normal.  The  eflfect  upon  the  computed  ejBFective  resistances 
is  small;  the  computed  inductances,  however,  would  be  affected 
more  strongly,  and  in  such  a  way  as  to  reduce  the  differences  for 
the  No.  4  wire. 

a.  WIRE  TABLES.  EFFECTIVE  RESISTANCE  AND  INDUCT- 
ANCE OF  COPPER-STEEL  BIMETALLIC  WIRES  FOR 
SMALL  CURRENTS 

By  means  of  the  formulas  (8)  and  (9)  the  effective  resistance 
and  inductance  of  copper-steel  bimetallic  wires  Nos.  o,  2,  4,  6,  8, 
10,  and  12  A.  W.  G.  were  calculated  for  30,  40,  and  50  per  cent 
conductivities  (of  hard-drawn  copper)  and  frequencies  ranging 
from  zero  to  3000. 
It  was  assumed  that 

Resistivity  of  hard-drawn  copper  — 1.771  microhm-cm. 
Resistivity  of  steel  core  « 12.63  microhm-cm. 

»9ofor  Nos.  o,  2,  4 

-  85  for  Nos.  6,  8 

=  70  for  Nos.  ID,  12. 
Mainly  on  account  of  the  departure  of  the  core  from  nondr- 
cularity  the  values  of  inductance  for  actual  wires  may  differ 
considerably  from  the  computed  values.  Deviations  of  the  per- 
meability of  the  core  and  conductivity  of  the  core  and  shell  from 
the  assumed  values  may  also  cause  differences.  The  resistance 
values  are  not  as  strongly  affected  by  these  variations  as  the 
inductance  values  and  the  computed  values  of  resistance  shotdd 
fit  actual  wires  to  a  few  per  cent. 
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Table  15  gives  the  resistance  values  in  ohms  per  kilometer, 
Table  i6  the  per  cent  increase  in  resistance  from  the  direct-current 
values,  and  Table  17  the  internal  inductance  values  to  two  sig- 
nificant figures  in  microhenrys  per  kilometer.  In  Fig.  26  the  per 
cent  increase  in  resistance  is  plotted  with  respect  to  frequency, 
and  in  Pig.  2  7  the  internal  inductance  values  are  also  plotted  as  a 
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Pio.  36. — Eff^elvoe  retutanct  cf  copper-steel  wires.    Computed 

function  of  the  frequency.  Fig.  28  shows  the  variation  of  the 
per  cent  increase  in  resistance  with  the  conductivity,  and  from 
this  figure,  by  interpolation,  values  may  be  obtained  for  inter- 
mediate conductivities.  It  will  be  noted  that  ordinary  deviations 
of  the  wire  size  from  the  nominal  size  for  the  gage  number  will 
not  appreciably  affect  the  per  cent  increase  in  resistance. 
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Fig.  37. — Computed  internal  inductance.    Copper-steel  wires 
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^50 

PcrXent  Conduct/i^ity 

Fig.  28. — Effective  resistance  of  copper-steel  wires  as  a  function  of  the  conductivity 
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TABLB  15 
Effective  Resistance  of  Copper-Steel  Bimetallic  Wires  for  Small  Currents 

[Computed  by  the  fonntdas  8  and  9,  p.  335] 


Wli*(A.W.O.) 

Oondoe- 
ttvtty 

Frequency  (cydee  per  secend) 

o~ 

50- 

lOIK'     '     500-w 

1 

1000- 

8000- 

PwceBt 
30 

40 

SO 

f     ^ 
40 

50 

(     ^ 
40 

50 

30 

40 

SO 

40 
50 
30 
40 
SO 
30 
40 
50 

A/km 
1.10 

0.83 

0.66 

1.75 

1.32 

1.05 

2.79 

2.09 

1.67 

4.44 

3.33 

2.66 

7.1 

5.3 

4.23 

11.2 
8.4 
6.7 

17.8 

13.4 

10.7 

A/km 
1.18 

0.86 

0.68 

1.81 

1.34 

1.06 

A/km 
1.30 

0.91 

0.70 

1.93 

1.39 

1.08 

2.92 

2.15 

1.70 

4.52 

3.36 

2.68 

A/km 

1.55 

1.01 

0.75 

2.37 

1.58 

1.18 

3.61 

2.44 

1.84 

5.3 

3.71 

2.84 

7.9 

5.7 

4.39 

11.7 
8.6 
6.8 

18.2 

13.5 

10.8 

A/km 

1.61 

1.04 

0.77 

2.50 

1.63 

1.21 

3.85 

2.54 

1.89 

5.8 

3.92 

2.95 

8.8 

6.0 

4.57 

U.7 
9.0 
7.0 

19.0 

13.9 

10.9 

A/km 

Wft,  0 

No.  2 

4.12 

No.  4 

2.64 

1.94 

6.4 

Wo.  A 

4.13 

3.06 

9.8 

Ho.  8 

6.4 

4.80 

14.7 

No.  10 

1 

9.9 

7.5 

22.1 

Ho.  12 

15.2 

11.6 

• 
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TABLB  16 

in  Effective  Resistances  ci  Copper-Steel  BimetUlic  Wires  ¥nm  Direct 

Current  Values,  for  Small  Currents 

[Compated  by  the  fonnulu  8  and  9,  p.  935] 


Wlie<A.W.O.) 

CendoC' 
tlvtty 

Frequency  (cjfdee  per  lecond) 

5CK. 

10(^ 

500^ 

1000^ 

JOOO^ 

OOM 

Percent 
30 

40 

50 

30 

40 

50 

30 

40 

50 

30 

40 

50 

30 

40 

50 

f     ^ 

40 

50 

(     ^ 

40 

50 

Percent 

7 

4 
2 
3 
2 
1 

Per  cent 
18 

10 
10 

0.5 

Per  ceiS 
40 

22 

0.5 

Percent 

46 

26 

16 
42 
24 
14 
38 
21 
13 
32 
18 
11 
25 
14 

8 
13 

7 

4 

7 

4 

2 

Percent 

Per  cent 
61 

JI0.O 

32 

19 

61 

He.  2 

32 

19 

m 

48 
26 
16 
43 
24 
15 
39 
22 
13 
31 
18 
11 
24 
14 
8 

61 

He.  4 

32 

19 

61 

Ho.  6 

32 

19 

61 

He.  8 

32 

19 

61 

Ho.  10 

#••...*•.• 

32 

19 

61 

He.  12 

32 

19 

M  The  Hmitbig  vahte  by  this  methort  of  celmhtion.    It  is  determined  by  the  ratio  of  the  renatance  of 
the  ihcll  to  the  total  rcsiatance  of  the  wire  for  direct  current. 
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TABLB  17 
fifiiBCtive  Internal  Induetexice  of  Copper-Stoel  Bimetallic  Wilts  fo  Small  Cumnts  ^ 

[Cempttted  by  tlie  fonnuUn  8  and  9,  p.  azs] 


Wire  A.  W,  O. 

Condnc- 
tivtty 

Frequency  (cydei  per  lecond) 

0~ 

50-- 

10O-- 

500-- 

1000^ 

8000^ 

00  » 

• 

Percent 

30 

40 

50 

30 

40 

50 

30 

40 

•SO 

r     30 

40 

SO 

30 

40 

50 

30 

40 

50 
[      30 

40 

50 

fill/km 

6«0 

280 

140 

660 

280 

140 

660 

280 
.  140 

630 

270 

130 

630 

270 

130 

520 

220 

110 

520 

220 

110 

540 
240 
120 
610 
260 
130 

fihyiEm 
360 
160 
90 
490 
220 
110 
580 
250 
130 
600 
260 
130 

fthflon. 

61 

32 

27 
100 

SO 

36 
180 

83 

S3 
300 
130 

77 
430 
190 
100 
460 
200 
100 
490 
210 
110 

pth/km 

28 

20 

20 

47 

27 

24 

79 

40 

31 
140 

66 

44 
230 
110 

65 
340 
150 

85 
430 
190 
100 

ffb/lcm 

nh/lan 
7 

II0.O 

11 

16 

7 

lVe.2 

11 

16 

24 
18 
19 
39 
24 
23 
66 
35 
28 

120 
58 
40 

200 
93 
57 

■     7 

no.  4 

11 

16 

7 

no.  6 

11 

16 

7 

no.  8 

11 

16 

7 

no.  10 

11 

N 

16 

7 

no.  12 

11 

16 

' 

■  The  values  were  calculated  on  the  assumption  of  circular  cross  section  of  core  and  definite  vahies  oC 
permeability  of  core  material  and  of  resistivity  of  core  and  shell.  The  deviations  of  the  values  for  actual 
wires  from  those  in  the  table  may  be  considerable. 

»  The  limiting  value  by  this  method  of  calculation.    It  is  the  internal  inductance  of  the  shelL 

X.  SUMMARY 

I.  A  formula  is  derived  which  permits  the  exact  permeability 
curve  of  a  homogeneous  iron  wire  for  circular  magnetization  to  be 
obtained  from  measurements  of  the  self-inductance  of  the  wire 
with  direct  current.  Determinations  and  comparisons  of  axial 
and  circular  permeability  curves  are  made  for  a  number  of  wires. 
In  some  cases  the  two  curves  show  fair  agreement  and  in  others 
considerable  differences.  The  latter  are  probably  due  to  the  non- 
homogeneity  or  nonistropy  of  the  material. 
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2.  The  eflfective  resistances  and  inductances  of  a  number  of 
samples  of  iron  telegraph  and  telephone  wires  are  determined  by 
a  bridge  method  in  the  range  of  frequencies  from  50  to  3000 
cycles  per  second  and  with  current  strengths  varying  from  0.5  to 
10  amperes.  The  experimental  results  are  interpolated  to  zero 
current  and  compared  with  values  calculated  from  the  minimum 
permeabilities  of  the  materials. 

3.  Formulas  are  derived  for  the  eflfective  resistance  and  induc- 
tance of  bimetallic  wires  for  the  case  of  constant  permeability  of 
the  materials.  A  nimiber  of  copper-steel  bimetallic  wires  are 
investigated  experimentally,  and  the  results  for  low  currents  are 
compared  with  the  values  obtained  by  computation.  A  table  of 
computed  values  of  eflfective  resistance  and  inductance  for  various 
frequencies  is  given  for  copper-steel  wires  of  30,  40,  and  50  per 
cent  conductivity  and  for  sizes  Nos.  o,  2, 4,  6, 8, 10,  and  1 2  A.  W.  G. 

In  conclusion  I  desire  to  express  my  thanks  to  Dr.  E.  B.  Rosa 
and  Dr.  H.  L.  Curtis  for  their  many  valuable  suggestions. 

Washington,  April  14,  191 5. 
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I.  INTRODUCTION 

Previous  work  in  the  derivation  of  characteristic  equations  of 
vacuum  timgsten  lamps  ^  has  led  to  the  consideration  of  the 
possibility  of  designing  some  form  of  computing  device,  the  con- 
struction of  which  would  depend  directly  upon  these  equations, 
and  which  would  yield  values  of  acceptable  precision,  when  com- 
pared with  those  obtained  by  use  of  the  tables'  which  have 
been  computed  from  the  equations. 

^MiddlckaufF  and  Skogland,  "Characteristic  equations  of  tungsten  lamps  and  their  application  in 
heterochromatic  photometry."  this  bulletin,  11,  pp.  481-534;  Z914.    (Scientific  Paper  No.  338.) 
*  Pp.  5a7-534< 
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The  characteristic  equations  here  mentioned  are  employed  in 
the  determination  from  observed  values  of  voltage,  candlepower, 
and  watts  per  candle  the  values  of  these  variables  at  other  points, 
thus  obtaining  values  whose  precision  is  as  high  as  that  of  the 
observations  used  as  the  basis  of  the  computations.  Observa- 
tions may  thus  be  made  at  any  convenient  point;  for  example, 
at  a  voltage  corresponding  to  a  match  in  color  with  standards 
whose  values  are  well  known,  and  direct  measiu'ements  at  other 
points  are  eliminated.  The  advantage  of  measurements  at  color 
match  may  thus  always  be  realized,  and  the  disadvantages  of 
color  difference  measurements  (notably,  large  deviations  of  indi- 
vidual observations  from  their  mean)  may  be  eliminated.  By 
this  method  the  following  steps  are  taken  in  obtaining  a  solution  : 

1.  Factors  read  from  a  reduction  table  are  applied  to  the 
observed  values  to  obtain  the  so-called  " normal'*  values;  that  is, 
values  at  normal  wpc  (1.20). 

2.  Voltage  ratio  is  computed,  using  the  normal  value  as  a 
base. 

3.  The  proper  table  is  referred  to  at  the  point  corresponding 
to  the  voltage  ratio,  and  actual  wpc  and  per  cent  cp  are  read. 

4.  Cp  ratio  is  applied  to  normal  cp  to  secure  the  value  desired. 
In  case  the  voltage  corresponding  to  a  certain  cp  is  desired, 

the  second  step  is  the  computation  of  cp  ratio,  using  the  normal 
value  as  a  base;  this  cp  ratio  is  then  the  point  of  reference  in 
the  tables.  This  process,  though  simple,  requires  considerable 
time  before  a  solution  is  obtained. 

The  device  has  passed  through  the  experimental  stage,  im- 
provements being  made  as  suggested  by  considerations  of  con- 
venience to  the  user.  The  result  finally  accomplished  is  the 
production  of  a  chart  of  scales  which  evaluate  any  one  of  the 
variables — candlepower,  watts  per  candle,  or  voltage — ^with  a 
single  ^tting  to  observed  values  at  any  wpc  within  the  range  of 
the  device. 

n.  SCALES  OF  THE  DEVICE 

The  scales,  shown  on  the  plate  at  the  end  of  this  paper,  include 
horizontal  scales  of  volts  and  wpc.  These  scales  are  found  at 
the  lower  part  of  the  plate.     The  horizontal  lines  which  are 
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ruled  across  tbe  cp  chart  correspond  to  observed  or  rated  wpc, 
and  they  fix  the  point  at  which  the  volt  scale  is  set  in  computing 
per  cent  cp. 

The  volt  scale  should  be  cut  from  the  chart  and  preferably 
mounted  on  a  strip  of  dry  hardwood  or  on  metal,  care  being 
exercised  to  avoid  shrinkage."  Shellacking  of  any  of  the  scales 
is  not  recommended.  , 

The  remainder  of  the  chart  may  be  placed  on  a  drawing  board 
or  other  plane  surface. 

m.  HOW  THE  SCALES  ARE  USED 

Observed  voltage  is  set  to  the  100  per  cent  cp  hue  at  its  inter- 
section  with   the   horizontal    corresponding    to    observed   wpc 
Extreme  care  need  not  be  exercised  in  interpolat- 
ing wpc    between  scale  divisions  in  this  setting, 
but  the  volt  scale  should  be  exactly  horizontal. 
The   100  per  cent  cp  line  (hereinafter  called  the 
initial  cp  line)  has  been  drawn  as  a  broken  line, 
so  that  it  is  always  easily  found.     From  the  setting 
made,  per  cent  cp  at  any  voltage  may  now  be  read        '  ^—^"^P''' 
at  the  point  of  intersection  with  the  volt  scale  cor- 
responding to  the  voltage  at  which  a  value  is  desired,  or  the  con- 
verse problem  may  be  solved  by  the  same  setting.     For  accurate 
interpolation  on  the  cp  chart  a  scale  like  that  of  Fig.  i  may  be 
used.     Its  use  is  too  obvious  to  require  comment.     In  practice, 
this  scale  is  copied  on  transparent  material,  such  as  celluloid  w 
tracing  cloth.     A  scale  of  this  kind  was  used  in  obtaining  values 
given  m  the  examples  of  the  following  section. 

If  the  volt  scale  has  been  set  exactly  to  observed  wpc  on  the 
initial  cp  line,  wpc  at  any  point  desired  may  be  read  by  dropping 
a  perpendicular  to  the  horizontal  wpc  scale;  but  since,  as  stated 
above,  extreme  accm-acy  is  not  required  in  setting  to  observed 
wpc  on  the  cp  chart,  a  better  method  is  to  apply  the  volt  scale 
directly  to  the  horizontal  wpc  scale,  placing  observed  voltage 
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opposite  observed  wpc.     On  this  wpc  scale  interpolation  may  be 
easily  and  accurately  made. 

A  few  examples  illustrating  different  settings  of  the  scales  will 
now  be  given. 

IV.  EXAMPLES  ILLUSTRATING  SCALE  SETTINGS  AND 

THEIR  PRECISION 

In  the  following  examples  values  read  from  the  scales  are  com- 
pared with  those  obtained  by  use  of  Tables  20  and  22.* 

Example  i. — Per  cent  cp  and  wpc  read  with  100  volts  set  to 
the  initial  cp  line  and  to  1.20  wpc.  From  this  setting  per  cent 
cp  and  wpc  at  other  volt  scale  divisions  are  read.  This  is  evi- 
dently a  percentage  setting  of  the  volt  scale.  The  results  are 
given  in  Table  i. 

TABLB  1 

Comparisan  of  Values  of  Per  Cent  cp  and  of  wpc  at  Varioua  Percentages  of  the  Voltage 
Corresponding  to  1.20  wpc,  as  Read  from  the  Scales  and  from  the  Tables 


Per  ce&t  CTHilleyewei 

Watts  per  candle 

Per  cent  vnttafi 

Scale 

Table  20 

Differ* 
eaee 

Scale 

Table  22 

Differ* 
enoe 

M.0 

80.0 
9L4 
111.3 
129.4 
151.9 
174.0 
19a  0 
221.4 
237.0 
262.8 

79.94 
91.29 
111.2 
129.4 
151.8 
174.0 
1891 9 
221.4 
236.7 
262.6 

Per  oenl 
a08 
.12 
.09 
.00 
.07 
.00 
.05 
.00 
.13 
.08 

LS60 

1.262 

1.131 

L040 

.953 

.884 

.843 

.776 

.740 

.708 

1.361 
L26S 

1.131 
L040 
.9525 
.8840 
.8431 
.7762 
.7487 
.7084 

Per  cent 

ao7 

f7J 

.08 

103.0 

.00 

107.5 

.00 

112J 

.05 

117,0 

.00 

120.0 

.01 

125.5 

.08 

12S.0 

.04 

182.0 . -  - 

.06 

IffMn  ,  

.06 

.03 

Example  2. — Readings  of  per  cent  cp  and  wpc  made  from  set- 
ting observed,  or  fated,  values  at  i  wpc,  and  comparison  with 
values  computed  by  the  tables. 


.*  Middkkanff  and  Skoftand.  loc  dt.,  pp.  53a,  534. 
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TABLB2 


Volli 

Ptc  cmt  cnidlcpower 

Watta  per  candla 

VlUBOb- 
MTVWlor 

ntad 

To  Male 

SciOa 

T«bl0  2O 

DlflUWIM 

Scale 

Table  22 

Dttfeieooe 

105 
113 
115 
117 
117 
118 
120 

111 
121 
124 
107 
125 
111 
110 

12L4 
127.0 
13a  0 
72.9 
12&2 

8a7 

73.5 

121.4 

127.0 

13ai 

72.8 

126.0 

8a6 

73w4 

Per  cant 

aoo 

.00 
.08 
.14 
.16 
.12 
.14 

a899 
.878 
.866 

L192 
.882 

1.127 

L187 

a899 
.878 
.866 

1.193 

.881 

1.127 

1.187 

Percent 

aoo 

.00 
.00 
.08 
.11 
.00 
.00 

MMn 

a  09 

ao3 

Example  3. — Observations:  no  volts,  25  candles,  1.35  wpc. 
Required:  (a)  Cp  and  wpc  at  125  volts;  (6)  volts  and  wpc  for 
20  candles. 

Solution. — (a)  Set  no  volts  to  the  initial  cp  line  at  its  inter- 
section with  the  horizontal  through  1.35  wpc.  Read  at  125  volts, 
158  per  cent  cp.  1.580x25=39.50  candles,  the  required  value. 
A  similar  setting  to  the  horizontal  wpc  scale  gives  i  .045  wpc. 

20 
(6)  — — 0.80 « 80  per  cent  cp.    Set  the  scales  as  in  (a)  above 

and  read  at  80  per  cent  cp,  103.5  volts,  the  required  value  for  20 
candles.  Set  no  volts  to  1.35  on  the  wpc  scale,  and  opposite 
103.5  voits  read  1.532  wpc. 

The  solution  by  the  much  longer  method  employing  Tables  19, 
20,  and  22  is  (a)  39.48  candles,  1.045  wpc;  (6)  103.5  volts, 
1.532  wpc. 

Summary  of  results. — (i)  Scale  values:  (a)  39.50  candles,  i .045 
wpc;  (6)  103.5  volts,  1.532  wpc. 

(2)  Table  values:  (a)  39.48  candles,  1.045  wpc;  (6)  103.5 
volts,  1 .532  wpc. 

Example  4. — Observations:  no  volts,  88  candles,  1.05  wpc. 
Required:  Volts  and  candles  at  0.7  wpc. 

Solution, — Set  no  volts  to  1.05  wpc.  Read  at  0.7  wpc,  136.6 
volts,  the  required  value.  Set  no  volts  to  the  initial  cp  line  on 
the  horizontal  through  1.05  wpc.     Read  at  136.6  volts,  21 1.2  per 
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cent  cp.  88x2.112  =  185.9  candles,  the  value  required.  This 
solution  is  identical  with  that  obtained  by  employing  Table  i9.' 

Example  5. — ^The  following  example,  which  has  been  given  in 
part  in  Table  8,  page  506,  of  the  paper  above  referred  to  (note  i), 
illustrates  the  application  of  the  scales  in  the  adjustment  of  several 
observations.  Three  solutions  by  the  same  method  are  given,  so 
that  the  scales  (the  cp  scales  in  particular)  may  be  tested  on  several 
wpc  lines. 

This  method  is  somewhat  different  from  that  given  in  the  dis- 
cussion of  characteristic  equations,  but,  although  not  quite  so 
precise,  it  results  in  securing  very  nearly  the  same  adjustment  of 
values.  It  is  based  on  the  validity  of  the  arithmetical  mean  and 
therefore  appears  to  be  a  sound  method.  One  observed  value  is 
selected  as  a  base  for  scale  settings.  After  reading  from  the  scales 
the  values  at  each  voltage,  these  values  are  adjusted  to  give  the 
same  mean  as  the  observed  values.  This  is  accomplished  by  in- 
creasing or  decreasing  each  observed  value  by  the  same  percentage 
as  that  required  to  correct  the  mean  of  the  observed  values  to  the 
mean  of  the  computed  values,  a  procedure  familiar  in  other 
applications  to  all  who  have  had  laboratory  experience  in  any  line. 

Results  and  comparisons  are  given  ih  Table  3. 

TABLB3 


Adjustment  of  obsenred  q>  Valiies  of  a 

i  Gfoup  of  Soyea  4<Mrttt  Drawn  Wife  lemps 

ObserviKtloiii 

Scale  i«luM  «ppitod  as 
iftctorato^ 

Ad)tt8led^ni]iiee,fcoai 
mean  tMsed  on— 

number 

Votts 

CandlM 

(wpc) 

OlM.1 

Obl.4 

OlM.7 

Oba.1 

Olia.4 

Oba.7 

1 
2 

96 
104 
112 
120 
128 
136 
144 

18.20 
24.48 
32.15 
41.07 
51.46 
63.48 
76.71 

(1.633) 

18.20 
24.43 
31.94 
4a  82 
51.25 
63.16 
76.66 

18.33 
24.58 
32.04 
41.07 
SI.  55 
63.45 
77.10 

18.18 
24.46 
31.98 
4a  89 
51.32 
62.96 
76.71 

18.27 
24.52 
32.06 
40.97 
51.44 
63.39 
7&94 

18.30 
24.54 
31.98 
41.00 
51.46 
6X33 
76.96 

18.24 
24.54 

3 

32.09 

4 
5 

(1. 032) 

41.03 
51.50 

6 

68.18 

7 

(a  736) 

76.97 

MMn 

43.94 

43.78 

44.02 

43.79 

43.94 

43L94 

43.94 

' 

^  Middkkaufl  and  Scoskad.  loc.  dt.    This  example  is  given  on  p.  534. 
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MMni«l 

•djuatod 
valoM 

ValoM 
obteinsd 

19  and  20 

18.27 
24.53 
32.04 
41.00 
51.47 
63.30 
76.96 

18.26 
24.51 
32.05 
4a  97 
51.37 
63.33 
76.91 

43.94 

43.91 

ICi^Bam  ^tormee,  0.19  ptr  etnt 

The  diflferences  which  appear  in  these  examples  between  values 
read  from  the  scales  and  those  computed  by  employing  Tables  19, 
20,  and  22  are  certainly  so  small  that  no  valid  objection  can  be 
raised  against  the  use  of  the  device  as  here  presented  without 
raising  a  similar  objection  to  the  tables  of  the  previous  paper;  for 
the  observed  values  .are  checked  very  nearly  as  closely  by  one 
method  as  by  the  other.  Such  differences  as  do  occur  may  be 
attributed  to  slight  errors  in  construction,  width  of  line  of  the 
original  drawing  necessary  to  secure,  a  plain  reproduction,  and 
errors  in  interpolation. 

V.  ADVANTAGES  AND  DISADVANTAGES 

When  compared  with  the  method  involving  use  of  Tables  19 
to  22,  the  great  advantage  that  is  first  apparent  in  favor  of  this 
device  is  a  saving  of  time,  a  fact  which  will  be  evident  to  any*who 
solve  the  examples  of  the  preceding  section  by  each  method* 

This  results  because  of  the  following  facts,  namely,  reduction  to 
normal  wpc  is  eliminated ;  direct  and  converse  problems  may  be 
solved  with  equal  ease;  voltage  ratios  need  not  be  computed;  the 
volt  and  wpc  scales  constitute  a  complete  slide  rule  from  which, 
for  example,  life-test  voltages  may  be  read  directly  for  any  wpc, 
or  the  wpc  at  the  nearest  rack  voltage  may  be  read  from  the  same 
setting. 
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An  advantage  over  any  method  employing  exponents  is  that 
use  of  the  exponential  rule  or  of  logarithm  tables  is  tmnecessary. 
This  method,  m  common  with  the  exponential  method,  avoids 
reduction  to  normal  wpc.  In  the  exponential  method,  however, 
several  charts  of  etudes,  constructed  as  previously  described,* 
are  necessary  in  solving  both  direct  and  converse  problems. 
For  example,  curves  giving  exponents  which,  when  applied  to 
voltage  ratio,  evaluate  cp  ratio  can  not  be  employed  in  solving 
the  converse  problem.  Further,  voltage  and  wpc  ratios  must  be 
known  before  the  exponential  method  can  be  used. 

There  are  but  few  disadvantages,  of  which  the  following  may 
be  mentioned :  A  device  which  would  include  the  whole  range  ia 
wpc  covered  by  the  tables  would  either  be  inconveniently  large, 
or,  if  reduced  to  a  convenient  size,  there  would  be  some  sacrifice 
of  precision;  the  values  obtained  even  from  scales  perfectly  con- 
structed are  modified  by  personal  errors  in  interpolation  between 
scale  divisions.  These  errors  may,  however,  be  greatly  reduced 
by  using  the  interpolating  scale  shown  in  Fig.  i . 

VI.  CONSTRUCTION  OF  THA  SCALES 

1.  RANGB  SELECTED 

In  order  to  minimize  the  disadvantages  just  mentioned,  the 
scales  have  been  designed'  to  include  a  range  in  wpc  of  from 
0.70  to  2.05,  with  a  volt  scale  extending  from  94  to  166  volts, 
these  limits  being  determined  by  the  me  of  section-ruled  paper 
available,  with  due  consideration  of  the  voltages  and  efficiencies 
most  generally  employed  in  laboratory  and  factory  practice.  It 
is  believed  that  the  range  of  these  scales  is  sufficient  to  include 
settings  and  solutions  for  105  to  130  volt  lamps  in  standardizing 
and  life-test  problems. 

A  full  description  of  the  design  of  these  scales  will  now  be 
given.  The  method  outlined  may  be  used  in  the  construction 
of  scales  of  any  range  and  is  general  in  its  application  to  func- 
tions which  may  be  expressed  by  related  equations  of  the  same 
form  as  those  expressing  the  characteristics  here  considered.* 
By  extension  of  the  method,  all  similarly  related  quadratic 
equations  involving  either  x  or  y  ^s  independent  variable,  if 

•  ICiddlekanfl  and  Skogland,  loo.  dt.,  p.  613.   ^  For  characteristic  equations,  see  pp.  496. 498. 
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these  variables  are  of  exponential  significance,  may  be  similarly 
represented  after  the  proper  choice  of  coordinates  and  may  be 
used  in  exactly  the  same  way  as  are  the  scales  here  designed. 

2.  COORDnrATBS  TO  WmCR  ALL  POIRTS  ARB  ItBPBRRED 

All  of  the  scales  are  based  upon  scales  of  equal  parts  corre- 
sponding to  logarithmic  per  cent  voltage,  which  may  be  consid- 
ered as  a  whole  ntunber  (for  convenience,  it  is  here  so  considered) 
or  as  a  ratio. 

From  reciprocals  of  values  of  "Volts"  given  in  Table  iq,* 
which  contains  factors  for  reduction  to  1.20  wpc,  it  was  found 
that  a  range  in  wpc  of  from  0.70  to  2.05  includes  values  of  per 
cent  voltage  of  from  76  to  133,  approximately.  The  correspond- 
ing logarithms  are  included  within  the  range  1.880  to  2.130. 
These  ntunbers,  1.880  to  2.130,  were  indicated  in  pencil  in  a 
horizontal  direction  as  the  X  scale  of  equal  parts.  For  reasons 
which  will  appear  later,  the  same  scale  was  repeated  in  a  vertical 
direction  as  a  V  scale.  Due  to  limitations  imposed  by  the  width 
of  the  plotting  paper,  the  total  length  of  the  Y  scale  was  made 
one-half  that  of  the  X  scale.  Any  practical  value  may  be  as- 
signed to  the  ratio  of  these  scales. 

3.  WATTS  PER  CANDLB  SCALBS 

From  reciprocals  of  values  of  "Volts"  given  in  Table  19 •  the 
horizontal  wpc  scale  was  constructed  in  steps  of  o.oi ,  each  point 
being  placed  at  the  corresponding  value  of  logarithmic  per  cent 
voltage.  The  same  scale  was  plotted  vertically  in  steps  of  0.05 
wpc  from  2.05  to  i  and  of  0.02  wpc  for  the  remainder  of  the  scale. 
The  last-named  scale  divisions  were  extended  horizontally  across 
the  chart,  as  shown  on  the  plate.  On  drawings  of  sitialler  range 
the  Y  scale  may  be  made  equal  in  length  and  in  ntunber  of  scale 
divisions  to  the  X  scale,  but  this  is  a  matter  of  no  great  impor- 
tance since,  as  stated  in  Section  III  above,  extreme  accuracy  in 
interpolation  on  this  scale  is  not  required. 

These  wpc  scales  are  not  logarithmic,*  as  they  are  based  upon 
a  second-degree  logarithmic  equation.** 

*MMdkkanff«id8koflMul,  loe.dt..p.  5«7.    S«e  abo  p.  500.  tec.  6.  Unci  i9-«3. 
•'' U>carithniic'^  that  is.  two  Midi  Mitet  wcwM  iMt  form  Mitet  it  a^ 
M  ICiddidcMtff  toad  Skofbmd,  loc  dt..  p.  496,  cq.  xa. 
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4.  If ORMAL  PBR  CBUT  CANDLEPOWER  SCAUB 

Prom  Table  20"  may  be  read  per  cent  qp  for  any  voltage 
ratio  on  the  normal  basis  (1.20  wpc),  so  that  tabulated  values 
may  be  plotted  in  the  same  maimer  bs  was  done  in  constructing 
the  wpc  scales ;  that  is,  steps  of  per  cent  cp  may  be  plotted  oppo- 
site the  corresponding  logarithmic  per  cent  voltage,  this  construc- 
tion giving  a  normal  per  cent  cp  scale.    Asstmie  this  scale  drawn. 

5.  PRBUMnr ARY  PBR  CBUT  VOLTAGB  SCAIB 

If,  now,  a  per  cent  voltage  scale  be  drawn  in  with  points  placed 
at  the  corresponding  logarithms  X,  there  is  completed  a  set  of 
scales  from  whiqh  values  of  per  ctot  cp  and  of  wpc  may  be  read 
for  any  percentage  of  normal  voltage;  that  is,  the  tabulated 
values  have  been  transferred  to  the  scales,  and  the  device  is, 
as  yet,  no  improvement  over  the  tables,  because  it  could  at  best 
yield  only  the  tabulated  values,  with  little,  if  any,  saving  of  time. 
It  need  hardly  be  stated  that  the  present  choice  of  coordinates 
would  not  have  been  necessary  if  this  were  the  final  result  to  be 
achieved.  The  purpose  of  the  choice  made  becomes  evident  in 
what  follows. 

6.  PRBUMDIARY  VOLT  SCALE 

If,  now,  the  per  cent  voltage  scale  just  constructed  be  free  to 
move — ^that  is,  detached  from  the  chart — ^it  may  be  used  as  a 
volt  scale  of  range  from  76  to  133  volts,  which  is  a  considerable 
improvement,  as  voltage  ratios  need  not  be  computed.  Obvi- 
ously, this  transformation  of  the  per  cent  voltage  scale  to  a  volt 
scale  follows  directly  from  the  fact  that  the  scale  is  logarithmic, 
and  hence  is,  by  construction,  a  computer  of  voltage  ratio  for 
any  setting. 

7.  U5B  OP  THB  SCALBS  CONSTRUCTED  ABOVE 

These  three  scales  (wpc,  volts,  and  normal  per  cent  cp)  may  be 
used  in  connection  with  reduction  Table  19  (see  note  2),  normal  cp 
only  being  computed  by  applying  to  the  observed  value  the  factor 
(Fo)  read  from  the  table,  or  the  reciprocal  (FJ  of  this  factor  may 
be  read  from  the  normal  per  cent  cp  scale  at  the  observed  voltage, 

u  MiiidWrwiff  and  Skoglaad.  loe.  dt..  i>.  »•. 
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which  is  set  to  observed  wpc.  At  the  required  voltage  is  reftd  the 
cp  factor  (F,)  on  the  normal  basis  and  the  actual  wpc.     If  P^  is 

the  observed  value  in  candles,  and  P^  is  the  required  value, 

p 
Pj—Po^o^,— -j3^F,.     It    is    to    be    noted    that    the    reduction 

p 
P^Fo  — -^  is  a  reduction  of  observed  cp  to  normal  cp,  but  that  the 

corresponding  normal  voltage  need  not  be  read.  There  then 
remains  only  the  reduction  to  normal  cp  to  dispense  with  before 
being  free  from  use  of  the  tables  or  from  taking  two  readings  from 
a  normal  per  cent  cp  scale.  This  is  accomplished  by  the  construc- 
tion of  the  per  c«t  cp  curves,  which,  as  will  be  proven,  are  straight 
lines. 

8.  PBR  CENT  CAIfDLBPOWER  CURVES 

As  the  second  characteristic  equation  (see  note  7)  is  employed 
in  proving  some  of  the  relations  which  are  derived  below,  it  is 
here  quoted. 

This  equation  is: 

;/,--  .946«»+3.592x  (i) 

in  which  y, — log  cp  ratio  and  x  -  log  voltage  ratio,  the  conditional 
relation  between  x  and  y^  being  that  X'^y^'^log  1  "O  at  actual 
wpc  —  1 .  20  (the  normal  value) . 

Prom  equation  i  is  derived  by  differentiation, 

-^'-- 1.8923^  +  3.592,  (2) 

which  shows  that  -^  decreases  as  x  increases  above  its  normal 

ax 

value.  Since  wpc  and  consequently  logarithm  wpc  also  decrease, 
it  follows  that  at  wpc  less  than  1.20  the  change  of  logarithm  cp 
ratio  with  logarithm  voltage  ratio,  and  hence  of  cp  ratio  with 
voltage  ratio,  is  less  than  at  the  normal  value  of  1.20  wpc;  hence 
the  distance  in  scale  divisions  from  100  per  cent  to  any  other  per 
cent  cp  on  a  scale  constructed  in  the  manner  given  in  paragraph  4, 
page  278,  but  based  on  a  wpc  less  than  1.20,  would  be  greater 
than  on  the  normal  scale.  By  similar  reasoning,  since  x  is  negative 
for  voltage  ratios  less  than  i ,  this  distance  would  be  less  at  wpc 
greater  than  1.20.     For  example,  a  cp  scale  constructed  with  its 
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lOO  per  cent  point  at  0.8  wpc  will  contain  fewer  scale  divisions 
for  a  given  range  in  wpc  than  will  a  similar  scale  constructed 
at  1.6  wpc. 

Suppose,  now,  that  the  normal  cp  scale  constructed  above  be 
moved  up  to  the  1.20  line  of  the  Y  wpc  scale  constructed  in 
paragraph  3,  page  277.  It  will  evidently  bear  the  right  relation 
to  all  of  the  scales  so  far  constructed.  Also,  the  100  per  cent  cp 
point  for  any  wpc  may  be  traced  as  a  straight  line  drawn  through 
corresponding  points  of  the  horizontal  and  vertical  wpc  scales. 
By  construction  this  line  also  passes  through  corresponding  values 
of  logarithmic  per  cent  voltage.  This  line  is  then  the  first  of  the 
cp  curves  and  is  designated  as  the  initial  cp  line.  If  other  cp 
scales  be  constructed  at  points  above  and  below  the  normal  scale 
just  placed,  values  being  obtained  from  the  tables,  a  series  of 
curves  may  be  drawn  through  corresponding  points  of  the  different 
scales.  These  curves  are  straight  lines,  which  greatly  simplifies . 
their  construction  and  makes  it  evident  why  the  vertical  scale 
was  based  on  a  logarithmic  scale  of  equal  parts.  That  these  curves 
are  straight  lines  may  be  proven  as  follows:  Equation  (i)  above 
may  be  written 

I 

in  which  V,— cp  ratio  and  X— voltage  ratio,  u^  being  a  variable 
function  of  x  expressed  by  the  equation 

11," -.9463? +3.592,  (4) 

from  which  is  obtained  by  differentiation 

du^^-  .946dx,  (5) 

or,  expressed  in  words,  t*,  changes  uniformly  with  x. 

It  therefore  follows  that  the  curve  for  any  per  cent  cp  must  be 
displaced  from  the  initial  cp  line  by  a  distance  which  is  con- 
stantly changing  with  nc,  since  an  increase  in  exponent  corre- 
sponds to  an  increase  in  distance  on  a  logarithmic  scale.  To 
iUustrate:  Log  8 -log  2'«=3  log  2.  If  log  2  be  plotted  as  one 
scale  division,  log  8  would  be  found  at  three  scale  divisions;  the 
exponent  is  increased  from  i  to  3  and  the  distance  is 
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ia  like  degree.  These  curves  are  therefore  straight  lines  which, 
as  shown  above,  diverge  from  the  initial  cp  line  in  passing  to  the 
lower  wpc. 

So  that  in  construction  two  points  only  need  be  accurately 
placed  for  each  line,  preferably  one  above  and  one  below  the 
normal  scale,  throughout  its  range,  and  either  two  or  three  points 
for  the  lines  which  do  not  cross  the  normal  scale.  A  third  point 
in  any  case  is  a  check  on  the  accuracy  of  placing  the  other  two, 
and  is  not  absolutely  necessary. 

9.  FINAL  VOLT  SCALE 

The  volt  scale  designed  in  sections  5  and  6,  page  278,  might  be 
used,  but  a  scale  of  different  range  constructed,  however,  in  ex- 
actly the  same  manner  is  given  on  the  plate.  Logarithms  cor- 
responding to  the  voltages  chosen  (94  to  i66)  were  substituted 
for  the  original  per  cent  voltage  logarithms  of  the  X  scale,  the 
same  distance  between  successive  points  being  of  necessity  ad- 
hered to.  The  volt  and  half -volt  divisions  were  drawn  in  at 
points  corresponding  to  their  logarithms.  Any  volt  scale  desired 
may  be  constructed  in  a  similar  manner. 

The  actual  values  through  which  the  lines  of  the  chart  were 
drawn  are  given  in  Section  VIII,  so  that  the  entire  chart  or  any 
section  of  it  may  be  drawn  to  any  scale  desired. 

Vn.  THE  COMPUTER  IN  A  MODIFIED  FORM 

From  these  data  it  is  possible  to  construct  a  circular  or  disk 
computer,  although  the  construction  presents  points  of  consider- 
able difficulty.  Volt  and  wpc  scales  may  be  easily  so  arranged, 
and  their  construction  is  not  difi^cult. 

Since,  however,  the  cp  curves  of  a  circular  computer  would  be 
drawn  through  points  determined  by  radial  and  circumferential 
voltage  logarithms,  they  would  no  longer  be  straight  lines,  and 
more  than  three  points  would  have  to  be  placed  for  each  curve. 
As  a  result  their  construction  would  be  rather  difficult. 
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Vm.  TABLES  OF  VALUES  USED  IN  CONSTRUCTING  THE 

SCALES 

Scale  divisions  are  her^  considered  as  whole  numbers;  e.  g., 
log  94  is  given  instead  of  log  0.94  as  the  first  point  of  the  volt 
scale.  Rectangular  cartesian  coordinates  are  used  and  X  and  Y 
have  their  usual  graphical  significance. 

1.  VOLT  SCALE 

The  values  of  X  for  each  scale  division  on  a  reference  scale  of 
equal  parts  are  given  in  Table  4.    This  is  the  only  logarithmic 
•  scale  of  the  device. 

TABLE  4 
Values  of  Z  CorrMponding  to  Valttos  of  Voltego  findicttod  hj  Scalo  XMyiaioofl 


Scide 

z 

State 

Z 

Sctto 

Z 

8000 

Z 

9i.O 

1.97812 

lia5 

2.04336 

127.0 

2.10380 

1415 

2.15685 

9i.5 

543 

ULO 

532 

127.5 

551 

144.0 

836 

fi&O 

772 

11L5 

727 

1210 

721 

144.5 

986 

915 

1.90000 

112.0 

921 

1215 

890 

1410 

116136 

9&0 

227 

U112.5 

2.05115 

129.0 

111058 

1415 

286 

96.5 

452 

113.0 

307 

129.5 

226 

1410 

435 

97.0 

677 

1115 

499 

1310 

994 

1415 

583 

97.5 

900 

114.0 

690 

laas 

561 

147.0 

781 

n.0 

1.99122 

114.5 

680 

131.0 

727 

147.5 

879 

n.5 

343 

1110 

2.06069 

181.5 

892 

1410 

2.17026 

9910 

563 

Ills 

858 

132.0 

2.12057 

141S 

17k 

99.5 

782 

ll&O 

445 

132.5 

221 

1410 

318 

loao 

2.00000 

1115 

632 

1310 

385 

149.5 

464 

10a  5 

216 

117.0 

818 

1315 

• 

548 

1510 

609 

lOLO 

432 

117.5 

^    2.07008 

134.0 

710 

151 

897 

10L5 

646 

1110 

188 

134.5 

872 

152 

2.18184 

102.0 

860 

1115 

871 

1810 

2.13033 

133 

469 

102.5 

2.01072 

119.0 

554 

1315 

193 

154 

752 

103.0 

283 

119.5 

736 

1310 

353 

155 

119033 

103.5 

494 

120.0 

918 

1815 

513 

156 

312 

104.0 

703 

12a  5 

2.08098 

137.0 

672 

157 

589 

104.5 

911 

121.0 

278 

137.5 

830 

158 

865 

1010 

2.02116 

121.5 

457 

1310 

987 

159 

120139 

1015 

325 

122.0 

685 

1315 

2.14144 

160 

412 

1010 

530 

122.5 

813 

139.0 

301 

161 

682 

1015 

734 

1210 

990 

139.5 

457 

162 

951 

107.0 

938 

1215 

109166 

140.0 

612. 

163 

121218 

107.5 

2.03140 

124.0 

342 

1415 

767 

164 

484 

108.0 

842 

124.5 

516 

141.0 

921 

165 

748 

106.5 

542 

1210 

691 

141.5 

2.15075 

166 

122010 

109.0 

742 

12s.  5 

864 

142.0 

228 

109.5 

941 

126.0 

2.10037 

142.5 

381 

uao 

2.04139 

1215 

209 

143.0 

533 

^ 

M  Example:  Log  112.5=s3.06115,  the  point  on  the  X  scale  of  equal  parts  at  whkh  the  112.6  volt  division 
is  placed. 
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Z.  WATTS  PBK  CAin>L£  SCAUS 

In  Table  5  are  given  values  of  X  corresponding  to  wpc  scale 
djnrisions.  These  values  of  X  are  in  part  repeated  as  ordinates 
y,  through  which  horizontals  are  drawn  across  the  per  cent  cp 
char(.  All  of  these  values  may  be  repeated  for  placing  horizontals, 
if  it  is  so  desired.  The  values  given  are  based  on  a  reference  scale 
of  equal  parts.  The  length  of  the  Y  scale  may  bear  any  conve- 
nient ratio  to  that  of  the  X  scale. 

TABLE  5 
Values  of  X  Corresponding  to  Values  of  wp^  Indicated  by  Scale  Divisions 


BeaSm 

Z 

Scale 

Z 

State 

Z 

sctak 

Z 

a  70 

2.12346 

1.04 

2.03138 

"1.38 

1.97021 

1.72 

1.92478 

.71 

003 

.05 

2.02926 

.39 

1.96869 

.73 

361 

.72 

2.11663 

.06 

715 

.40 

718 

.74 

245 

.73 

332 

.07 

507 

.41 

569 

.75 

129 

.74 

002 

.06 

301 

.42 

421 

.76 

013 

.75 

2.10682 

.09 

098 

.43 

273 

.77 

1.91900 

.76 

363 

.10 

2.01897 

.44 

126 

.78 

786 

.77 

053 

.11 

701 

.45 

1.95983 

.79 

673 

.n 

2.09745 

.12 

501 

.46 

841 

.80 

560 

.79 

444 

.13 

308 

.47 

699 

.81 

450 

.80 

146 

.14 

114 

.48 

558 

.82 

339 

.81 

2.08854 

.15 

2.00924 

.49 

419 

.83 

229 

.82 

565 

.36 

735 

.50 

280 

.84 

119 

.83 

283 

.17 

549 

.51 

142 

.85 

013 

.84 

002 

.18 

364 

.52 

005 

.86 

1.90904 

.85 

2.07727 

.19 

181 

.53 

L94869 

.87 

796 

.86 

455 

.20 

000 

.54 

734 

.88 

689 

.87 

188 

.21 

1.99822 

.55 

600 

.89 

584 

.88 

2.06923 

.22 

645 

.56 

466 

.90 

480 

.89 

663 

.23 

465 

.57 

336 

.91 

375 

.90 

405 

.24 

294 

.58 

207 

.se 

271 

.91 

153 

.25 

121 

.59 

078 

.93 

169 

.92 

2.05902 

.26 

1.98949 

.60 

L 93949 

.94 

066 

.99 

656 

.27 

782 

.61 

623 

.95 

1. 89965 

.94 

412 

.28 

615 

.62 

697 

.96 

863 

.95 

172 

.29 

449 

.63 

571 

.97 

763 

.96 

2.04034 

.30 

284 

.64 

446 

.96 

664 

.97 

701 

.31 

122 

.65 

323 

.99 

565 

.96 

469 

.32 

1.97960 

.66 

200 

2.00 

466 

.99 

241 

.33 

800 

.67 

078 

.01 

367 

1.00 

014 

.34 

642 

.68 

1.92956 

.02 

272 

.01 

2.03792 

.35 

484 

.69 

834 

.08 

177 

.02 

571 

.36 

326 

.70 

713 

.04 

079 

.03 

354 

.37 

173 

.71 

595 

.05 

1.88981 

u  Bzample:  In  Table  zp  at  z.38  wpc  find  Z07.Z  "Volts." 
equal  parts  at  whidi  the  i.j8  wi>c  division  is  placed. 


I/>8 


100 
X.07X 


•x.97oax.  the  point  on  the  X  scale  of 
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In  computing  tables  similar  to  Table  5  above,  values  of ^X  for 
every  scale  division  need  not  be  determined  as  given  in  the  exam- 
ple. Values  of  sufficient  acctiracy  may  be  obtained  by  computing 
X  for  wpc  points  in  steps  of  0.12.  These  values  are  then  differ- 
enced to  the  second  order,  interpolated  twice  to  halves  and  once 
to  thirds,  thus  completing  the  table  except  the  points  near  the 
b^inning  and  end,  which  may  be  interpolated  by  differencing  to 
the  fifth  order  and  employing  Newton's  or  Stirling's  interpolating 
coefficients.  Rules  for  these  interpolations  may  be  fotmd  in  any 
text  on  the  subject. 

3.  PER  CENT  CAIVDLBPOWER  CHART 

The  curves  of  this  chart  are  straight  lines.  Although  two 
points  accurately  placed  determine  a  straight  Une,  three  points 
are  given  for  the  longer  lines,  so  that  errors  due  to  slight  displace- 
ment of  points  and  to  possible  inaccturades  of  a  straight  edge  used 
in  ruling  in  the  Unes,  are  minimized. 

All  of  these  lines  are  referred  to  the  horizontal  and  vertical 
scales  of  equal  parts,  the  points  chosen  falling  on  even  divisions 
of  the  vertical  scale,  so  that  possible  errors  due  to  interpolation 
will  occur  only  in  the  X  direction.  These  errors  are  minimized 
by  choosing  a  long  X  scale.  The  construction  must  be  very 
carefully  carried  out  to  place  these  lines  in  proper  relation  to  the 
other  scales.  Values  for  each  line  of  this  chart  are  given  in 
Table  6. 

TABLE  6 
ValoAS  of  Z  Comspondliig  to  Values  of  T 


{A  ftni^t  UiM  dnwB  Uuoogh  Om  points  glvvii  In  Om  body  of  the  tablo  plaooo  thm  por  eont  tf  lint 
coiroipondinc  to  the  idle  dlvlilon  hidlcoted  in  the  flxot  oolnmn  of  the  tobtaj 

Scalt 

ValttoootZ 

Scido 

ValootolZ 

Y^^jio 

r«a.»o 

Y^^.100 

Y^M,t20 

15U) , 

1.88117 
1.8M89 
L  88851 
1.89aM 

1.89001 
L89376 
1.89742 
L90093 

17,0.... 

1.88653 

L88982 
L89305 
t 89618 
1.89924 
1,90823 

1.90437 

15.5 

17.5 

1.90771 

16,0 

18.0 

L 91096 

16b5 

18,5 

L  91414 

19.0 

1.91721 

19.5 

L9202S 

Skogl&mdi 
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TABLB  6— Continiwd 


Values  of  Z 


to  Values  of  T — Continued 


Scide 

ValoMof  Z 

Sodt 

\ 

^«lMl  of  X 

Y^^mSo 

Y^^.too 

Y^z.940 

Y^a,ooo 

y-»:wo 

20 

L8S7Qe 
L89266 
1.89000 
1.90311 
L90800 
1.91271 
L 91724 
L 92162 

L 90514 
L 91076 
1.91614 
L 92129 
1.92624 
1.93100 
L935S9 
1.94001 

64 

1.88836 

L 89189 
1.89530 
L89868 
L 90187 
L90501 
1.90810 
1.91106 

L  94677 
1.95040 
1.95393 
1.95734 
1.96068 
1.96394 
L96709 
1.97018 

2.04391 

a 

66 

&  04774 

22 

68 

2.05142 

23 

70 

2.05503 

24 

72 

2.06854 

25 

74 

2.06196 

26 

76 

2.06532 

27 

78 

2.06856 

80 

y=s*u>^ 

Y^a.ioo 

y-i.a» 

Y^ZUMO 

Y'^2.X0O 

28 

L 88891 
1.89293 
1.89682 
L 90057 
1.90423 
1.90778 
L  91122 
1.91458 
1.91783 
L 92101 
L 92412 
L 92712 

1.94429 
1.94040 
1.95239 
1.95627 
1.96002 
1.96367 
L 96721 
L97066 
1.97402 
t 97729 
L90048 
L98359 

1.89427 
1.90128 
L 90781 
L  91406 
L92000 

L 97321 
1.98044 
L96730 
L99380 
2.00000 

2.07173 

29 

85 

2.07986 

30 

90 

2.08661 

31 

95 

2.09346 

32 

100 

2.10000 

33 

105 

84 

Y'^zJiTO 

Y'^IMM 

35 

Y^a.xoo 

36 

1.89559 
1.90092 
1.90604 
L 91095 

2.00590 
2.01155 
2.01697 
2.02216 

37 

2.10628 

91  ••••••...•.•>•• 

110 

2.11220 

115 

2.11792 

120 

2.12342 

125 

y-i.  •'» 

Y'-^MiO 

V=r    .00 

Y^xJigo 

Y^»M>0 

y— J.050 

1.8>^7 
1.89786 
1.90321 
1.90832 
1.91324 
1.91796 
L 92251 

1.98664 
L 99249 
1.99810 
2.00346 
2.00864 
2.01360 
2.01837 

40 

L 91567 
1.93022 
1.92462 
L92885 
1.93293 
L93689 
L  94074 
L  94447 
1.94808 
t 95159 
L95502 
t95835 
t 96159 
1.96476 
L96785 

2.02716 
2.03199 
2.03664 
2.04112 
2.04547 
2.04967 
2.05373 
2.05770 
2.06153 
2.06528 
2.06889 
2.07243 
2.07588 
2.07925 
2.08253 

2.07791 

42..... 

130 

AA 

1.88416 
L 88923 
1.89410 
L89e99 
1.90131 

2.08287 

49. ■••••.■•••.••. 

4ic 

135 

2.08764 

^O.  •.•.••.•••■.•• 

AM 

140 

2.09225 

145 

2.09673 

9V. *•.•*•.•....■. 
S2 

150 

2.10105 

9»* .••«•••••••■•. 

155 

2.10584 

160 

Y-»i^ 

y-j.a» 

Y^2,Xf» 

2.10931 

165 

2.11327 

170 

L88835 

1.89252 
1.89653 

L90042 
L90420 

1*92889 
1.93113 
L 93524 
L93921 
L94304 

&  02301 
2.02755 
2.03177 
2.03595 
2.03997 

2. 11711 

54M 

175 

2.12084 

56 

180 

2.12447 

58 

185 

60 

190 

62 

195 

14  Bi 


imple:  Number  corrctpoading  to  1.960  is  91.10  per  cent  voltage.    In  Table  so  find  at  91.90  "voitt" 
'  54  per  ccBtof  71. M— 38.66.   In  Table  90  find  77'33  "vohi"  cmnewwwidhig  1038.66  "csk."  Ixv 
77*33'"  1*88835.  *  point  on  the  X.  teak  ci  equal  parts  and  in  the  54  per  oent  cp  line. 


7I.J9  "cp  " 
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Valueil  of  Z  Correspondizig  to  Values  of  T 


iVoLn 


Scite 

VataM«IX 

Soda 

VahMSclX 

Y'^tJ^ 

Y^a-ooo 

Y'^IjOSO 

V-r.*po 

Y''i.940 

200 

1.97085 
1.97668 
1.96225 
'1.98757 
1.99269 
1.99761 
2.00234 
2.00694 

2.08572 
2.09191 
2.09785 
2.10353 
2.10097 
2. 11421 
2. 11926 
2.12415 

390 

2.05212 
2.05526 
2.06134 
2.06715 

2.10660 
2.10965 
2.116U 
2.12212 

210 '.... 

400 

220 

420 

230 

440.1 

240 

460 

250 

V-i^<» 

Y'^ijOao 

260 

270 

2.07273 
2.07809 
2.08325 
2.06821 
2.09300 

2.10575 
2.11123 
2.11647 
2.12153 
2.12642 

480 

y-/Jpo 

Y'^t^o 

1 

500 

S20 

2.01136 
2.01561 
2.01974 
2.02375 
2.02764 

2.10741 
2.11193 
2.11628 
2.12051 
2.12463 

280 

540 

290 

560 

300 

V-J.«<» 

Y^TjQTO 

310 

920 

2.09764 
2.10209 

2.11995 
2.12450 

580 

Y'^iJqo 

y-r.p<Jo 

600 

Y^iJto 

Y-^iJoo 

830 

2.03145 
2.03511 
2.03870 
2.04218 
2.04556 
2.04887 

2.10694 
2.11076 
2.11451 
2. 11813 
2.12166 
2.12509 

340 

2.08404 
2.06817 
2.09223 
2.09614 
2.09996 

2.10643 
2.11066 
2.11474 
2.11869 
.  2.12254 

3S0 

9eo 

620 

470 

640 

660 

SOU* •••••••••••.. 

680 

IX.  SUMMARY 

As  described  above,  the  characteristic  equations  of  vacuttm 
tungsten  lamps,  derived  and  discussed  in  a  previous  paper  (see 
note  i),  have  been  employed  in  constructing  a  computing  device 
consisting  of  volt,  wpc,  and  per  cent  candlepower  scales,  from  which 
may  be  read,  by  a  single  setting  of  the  movable  volt  scale  to 
observed  values  within  the  range  of  from  0.70  to  2.05  wpc,  values 
of  any  one  of  the  variables  at  other  points.  The  volt  scale  has  a 
range  of  from  94  to  166  volts.  The  limits  in  wpc  and  voltage  were 
chosen  to  include  values  most  generally  used  in  laboratory  and 
factory  practice. 

A  test  of  the  device,  illustrated  in  part  by  examples  given  in 
this  paper  1^  indicates  that,  on  an  average,  values  of  per  cent  cp 
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and  of  wpc  read  therefrom  deviate  from  those  obtained  by  use 
of  Tables  20  and  22  (see  note  2,  p.  269)  by  amotmts  not  exceeding 
o.io  per  cent  and  0.05  per  cent,  respectively;  also  that  values 
read  from  the  scales  do,  on  an  average,  check  observed  values  very 
nearly  as  closely  as  those  computed  by  use  of  the  tables.  Such 
differences  as  occur  when  compared  with  values  computed  by 
the  tables  may  be  traced  to  slight  errors  in  construction,  width 
of  lines,  and  modification  of  values  by  personal  error  in  interpola- 
tion. Differences  due  to  this  last  cause  may  be  minimized  by 
using  an  interpolating  scale.  In  scales  of  smaller  range  the 
interpolating  scale  may  be  dispensed  with,  as  a  greater  ntunber 
of  scale  divisions  may  be  drawn  for  a  given  range;  for  example, 
the  candlepower  chart  may  be  constructed  in  steps  of  i  per  cent. 

The  chief  advantage  which  this  device  possesses  over  other 
methods  of  characteristic  evaluation,  including  the  use  of  the 
tables  referred  to  above,  is  a  great  saving  of  time,  this  resulting 
because  of  the  directness  of  solutions  without  reference  to  normal 
wpc,  voltage  ratios,  exponents,  etc. 

All  of  the  points  (referred  to  horizontal  ^d  vertical  scales  of 
equal  parts)  through  which  lines  of  the  scales  of  this  device  were 
dmwn  have  been  tabulated,  so  that  similar  scales  of  the  same  or 
different  range  xnay  be  constructed  directly  from  these  values. 

Sufficient  description  of  the  derivation  of  theise  values  and  dl 
the  rel'aitive  position  of  the  scales  has  been  given  to  permit  the 
construction  of  scales  not  included  within  the  wpc  range  here 
employed. 

Mention  has  been  made  of  the  possibility  of  constructing  this 
device  in  circular  or  disk  form,  the  volt  and  wpc  scales  being  well 
adapted  to  this  construction. 

Tlie  device  as  given  on  the  plate  is  ready  for  use  as  soon  as  the 
volt  scale  is  cut  off  from  the  drawing. 

It  is  hoped  that  this  device  will  lessen  the  labor  of  any  who  have 
to  compute  characteristics  of  vacuum  tungsten  lamps  and  that  the 
general  efficiency  of  testing  bureaus  where  it  may  be  used  will  be 
raised  by  the  saving  of  time,  which  is  its  chief  merit.  The  device 
has  been  made  as  simple  as  possible,  and  even  the  novice  may 
use  it  after  a  little  preliminary  practice. 

Washington,  April  9,  1915. 
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INSTRUCTIONS  FOR  CHART 

Remove  fha  scale  mirked  ^^Volte"  from  fhe  plate*  Place  on  tibe  dotted  diagooal 
of  fhe  candlepower  cliait  (ofper  part  of  the  plate)  at  its  intenectum  with  the  horizoatal 
wpc  line  nearest  that  oociesponding  to  the  observed  valne  (pfelerably  a  value  obtidned 
from  an  observation  made  at  color  match  with  the  standards  used)  the  point  on  the 
volt  scale  corresponding  to  tibe  observed  value  of  voltage.  Read  on  ttie  cp  chart  the 
value  of  per  cent  cp  at  any  desired  value  of  voltage;  or,  conversely,  the  voltage  lor 
any  per  cent  cp. 

Apply  observed  vohage  to  observed  wpc  (the  horizontal  scale  just  below  file  tp 
chart)  and  read  the  value  of  wpc  at  the  desired  voltage;  or,  conversely,  read  the  voltage 
§K  any  desired  wpc 
988 
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I.  INTRODUCTION 

At  the  request  of  Dr.  W.  F.  Hillebrand,  Chairman  of  the  Com- 
mittee on  Qtiality  of  Platinum  Utensils  of  the  American  Chemical 
Society,  experiments  on  the  loss  in  weight  associated  with  con- 
tinued and  repeated  heating  of  platinum  crucibles  of  varyiag 
degrees  of  purity  have  been  tmdertaken,  in  continuation  of  similar 
experiments  carried  out  tmder  the  immediate  supervision  of 
members  of  the  above-mentioned  committee. 

From  some  of  these  earlier  experiments,  and  from  the  work  of 
other  observers  on  the  evaporation  of  metals  of  the  platintun 
group,  it  appears  to  have  been  hoped  that  it  would  be  possible  to 
classify  platinum  ware  as  to  purity  in  terms  of  its  evaporation  at 
a  definite  temperature,  say  1200°  C.  This  seemed  plausible,  in 
view  of  the  fact  that  the  usually  predominant  impurity,  iridium,  is 
very  much  more  volatile  than  platinum.    Even  if  this  method, 
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however,  does  give  an  indication  of  the  platinum  purity,  it  is  at 
best  a  somewhat  tedious  and  delicate  operation  to  cany  out. 

In  view  of  the  results  obtained  from  this  investigation,  in  which 
is  shown  the  relatively  great  eflFect  of  extremely  minute  qtiantities 
of  admixtures  of  iridium  and  iron  on  the  properties  of  platinum, 
especially  vapor  pressure,  it  may  be  questioned  if  some  of  the 
results  obtained  by  other  experimenters,  who  have  studied  quan- 
titatively the  volatilization  of  the  platinum  metals,  are  not  sub- 
ject, in  certain  cases,  to  some  slight  modification,  as  in  general 
there  has  been  no  check  on  the  purity  of  the  materials  used  by 
them. 

Systematic  observations  on  the  disintegration  of  the  platinum 
metals  imder  the  action  of  high  temperatures  have  been  made  by 
a  number  of  experimenters,  as  shown  in  the  appended  bibliography, 
but  a  quantitative  study  of  the  effects  of  impurities  on  the  disinte- 
gration of  platinum,  we  believe,  had  not  been  made  before  the 
experiments  herein  described. 

n.  THERMOELECTRIC    DETERMINATION     OF     PLATmUM 

PURITY 

The  preliminary  experiments  showed  the  desirability  of  having 
an  acctu-ate  and  rapid  method  for  determining  platintmi  purity, 
and  one  that  could  be  applied  to  crucibles  without  defacing  them 
and  which  would  serve  also  as  a  ready  means  of  classification  of 
the  several  grades  of  platinum. 

The  most  exact  method  for  such  determination  appears  to  be  by 
measurement  of  the  temperature  coefficient  of  electrical  resistance, 
which  quantity  has  a  mean  value  of  about  0.00391  per  degree 
centigrade  for  the  interval  o®  to  100°  C  for  the  purest  obtainable 
platimmi,  and  decreases  with  the  addition  of  anything  to  the 
platinum.  This  measurement  can  be  made  conveniently  and 
exactly  only  with  wires,  and  is  therefore  of  little  interest  for  the 
determination  of  the  purity  of  platinum  ware  such  as  crucibles. 

The  thermoelectromotive  force  of  platintun  against  many  of  its 
alloys  has  also  been  determined  with  considerable  exactness.^ 

&  See,  in  particolar,  W.  Geibd.  Zs.  Anorg.  Chrm..  69  (19x0).  p.  38;  79  (xgix).  p.  240;  Buffat  And  JUeChate. 
lier,  "  The  meMttrement  of  hich  temperatures/'  3d  ed.,  19x2,  p.  xyx. 
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This  propegrty  may  evidently  be  made  use  of,  therefore,  in  devising 
a  method  for  the  determination  of  platintmi  purity  and  one  that 
possesses,  furthermore,  the  advantages  of  accuracy,  speed,  con- 
venience, and  preservation  intact  of  the  objects  tested.  It  is 
only  necessary  to  have  at  hand  a  chart  or  table  of  the  emf 's  of  pure 

Bq^i^altBt  fcrldlub  or  rhedlua  eentMt  for  plAtiaua  war*  that  (!▼••  • 
'  tb«rao-«lMtre«»tlT«  f«rc«  «li«n  t«»t«4  agaiiMt  pur«  platinum. 


<  94  5.  e  7S  9 

Fig.  I. — Isothermal  Curves  for  Ir  or  Rh  Content  of  Pt 

platinum  against  its  alloys  with  rhoditmi  and  iridium  and  a  con- 
venient experimental  arrangement  for  measuring  these  emf *s. 

Such  a  chart  is  shown  in  Fig.  i ,  in  which  the  emf  in  millivolts 
of  the  alloy  against  pure  platinum  is  plotted  in  terms  of  the 
equivalent  iridium  or  rhodium  content.  There  are  thus  shown 
the  isothermal  curves  for  each  alloy  up  to  10  per  cent  of  the 
alloying  element  and  for  each  ioo°  C  from  900°  to  1200°. 
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The  experimental  realization  of  the  emf  method  as,  developed 
for  use  with  crucibles  is  shown  in  Fig.  2.  To  the  rim  of  the 
crucible  C  are  arc-soldered,  at  e  and  /,  two  pure  platinum  wires 
of  small  diameter  (o.i  or  0.2  mm) ;  these  wires  are  connected  to 
an  ordinary  pyrometer-galvanometer  or  millivoltmeter,  G;  the 
junction  e  is  heated  by  a  small  oxy-gas  or  other  blast  flsune  from 

d,  and  the  junction  /  is  kept  cool 
by  an  air  blast,  c;  a  sheet  of 
asbestos,  A ,  cut  as  shown,  serves 
to  prevent  radiation  from  the 
heated  portion  of  the  crucible 
reaching  the  cold  junction  /. 

Temperatures  are  measured  by 
means  of  a  9oPt-ioRh,  Pt  ther- 
mocouple using  the  cold  junction 
as  above,  and  a  Pt-Rh  wire  arc- 
soldered  to  the  crucible  near  c, 
most  conveniently  adjacent  to 
(0.5  to  I  mm  distant)  but  not 
touching  the  Pt  wire  at  e. 

The  wires  are  attached  at  e  and 
/  by  the  well-known  arc-solder- 
ing method,  which  consists  in 
making  the  crucible  one  terminal 
of  an  electric  circuit  of  about  40 
volts  and  a  sharpened  graphite 
pencil  the  other,  with  a  rheostat 
in  series.  The  operation  of  sol- 
dering consists  in  drawing  a  mi- 
nute arc  between  pencil  and  cru- 


A.-  A«b«4to<  a-«eoM»utAtBr  d-  jM 
C-crvcible  b-*  pok#  e-iChcn 
C-i^ihwMArC-Airtubt     fJ     w 


Fig.  2, — Thermoelectric  purity  test 


findGons 


cible  and  at  the  same  instant  touching  the  wire  to  the  crucible 
at  this  point.  The  end  of  the  wire  is  thus  fused  to  the  crucible. 
With  a  little  practice  this  operation  may  be  made  so  that  there 
is  hardly  any  noticeable  effect  on  the  appearance  of  the  crucible 
after  the  wire  is  removed. 

Quite  satisfactory  results  may  also  be  obtained  by  simply 
touching  the  Pt  wires  to  the  crucible  at  e  and  /,  or  by  clamping 
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with  platinum  clips,  without  any  soldering.  This  last  has  been 
the  method  usually  employed  in  these  tests.  With  the  appa- 
ratus once  set  up,  a  test  may  then  be  made  in  a  few  seconds, 
and  the  crucible  remains,  of  course,  absolutely  intact  The 
homogeneity  of  the  crucible  may  also  be  determined  by  this 
method. 

By  means  of  a  commutator  at  a  6  measurements  may  be  made 
alternately  of  the  temperature  at  e  and  of  the  emf  developed 
across  the  crucible  when  e  is  at  this  temperattu?e.  The  commu- 
tator may  also  be  designed  so  as  to  reverse  e  and  /  if  it  is  desired 
to  make  /  the  hot  junction.  Suitable  variations  from  the  above 
arrangement  may  evidently  be  made  for  different  types  of  ware, 
such  as  covers,  gauze,  needles,  etc. 

It  is,  of  course,  essential  that  the  two  platinum  testing  wires 
be  made  of  strictly  pure  platinum.  For  this  purpose  use  is  made 
of  Heraeus  normal  thermoelement  wire  drawn  down.  This  plati- 
num has  shown  itself  to  be  a  standard,  tmiform  product,  the 
purity  of  which  is  easily  controlled  by  the  electric  resistance 
method  above  mentioned. 

As  an  example  of  the  tmif ormity  which  may  be  expected  by 
the  thermoelectric  examination  by  the  most  convenient  method, 
in  which  the  testing  wires  are  held  by  platinum  clips  against  the 
crucible  or  other  object,  may  be  cited  the  observations  of  Table 
I.  Observer  No.  i  was  experienced  in  the  operation,  observer 
No.  3  had  had  little,  and  No.  2  no  experience  in  this  manipula- 
tion. A  portion  of  the  irregularities  noted  are  due  to  inhomo- 
geneity  of  the  material.  This  method  has  been  found  useful  by 
ourselves  and  others  for  the  ready  classification  of  platinum 
utensils  of  various  kinds  and  especially  for  the  determination, 
in  the  case  of  purchases  of  platinum  ware,  whether  or  not  such 
articles  conform  to  specifications  as  to  platinum  purity.  This 
thermoelectric  test,  which  in  no  way  mars  the  crucible  or  other 
article  examined,  is  now  a  routine  test  made  by  the  Bureau  of 
Standards,  and  many  samples  of  platinum  have  been  so  tested 
the  past  year. 
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TABLE  1 

BlectnnnotiTe  Force  MeastiranMits  (Millivolts  at  1100^  C.)  on  Pktiniim  Ware  by 

Three  Observers 


D60CfIptioii  of  win 


CnicibtoO. 

Graelblell 

Cmclble cnw  11 .x.^x.^.x 

Ckaelbtee«v«r94 

r    1 

2 


I 
I 


Mirintttin 


7.00 
6.23 
7.00 
2.80 
2.18 
&00 
1.88 
L40 
2.00 
L88 
1.86 
2.20 
2.05 
L21 
2.00 


l£illSOB.Q]B 


6.95 
5.90 
&50 
2.60 
1.92 
2.40 
1.38 
L23 
L60 
L85 
LS8 
LSO 
L06 
LOB 
L70 


PnfMbto 


7.00 
2.90 
L94 

LB? 

LOS 

li 
2.05 


o  Found  to  be  inhomogeneons. 

In  Table  2  is  shown  the  quality  of  platinum  utensils  of  various 
sorts  and  from  many  sources  expressed  in  terms  of  equivalei^t 
iridium  content  as  measured  thermoelectrically  at  this  Bureau. 
Of  the  164  pieces  examined,  which  are  typical  of  such  material 
as  found  on  the  market,  it  is  seen  that  nearly  75  per  cent  have 
impurities  equivalent  to  over  0.5  per  cent  of  iridium  or  in  quan- 
tity to  cause  considerable  losses  on  heating,  which  would  be 
troublesome  in  exact  analytical  work;  and  of  the  crucibles  65  per 
cent  have  over  0.5  per  cent  equivalent  iridium  content.  Dishes 
and  miscellaneous  ware,  in  which  stiffness  is  usually  required  and 
which  are  often  not  subjected  to  heating  and  weighmg,  are  heavily 
charged  with  impurities,  usually  iridium,  the  miscellaneous  ware 
showing,  for  example,  nearly  half  of  the  samples  with  over  4  per 
cent  iridium.  The  22  pieces  of  miscellaneous  ware  consisted  of 
wire,  boat,  gauze,  spatula,  bottle,  stopper,  tubes,  specially  shaped 
ware,  and  scrap. 
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TABLE  2 

Classiflcation  of  Pktiniim  Ware  submitted  to  Bureau  of  Standards  for  Thennoelectric 

Purity  Test 


Claat  of  wire  inveitipitod 


Number 
ptoMi 
of  each 


Per  eent  In  eecb  claie  In  terms  of  equlmlenl  Irldlam 
content  In  per  cent   ' 


OJ)to(U 


(K5tol.O 


1.0  to  2.0 


20)  to  4.0 


4J>to25 


Cnidbloo. 

Cmdble  cover 
Diihee 

Tolol  number 


84 
47 
11 
22 


164 


36 

26 
0 

0 
26 


17 
2S 

96 
18 
20 


34 
38 

19 

9 

31 


13 
13 
36 
27 
17 


0 

0 

0 

45 

6 


In  Table  3  is  shown  the  results  of  a  thermoelectric  test  of  the 
first  23  crucibles  examined  by  this  method. 

It  will  be  noted  that  all  impurities  are,  for  convenience,  expressed 
in  terms  of  iridium  content.  Of  particular  interest  is  the  com- 
parison of  columns  2  and  6,  the  former  giving  the  stated  iridium 
content  (and  often  accompanied  by  the  statement  that  there  are 
no  other  impurities)  and  the  latter  giving  the  iridium  content  as 
determined  thermoelectrically  by  experiment  and  use  of  Fig.  i. 
In  several  instances,  notably  for  the  crucible  of  normal  thermo- 
element platinum  (a)  of  Heraeus  and  for  Baker's  crucible  {%)  of 
2.37  per  cent  iridium,  the  stated  and  found  iridium  contents  agree 
exactly.  On  the  other  hand,  there  is  a  wide  divergence  from  the 
supposed  and  actual  iridium  content  for  several  of  the  crucibles ;  for 
example,  /  of  the  American  Platinum  Works,  supposed  to  contain 
not  over  0.50  to  1.5  per  cent  iridium,  actually  contains  an  iridium 
equivalent  of  2.50  per  cent;  and  even  in  the  cases  of  refined, 
specially  refined,  and  best  crucible  ware  the  equivalent  iridium 
content  is  not  inconsiderable. 

In  comparing  the  stated  contents  (column  2  of  the  table),  it 
should  be  borne  in  mind  that  some  of  these  crucibles,  excepting, 
perhaps,  those  marked  refined  or  specially  refined,  may  contain 
iridium  which  is  put  or  left  in  the  material  purposely,  usually  for 
the  purpose  of  stiffening,  or,  in  the  case  of  commercial  ware, 
because  such  Pt  always  carried  Ir.  The  method  here  described, 
however,  provides  a  delicate  means  of  determining  whether  or  not 
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the  desired  limitation  of  impurity,  expressed  in  terms  of  iridium 
content  and  as  measured  thermoelectrically,  has  been  met  by  the 
mantif  acturer .  By  the  experimental  arrangement  above  described, 
the  amount  of  impurity  may  be  determined  to  0,01  per  cent,  and 
this  accuracy  might  be  improved  upon  slightly  if  necessary. 

The  method  does  not  distinguish  the  various  possible  impurities 
from  each  other,  but  is  nevertheless  a  certain  check  on  the  platinum 
purity.  Thus,  all  the  metals  found  associated  with  platininn, 
such  as  palladitun,  iridium,  rhoditun,  etc.,  when  alloyed  with 
platinum  (up  to  90  per  cent  only  of  palladium)  give,  at  high  tem- 
peratures, an  emf  of  the  same  sign  against  pure  platinum.  There- 
fore, there  is  no  ambiguity  in  balancing  one  impurity  against 
another.  Although  the  above-described  thermoelectric  method 
will' not  alone  distinguish  between  small  amounts  of  rhodium  and 
iridium,  it  may  nevertheless  be  combined  oftentimes  for  this  pur- 
pose with  other  methods  of  examination  which  do  not  injure  the 
crucible. 

One  of  the  most  undesirable  impurities  often  found  in  com- 
mercial platintun  ware  is  iron ;  this  is  readily  detected  by  ignition 
and  subsequent  washing  with  hot  HCl  and  appl3dng  the  usual  tests 
for  Fe.  Iron,  if  present  in  relatively  considerable  quantity,  will 
also  discolor  the  crucible  on  ignition.  The  presence  of  iron  is 
discussed  at  length  in  the  following  paragraphs. 

m.  QUALITY  OF  PLATINUM  CRUCIBLES 

In  addition  to  data  on  the  purity  of  platinum  ware  now  in  use, 
more  exact  information  was  desired  by  the  committee  concerning 
the  losses  on  heating.  The  experiments  here  outlined,  it  is 
believed,  fiunish  information  concerning  losses  sustained  by 
platintun  crucibles  of  several  grades  of  purity  when  subjected  to 
continued  heating.  By  suitable  acid  treatment  after  heating  it 
has  been  possible  to  give  an  estimate  of  the  relative  amount  of 
iron  present,  and  the  crucibles  have  also  been  examined  micro- 
scopically and,  through  the  kindness  of  Dr.  Burrows,  magnetically. 

As  will  be  shown,  a  combination  of  these  several  methods,  or 
some  of  them,  usually  gives  sufficient  data  for  the  ready  classifica- 
tion of  various  grades  of  platintun  ware. 
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1.  METHOD  OF  DSTBRHmiNG  LOSSES  ON  HSATDfO 

For  an  exact  determination  of  the  loss  in  weight  of  a  crucible 
on  heating,  ignition  over  the  blast  lamp  is  not  satisfactory.  A 
preliminary  series  of  experiments,  using  electric  resistance  fur- 
naces with  platinum  and  other  metals  as  heating  coils,  carried  out 
by  members  of  the  chemical  staff  of  this  Bureau,  showed  that 
one  could  not  expect  to  obtain  consistently  reliable  results  in  a 
furnace  containing  metal.  A  considerable  number  of  measure- 
ments of  losses  on  heating  at  several  temperatures  were  so  taken, 
but  no  very  definite  conclusions  can  be  drawn  from  these  pre- 
liminary observations  which  were  obtained  before  the  thermo- 
electric method  of  classification  was  put  into   practice. 

The  method  finally  adopted  for  determining  heat  losses  in 
crucibles  is  based  on  the  use  of  a  metal-free,  electrically  heated 
ftimace,  somewhat  similar  to  one  which  had  been  in  use  for  other 
pturposes  at  the  Geophysical  Laboratory,  accompanied  by  exact 
weighings  of  the  crucible  before  and  after  each  heating  of  two 
hours'  duration  at  1 200^  C,  together  with  a  weighing  to  determine 
the  iron  loss  after  washing  in  acid. 

The  essentials  of  the  furnace  are  shown  in  Pig.  3.  The  heating 
spiral  H  is  of  graphite  set  into  brass,  water-cooled  terminals.  The 
crucible  C  is  supported  on  a  Marquardt  porcelain  stand  5,  as 
shown,  and  inclosed  within  a  tube  T  of  the  same  material.  Tem- 
peratures were  measured  by  a  platinum,  platinum-rhodium  thermo* 
couple  inclosed  in  Marquardt.  At  1 200^  C  the  furnace,  which  was 
operated  on  alternating  current,  took  about  3.5  kw. 

For  a  region  of  about  three  crucible  heights  at  the  center  of  the 
furnace  there  was  maintained  a  region  of  practically  uniform  tem- 
perature, 1200®  C,  and  this  inner  portion  of  the  furnace  never 
became  blackened.  A  slight  current  of  air  was  maintained  about 
the  crucible,  as  shown,  but  great  care  was  taken,  by  means  of  a 
sand  and  paraffin  seal  at  P,  to  prevent  vapors  passing  from  the 
heating  spiral  into  the  inner  chamber.  The  crucible  was  not 
placed  in  the  furnace  until  this  had  reached  1000^  C;  a  tempera- 
ture of  1200^  C  was  then  attained  in  about  10  minutes  and  held 
constant  for  exactly  two  hours  and  cut  off,  the  crucible  being 
removed  10  minutes  later,  or  at  about  900^  C. 
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Crucible  weighings  were  made  on  an  inclosed  precision  balance, 
at  first  to  o.ooi  mg  and  later  to  o.oi  mg,  as  this  latter  was  fotind 


PURDMCE  LeoCNO 


Fig.  3. — Furnace  for  determining  losses  in  weight  of  Pi 

sufficient.     All  weights  are  reduced  to  a  common  basis  of  loss  per 
100  cm*  of  total  crucible  surface. 

(a)  Acid  Treatment. — Iron  and  other  soluble  materials  were 
removed  and  determined  by  weighing  after  each  heating.     For 
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several  of  the  crucibles  examined  the  characteristic  reddish  coat- 
ing due  to  iron  oxide  appeared  after  each  heating.  The  acid 
treatment  consisted  in  boiling  the  crucible  for  five  minutes  in  25 
per  cent  hydrochloric  acid,  contained  in  a  large  covered  porcelain 
crucible.  The  iron  was  determined  by  precipitation  with  am- 
monia upon  ashless  filter  paper,  ignited  in  platinum  for  one  min- 
ute at  about  1200®  C,  and  weighed  as  ferric  oxide. 

2,  EZPBRIMBIITAL  RESULTS 

The  14  crucibles  described  in  Table  4  were  carried  through  a 
series  of  identical  operations,  consisting  of  a  determination  of 
their  equivalent  iridium  or  rhodium  content  by  the  thermoelec- 
tric method  (see  lines  I  and  I'  of  Table  5);  the  determination 
of  loss  of  weight  after  each  of  three  heatings  of  two  hours  each 
at  1200**  C  (see  lines  II,  III,  and  IV),  each  followed  by  determi- 
nation of  loss  by  acid  treatment  (lines  II',  III',  and  IV'),  and 
of  iron  content  (lines  IX,  X,  and  XI).  As  seen  from  Table  6, 
these  14  crucibles  range  in  equivalent  iridium  content  from  0.05 
(a)  to  2.65  (1)  per  cent;  crucibles  m  and  n  were  supposed  to  be 
90  platinum  10  rhodium,  but  as  measured  thermoelectrically 
contain  7.30  and  7.95  per  cent  rhodiiun,  respectively,  the  former 
having  been  used  considerably  and  the  latter  an  unused  crucible; 
some  of  the  others  are  of  tmknown  composition  and  the  non- 
platinum  content  of  each  is  expressed  both  in  terms  of  iridium 
and  rhodium  (see  lines  2  and  3  of  Table  6) .  In  Table  7  the  heat- 
ing and  acid  losses  are  given  for  four  crucibles  which  underwent 
additional  heatings. 

(a)  Microscopic  Obsbrvations. — ^The  microscopic  observations 
were  helpful  in  finally  classif 3dng  the  crucibles  in  terms  of  their 
main  impm-ity,  iridium  or  rhodium  (see  last  line  of  Table  6),  as 
it  was  found  that  the  crystalline  structures  characteristic  of  these 
alloying  metals,  in  general,  imparted  their  appearance  to  the 
heated  but  otherwise  unetched  crucible  even  when  present  in 
small  percentages. 

The  several  photomicrographs  shown  in  Figs,  (a)  to  (n)  are  all 
of  heat-etched  crucibles,  with  a  magnification  of  100  diameters. 
They  are  typical  of  the  four  classes  of  platinum  waie  here  dealt 
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with,  namely,  pure  platinum,  platinum  containing  rhodium,  iri- 
ditmi,  and  considerable  iron.  The.  letters  of  the  figures  corre- 
spond to  the  lettering  of  the  crucibles  in  Table  4. 

Pig.  (a)  presents  a  t3rpical  appearance  of  the  purest  platinum 
ware  obtainable.  Figs,  (b) ,  (m) ,  and  (n)  give  the  appearance  of 
Pt-R!h  ware  with  Rh  equivalents  of  0.19,  7.30,  7.95,  respectively. 
This  snarled,  irregular  appearance  was  also  noted  in  the  case  of 
crucible  h.  It  will  be  noticed  in  Fig.  4  that  these  crucibles  gave 
very  low  volatilization  on  heat  treatment;  in  fact,  less  than  the 
pure  platinum.  It  is  seen  (Table  4)  that  crucibles  m  and  n  were 
originally  special  Rh  ware  and  that  m  had  been  used  pretty 
severely  in  the  chemical  laboratory  while  n  was  practically  new 
when  these  microphotographs  were  taken.  Figs,  (f)  and  (i)  are 
typical  of  Pt-Ir  with  Ir  equivalent  of  0.55  and  2.30  per  cent, 
respectively.  This  regular,  mottled  appearance  of  finer  grain  (f) 
contrasts  with  the  irregular  snarled  appearance  of  the  Rh  ware, 
as  noted  above.  Though  this  characteristic  mottled  effect  was 
not  obtained  on  the  studFace  of  the  crucible  i  on  heat  and  ordinary 
acid  treatments,  the  small,  roimded,  crystalline  structure  with 
heavy  botmdaries  is  itself  characteristic  of  Pt-Ir  (see  Holbom 
und  Henning  in  bibliography) .  Figs,  (e)  and  (1)  with  Ir  equiva- 
lents of  0.21  and  2.65  per  cent  and  an  appreciable  iron  content 
(see  1,  Table  6)  constitute  a  fourth  quality  of  platinum  ware, 
viz,  Pt-Ir-Fe.  The  size  of  the  crystal  as  governed  by  the  Ir 
content  and  also  the  heavy  boundaries  are  brought  out  nicely 
here  as  in  other  photomicrographs  of  these  last  two  classes.  The 
spots  and  hazy  appearance  here  are  thought  to  be  due  to  the 
presence  of  iron,  which  is  in  the  form  of  iron  oxide  and  shows 
itself  generally  after  heat  treatment  by  a  dark  or  reddish  tinge 
which  it  gives  to  the  surface  of  ware  so  treated.  All  crucibles 
having  the  appearance  just  noted  gave  appreciable  iron  on  acid 
treatment  between  heatings. 

The  photomicrographic  analysis  is  not  always  sufficient  in  itself 
for  classifying  platinum  ware  as  to  quality,  although  it  will,  in 
general,  corroborate  the  results  of  the  emf,  heating,  and  acid 
tests,  and  used  with  the  emf  test  alone  will  usually  be  of  suffi- 
cient certainty  to  decide  between  the  predominance  of  iridium 
or  rhodium  impurity. 


Fig.  (b).~Equivalenl  Rh.  ^ 


Via.  (m). — Equivalent  Rh.  =  j.jo'/o.    Afttr  Fio.  (n). — Equivalent  Rh.  ^'i.gj%.    Practically 
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TABLE  7 


Heat  and  Acid  Losses  on  Four  Crucibles,  in  Milli^ams  per  100  cm^,  Afker  Successive 

Two-Hour  Heatings  at  1200"^  C 


Tnatment 

Cradbto  (n) 

Crudbto  (1) 

Cnidbto(k) 

Cnidble(c) 

Heat 

Add 

Total 

Heat 

Acid 

Total 

Heitf 

Add 

Total 

Heat 

Add 

Total 

Flnt 

a98 
2.30 

.61 
1.44 
1.21 

.81 

aoo 

.18 
.02 
.13 
.04 
.06 

0.98 
2.48 

.63 
L57 
1.25 

.87 

4.30 
2.32 
5.06 
7.40 
4.04 

0.77 
2.47 
2.19 
2.60 
2.37 

5.07 
4.79 
7.27 
10.00 
6.41 

6.24 
5.45 
2.94 
a78 

1.14 
.39 

1.01 
.60 

7.38 
5.84 
3.95 
4.38 

2.16 
1.93 
1.61 
2.34 

a06 
.18 
.11 
.09 

2.22 

8600lld     max...                          X      xu 

2.11 

ThW 

1.72 

VHiffh 

2.43 

VUHi ,. 

Total , 

7.35 

.43 

7.78 

23.14 

ia40 

33.54 

1&41 

3.14 

21.55 

8.04 

.44 

8.48 

1.23 

.07 

L30 

4.63 

2.06 

6.71 

4.60 

.79 

139 

2.01 

.11 

2.12 

As  an  additional  method  for  detecting  rhodium,  it  may  be 
mentioned  that  on  fresh  platinmn  ware  containing  considerable 
rhodium  a  characteristic  bluish  color  appears  after  heating  to  a 
dull  red.  This  test  may  fail,  however,  with  ware  that  has  been 
used  considerably. 

(6)  Presence  OI^  Iron. — ^The  presence  of  iron  in  several  cruci- 
bles was  also  determined  after  the  last  heating  and  washing  by 
measurement  of  the  magnetic  susceptibility,  by  a  solenoid  and 
balance  method  in  a  field  of  60  gausses,  and  an  estimate  made  of 
the  relative  amotmts  of  iron  present,  assuming  it  to  be  free  iron 
(see  Table  6).  The  crucibles  would  hardly  be  arranged  even 
approximately  in  the  same  order  by  chemical  analysis  following 
heating  and  by  the  magnetic  measurements  (see  Table  6).  It  is 
also  of  interest  to  note  that  iron-free  platinum  appears  to  have 
a  susceptibility  of  zero,  and  that  the  susceptibility  of  "platinum" 
ranges  from  i  to  125.  A  value  of  about  20,  in  the  same  units, 
has  tisually  been  found  for  the  susceptibility  of  pure  platinum, 
due  imdoubtedly  to  the  presence  of  iron.  The  total  amount  of 
iron  in  a  crucible  can  not  be  determined  readily  from  the  mag- 
netic measurements,  as  is  seen  by  comparison  of  the  magnetic 
and  chemical  data  of  Table  6 ;  and  the  iron,  which  is  supposedly 
in  solution  in  the  platinum,  on  heating  diffuses  to  the  surface 
as  fast  as  removed  by  oxidation,  thus  tending  to  establish  an 
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equilibrium  between  the  iron  oxide,  oxygen,  and  the  iron-plati- 
num solution  at  the  temperattu-e  of  the  experiment.  The  iron 
was  found  nonimiformly  distributed  in  some  of  the  crucibles. 
The  iron  washed  out  in  three  acid  treatments  is  seen  to  be  greater 
than  the  total  iron  content  calculated  as  iron  from  the  magnetic 
data,  showing  that  the  Fe-Pt  alloy  containing  only  a  few  hun- 
dredths per  cent  iron  is  paramagnetic  and  also,  from  the  data, 
that  the  susceptibility  is  not  proportional  to  the  iron  content. 
The  discoloration  sometimes  noticed  on  first  heating  a  new  cru- 
cible, but  not  subsequently,  may  be  due  to  iron  from  the  finishing 
tools  and  polishing  material. 

(c)  Other  Conci^usions  i^rom  Tables. — Considering  f inther  the 
inferences  to  be  drawn  from  the  results  recorded  in  Tables  5,  6, 
and  7,  it  is  seen  that,  taking  the  emf  as  a  criterion  or  purity,  there 
is  a  purification  of  all  crucibles  containing  over  0.5  per  cent 
iriditun  after  heating.  The  platinum-rhoditun  crucibles  (m  and  n) 
do  not  change  composition  on  heating  (see  line  VIII,  Table  5) ; 
that  is,  the  iridium  passes  out  of  the  crucible  and  the  rhodium  does 
not  appreciably. 

The  losses  on  heating  and  after  add  treatment  are  seen  to  be 
fairly  uniform  for  each  crucible.  For  some  of  the  less  pure  cru- 
cibles the  loss  in  washing  is  greater  than  the  heating  loss,  notably 
for  crucibles  h,  ;,  and  /.  The  total  heating  losses  per  100  cm ' 
range  from  4.28  to  16.17  ^S  ^^  ^^  hours  at  1200^,  and  the  total 
acid  losses  (due  mainly  to  iron)  from  0.32  to  1 2  mg,  for  the  crucibles 
containing  iridium.  For  the  platinum-rhodium  crucibles,  m  and  n, 
containing  7  to  8  per  cent  rhodium,  the  total  losses  on  heating 
and  washing  together  are  one-fourth  less  than  for  the  heating  loss 
for  pturest  platinum,  crucible  a.  In  general,  there  is  no  relation 
between  the  acid  loss  and  loss  on  heating  of  crucibles  containing 
both  iridium  and  iron,  showing  the  independence  of  the  determina- 
tion of  loss  of  soluble  and  insoluble  materials  by  these  methods, 
although  relatively  large  amounts  of  iron  appear  to  lower  some- 
what the  losses  on  heating  that  would  otherwise  be  observed  (see 
crucibles  h,  ;,  /).  The  add  losses  are  seen  to  vary  from  all  iron 
to  only  13  per  cent  iron.  The  remaining  loss  on  add  treatment 
could  be  due  to  soluble  alkaline  materials,  as  observed  first  by 
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Dr.  Hillebrand  and  Dr.  Weber  (see  bibliography) .  However,  in  a 
series  of  nine  crucibles  tested  by  us,  no  alkalinity  of  the  surface 
of  the  crucibles  was  apparent  after  heating.  Drs.  Hillebrand  and 
Weber  state:  **  It  has  been  noted  in  varying  degrees  of  intensity 
and  is  not  always  apparent." 

3.  PREDICTION  OF  LOSS  IN  WEIGHT  DUB  TO  HEATINO 

The  question  arises,  Can  the  probable  loss  on  heating  of  a  given 
crucible  of  unknown  composition  be  predicted  from  these  data? 
Although  a  definite  answer  can  not  be  given,  nevertheless  the 
observations  point  to  a  reasonable  probability  of  affirmative  reply. 

Consider  Fig.  4,  in  which  the  heating  losses  are  plotted  against 
emf  at  1 100^  C  against  pture  platinum  for  each  of  tlje  14  crucibles. 
The  purest  crucibles,  a,  6,  c,  d,  and  e,  all  lie  close  together  at  5  mg 
loss  and  less  than  i  millivolt.  The  platinum-rhodium  crucibles 
m  and  n  lie  on  aiine,  inclined  to  the  left  of  5  mg,  and  which  would 
reach  to  the  heat  loss  for  ptnre  rhodium  as  a  limit.  The  platinum- 
indium  crucibles  /  and  i^  containing  negligible  iron,  lie  on  a  line 
inclined  to  the  right  of  5  mg.  The  platinum-iridium  crucibles, 
containing  considerable  iron,  /, ;,  and  k^  lie  between  the  iridium  and 
rhodium  lines,  and  the  crucible  h,  containing  considerable  iron, 
lies  to  the  left  of  the  rhodium  line;  h  may  contain  rhodium,  as  is 
also  indicated  by  its  photomicrograph. 

It  would  follow,  therefore,  that  one  would  expect  a  crucible, 
nearly  free  from  iron  (which  fact  is  readily  tested  by  heating  over 
the  blast  lamp),  and  with  a  measured  emf  of,  say,  8  millivolts 
against  pure  platinum,  to  lose  4  mg  per  100  cm '  of  surface  in  six 
hours  at  1200^  C  if  made  of  a  rhodium  alloy  of  platinum,  and 
would  expect  it  to  lose  about  20  mg  if  of  an  iridium  alloy.  The 
distinction  between  these  iridium  and  rhodium  alloys  may  usually 
be  made  microscopically,  as  already  shown.  When  iron  is  present, 
these  heat  losses  will  be  reduced  somewhat  and  may  be  halved, 
since  the  effective  disintegration  area  is  reduced  by  the  layer  of 
iron  oxide.  Pig.  4  may  therefore  be  used,  at  least  approximately, 
as  a  basis  for  estimating  losses  on  heating  of  platinum  crucibles 
for  the  usual  products  f otmd  on  the  market  and  Fig  4  is  probably 
reliable  for  practically  iron-free  crucibles  containing  up  to  40  per 
cent  rhodium  or  to  perhaps  10  per  cent  iridium. 
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In  view  of  the  fact  that  a  satisfactory  determination  of  the  loss 
on  heating  for  any  type  of  crucible  can  be  made  only  by  elaborate 
experimentation,  it  is  evidently  of  interest  to  be  able  to  substitute 
for  this  the  simple  thermoelectric  and  microscopic  tests. 


LOSS  I H  WEIGHT  (MQ.)  PER  100  CM  '  PER  0  HOURS  HEAT  AT  1200  C 
Fig.  4. — PredicHon  of  losses  in  weight  on  heoHng  Pi  crucibles  containing  Ir  or  Rh 

4.  SUGGESTIONS  AS  TO  SPECIFICATIONS 

What  is  desired  in  a  crucible  for  exact  analjrtical  work  is  a 
material  which  will  strictly  maintain  its  weight  on  heating  and  on 
treating  with  strong  add  after  heating;  which  will  not  exude  any 
oxidizable  or  soluble  matter  on  heating ;  which  will  not  crack  or 
develop  other  mechanical  defects;  and  which  is  stiff  enough  to 
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handle  conveniently  with  tongs.  Some  of  these  requirements 
appear  to  be  simultaneously  difficult  of  realization  in  the  present 
state  of  our  science  and  of  the  art  of  working  platinum  and  its 
alloys. 

Iridium  which  adds  stiffness  to  platintun  renders  the  crucible 
subject  to  proportionably  greater  losses  of  weight  on  heating. 
The  presence  of  iron  appears  to  lower  materially  the  heat  losses, 
but  is  very  objectionable  on  account  of  the  formation  of  a  soluble 
oxide  coating.  The  purest  platintun  is  usually  not  stijEF  enough, 
although  two  or  three  of  the  apparently  purest  crucibles  here 
examined  were  tmaccountably  stiff,  perhaps  because  of  the  pres- 
ence of  a  small  amount  of  osmium  or  silica.  Rhodium  both  stUFens 
the  crucible  and  lowers  the  heat  and  acid  losses  and  is  much  to  be 
preferred  to  iridium  as  an  alloying  element,  and  crucibles  con- 
*  taining  small  amounts  of  rhodium,  say  from  3  to  5  per  cent,  are 
to  be  preferred  to  crucibles  of  pure  platinum.  As  the  rhodium 
content  is  increased  the  crucible  may  develop  cracks  in  service. 

A  requirement  which  might  reasonably  be  met,  at  not  too  great 
expense  for  highest  grade  crucibles,  would  be  platinum  containing 
3  to  5  per  cent  rhodium,  practically  free  from  iron  and  iridium, 
and  containing  no  other  detectable  impurities.  For  most  purposes 
these  requirements  could  be  checked  by  assuring  one's  self  that 
the  emf  at  iioo^  C  against  pure  platinum  was  less  than  8  and 
greater  than  5  millivolts,  that  the  characteristic  crystal  structure 
was  that  of  rhodium  and  not  iridium,  and  that  no  iron  hydroxide 
precipitate  was  obtained  after  ignition  for  two  hours  over  strong 
blast  and  appljring  the  acid  treatment  as  above  described.  If 
pure  platinum  were  preferred,  the  emf  at  iioo®  C  should  be  less 
than  I  millivolt.  If  other  stiffening  ingredients  than  rhodium 
be  allowed,  the  i -millivolt  emf  requirement  should  be  maintained. 

IV.  NATURE  OP  DISINTEGRATION 

It  has  been  assumed  or  generally  held  until  recentiy  by  investi- 
gators of  the  disintegration  of  the  platinum  metals  on  heating  that 
the  loss  of  weight  observed  is  a  true  volatilization,  but  J.  H.  T. 
Roberts  offers  evidence  to  show  that  there  is  an  oxidation  of 
platinum,   iridium,  etc.,   at  high   temperatures,  followed  by  a 
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subsequent  reduction,  so  that  the  deposit  carried  to  the  cooler 
regions  is  metallic  not  because  of  volatilization  but  on  account  of 
an  endothermic  reaction  between  the  platinum  metal  and  oxygen 
forming  at  high  temperatures  an  oxide  which  is  unstable  at  lower 
temperatures. 

In  favor  of  this  view  appear  to  be  the  facts  that  these  metals 
are  less  volatile  at  low  pressures  than  at  high,  and  that  the  pres- 
ence of  oxygen  is  essential.  Against  this  is  to  be  set  the  fact  that 
metals,  in  general,  have  a  vapor  pressure  which  increases  with 
temperature,  and  the  region  of  stabiUty  of  these  oxides  does  not 
appear  to  have  been  determined. 

The  experiments  here  recorded  do  not  give  crucial  evidence  in 
favor  of  either  of  these  views.  The  disintegration  in  air  is  shown 
to  have  a  constant  value  for  any  given  type  of  material — ^platintmi 
with  small  additions  of  iridium  or  rhodium — and  this  disintegra- 
tion is  f otmd  to  be  approximately  proportional  to  the  amount  of 
the  alloying  element  present  in  platinum.  Iron,  when  also  present, 
as  we  have  seen,  has  a  special  r61e  of  its  own  in  retarding  the 
disintegration. 

It  is  possible,  as  Berthelot  pointed  out,  that  there  might  be  a 
quantitative  as  well  as  a  qualitative  difference  in  these  disinte- 
gration phenomena  at  high  temperatures,  dependent  upon  whether 
the  metal  is  heated  from  outside  or  whether  it  is  heated  electrically 
from  within.  The  experiments  of  Langmtiir  on  electrically 
heated  metal,  however,  indicate  in  high  vacua  an  evaporation 
only  one-twentieth  of  that  here  observed  for  piure  platintmi 
thermally  heated  at  1 200^  C. 

The  phenomena  at  high  vacua  are  not,  however,  comparable  with 
those  at  atmospheric  pressiu'e.  It  appears  probable,  therefore 
that  there  is  a  slight  evaporation  characteristic  of  the  metal 
accompanied,  in  the  presence  of  oxygen  or  air,  by  reaction  between 
oxygen  and  platinum.  Langmuir  considers  that  "the  oxygen  in 
addition  to  combining  with  the  vapor  from  the  platinum,  also 
attacks  the  platinum  at  a  rate  that  increases  with  the  pressiure." 

That  the  iridium  alloys  of  platinum  disintegrate  more  rapidly 
than  platiniun  or  its  alloys  with  rhodium,  may  be  due  either  to 
the  greater  vapor  pressure  of  the  former  or  to  a  more  ready  reaction 
with  oxygen,  or  a  combination  of  these  two  causes. 
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V.  SUMMARY  AND  CONCLUSIONS 

There  has  been  devised  a  sunple,  thermoelectric  method  suitable 
for  the  determination  of  the  purity  of  platinum  ware.  This 
method  does  not  mar  the  article  tested  and  gives  data  for  the 
classification  of  platinum  in  terms  of  its  equivalent  iridium  (or 
rhodium)  content. 

There  were  examined  by  the  thermoelectric  method  1 64  pieces 
of  platinum  ware,  of  which  26  per  cent  contained  less  than  0.5  per 
cent  iridium  and  67  per  cent  less  than  2  per  cent  of  iridium.  Of 
84  crucibles,  36  per  cent  contained  less  than  0.5  per  cent  iriditun 
and  87  per  cent  less  than  2  per  cent  iridium. 

A  method  has  been  developed  for  determination  of  the  exact  loss 
on  heating  of  platinum  crucibles  by  means  of  a  suitable  electric 
furnace  containing  no  heated  metal  parts. 

Potu^en  crucibles  of  various  makes  and  grades  were  examined 
for  loss  in  weight  on  heating  and  after  acid  treatment  following  each 
heating.  Their  magnetic  susceptibilities  were  also  determined. 
The  susceptibility  of  piure  platinum  is  zero  and  the  range  of  sus- 
ceptibility for  seven  crucibles  is  i  to  125. 

The  loss  of  weight  due  to  heating  per  100  cm  *  of  practically 
iron-free  crucible  surface  at  1200^  C,  ranged  from  0.71  mg  to  2.69 
mg  per  hoiur,  the  lesser  losses  being  for  crucibles  containing  rhoditun 
and  the  greater  losses  being  associated  with  iridium. 

Iron  appears  to  lessen  somewhat  the  loss  of  weight  on  heating, 
but  its  presence  is  objectionable  on  account  of  the  soluble  oxide 
formed  on  the  crucible  surface.  The  chemical  analysis  and  mag- 
netic measurements  place  the  crucibles  in  only  approximately  the 
same  order  as  to  iron  content;  the  magnetic  susceptibility  is  not, 
however,  proportional  to  the  iron  content. 

It  appears  to  be  possible,  from  a  thermoelectric  and  microscopic 
examination  of  a  crucible,  to  predict  its  probable  loss  of  weight 
on  heating  within  limits  close  enough  for  analytical  purposes. 

Suggestions  are  offered  concerning  the  specifications  of  highest 
grade  platinum  crucibles,  including  the  substitution  of  rhoditmi 
to  5  per  cent  for  iridium,  and  the  practical  elimination  of  iron. 

Whether  crucibles  have  been  long  in  use  or  not,  after  the  first 
two  or  three  heatings  and  acid  washings,  appears  to  make  little  or 
no  difference  in  their  behavior  as  to  losses  on  heating  and  washing. 
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The  nature  of  the  process  of  disintegration  of  platinum  and  its 
alloys  is  briefly  discussed. 

We  wish  to  express  our  obligation  to  Dr.  W.  F.  Hillebrand,  who 
has  furnished  many  valuable  suggestions  which  have  aided  the 
progress  of  this  investigation. 
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last  being  the  least  volatile. 

''The  disintegration  of  metals  at  high  temperatures''  (condensation  nuclei  from 
hot  wires),  by  J.  H.  T.  Roberts,  Phil.  Mag.,  25,  p.  270;  1913. 

Condensation  nuclei  could  be  more  readily  produced  in  O  than  in  air,  and  could 
not  be  produced  in  pure  N.  Some  conclusions  are  as  follows:  (z)  The  rate  of  loss  of 
Pt  is  zero  in  N,  H,  or  a  vacuum;  (2)  at  low  pressures  of  O  the  nuclei  are  very  small; 
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The  rate  of  loss  of  weight  of  the  platinum  wire  being  roughly  proportional  to  the 
oxygen  pressure  points  to  the  formation  of  an  endothermic  oxide.  "This  theory 
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L.  W.  Austin,  Phil.  Mag.,  7,  p.  388;  1904. 

Observations  on  each  metal  were  made  in  the  following  order:  (x)  In  air  at  atmos- 
pheric pressure;  (2)  in  vacuum;  (3)  in  slow  stream  of  commercial  O  or  N;  (4)  in  H 
at  different  pressures. 

Conclusions  were  as  follows:  Pt  and  Rh  disintegration  about  five  times  as  great 
in  O  as  in  air;  in  air  at  25  mm  about  one-half  that  at  760  mm;  and  in  N  disintegration 


I 


§^^']  Quality  of  Platinum  Ware  315 

is  very  small.  Ir  disintegration  in  air  about  ten  times  as  gteat  as  Pt.  At  25  nmi 
Ir  loss  in  weight  equals  one-eighth  that  at  760  mm,  while  in  O  it  is  about  eleven  times 
as  great  as  in  air. 

''On  the  condensatioia  nuclei  produced  in  air  and  hydrogen  by  heating  a  platinum 
wire,"  by  Gwilym  Owen,  Phil.  Mag.,  6,  p.  306;  1903. 

Condensation  nuclei  from  heated  Pt  wire  were  produced  in  an  atmosphere  of  air 
at  300^  C.  The  size  and  number  of  nuclei  are  increased  with  increased  temperature. 
In  the  case  of  hydrogen  the  results  are  obtained  at  temperattues  some  600^  or  700® 
higher  than  in  air;  in  fact,  not  until  the  wire  is  luminous. 

Platinum  laboratoiy  utensils,  by  Percy  H.  Walker  and  F.  W.  Smitfaers,  Bu.  of 
Chem.,  Bull.  Ho.  137,  p.  180,  November,  1910. 

Apparently  the  pioneer  paper  demonstrating  the  desirability  of  determining  the 
quality  of  platinum  ware  purchased  for  exact  analytical  ptuposes. 

Preliminary  report  of  the  committee  on  ''Quality  of  platinnm  laboratoiy  utensils/ 
by  W.  P.  Hillebrand,  Percy  H.  Walker,  and  £.  T.  Allen,  J.  Indus.  &  Eng.  Chem., 
8,  No.  9,  September,  1911. 

Report  of  progress  by  committee  on  "Quality  of  platinum  laboratoiy  utensils,'' 
April  9, 1914,  J.  Indus.  &  Eng.  Chem.,  June,  1914. 

"The  vapor  pressure  of  the  metals  platinum  and  molybdenum,''  by  Irving  Langmuir 
and  6.  M.  J.  Mackay,  Phys.  Rev.,  IV,  No.  4,  p.  377,  October,  1914. 

The  method  consists  in  determining  the  loss  of  weight  undeigone  by  wires  of  the 
two  metals  maintained  electrically  at  various  temperatures  for  definite  periods  of 
time  in  glass  vessels  exhausted  to  an  exceptionally  good  vacuum. 

The  calculation  of  the  vapor  pressure  from  the  rate  of  loss  of  weight  at  a  definite 
temperature  is  baaed  upon  the  kinetic  theory  of  gases  and  the  Clausius-Clapeyron 
formula  giving  the  relation  between  the  vapor  pressure  of  any  substance  and  the 
temperature. 

The  rate  of  evaporation  of  heated  platinum  and  molybdenum  wires  in  high  vacuum 
were  determined  over  wide  ranges  of  temperature.  From  these  data  the  vapor  pres- 
sures of  these  metals  were  calculated.  The  evaporation  per  square  centimeter  per 
second  was  determined  and  also  the  latent  heat  of  vaporization  in  calories  per  gram 
atom. 

"Chemical  reactions  at  low  pressures,"  by  Dr.  Irvmg  Langmuir,  J.  Indus.  &  Eng. 
Chem.,  7,  p.  349,  1915;  J.  Am.  Chem.  Soc.,  37,  p.  1139,  1915. 

Dr.  Langmuir  advances  the  "theory  of  molecular  films"  to  explain  heterogeneous 
reactions  occurring  between  heated  filaments  and  the  surrounding  gases.  The  adsorp- 
tion film  is  taken  to  be  in  a  state  of  kinetic  equilibrium  with  the  gases  arotmd  it,  and 
is  in  a  state  of  constant  change.  The  majority  of  gas  molecules  striking  the  bare 
surface  of  the  film  are  held  by  cohesive  forces  until  they  evaporate.  The  rate  of 
formation  of  the  adsorption  film  is  proportional  to  the  gas  pressure  and  to  the  area  of 
the  uncovered  surface.    The  reactions  observed  may  be  divided  into  four  classes: 

1.  The  filament  is  attacked  by  the  gas. 

2.  The  gas  reacts  with  vapor  given  off  by  the  filament. 

3.  The  filamenjt  acts  catalytically  on  the  gas,  producing  a  chemical  change  in  the 
gas  without  any  permanent  change  in  the  filament. 
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4.  The  gas  is  chemically  changed  or  reacts  with  the  filament  as  a  result  of  electrical 
discharge  through  the  gas. 

The  application  of  this  theory  to  particular  cases  was  considered  and  included 
platinum  reactions  under  classes  2  and  3. 

<<The  sublimation  of  metals  at  low  pressures,"  by  G.  W.  C.  Kaye,  B.  A.,  D.  Sc, 
and  Donald  Ewen,  M.  Sc,  Pro.  Roy.  Sec.,  Lon-y  8^A,  p.  58,  1913-14. 

The  "Rectilinear  emission  of  particles,"  from  the  surface  of  electrically  heated 
strips  of  Ir,  Cu,  Fe,  W,  is  discussed.  There  appear  to  be  two  main  classes  of  vapor 
given  out  when  a  metal  volatilizes,  one  kind,  which  is  associated  with  evaporation 
as  usually  understood  by  the  term,  the  other,  made  up  of  particles  of  metal,  which 
travel  in  straight  lines  from  the  surface  of  the  metal.  It  is  suggested  that  the  differ- 
ence between  the  two  classes  is  that  the  latter  are  charged  electrically,  while  the 
former  are  electrically  neutral.  A  deposit  taking  the  outline  of  the  heated  strip  or 
the  shape  of  an  interposed  screen  could  be  obtained  readily  in  the  case  of  the  above 
metals  heated  to  about  1000^  C  in  nitrogen  at  about  20  mm  pressure. 
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I.  INTRODUCTION 

Aside  from  its  mathematical  interest,  the  problem  of  the  calcu- 
lation of  the  force  which  exists  between  two  circular  currents 
has  received  a  good  deal  of  attention,  owing  to  its  practical 
importance  in  the  calculation  of  the  constants  of  apparatus  tised 
in  absolute  measurements.  In  such  practical  cases,  it  is  true,  the 
current  is  not  concentrated  in  a  circular  filament,  but  flows  in  a 
number  of  wires,  generally  so  disposed  as  to  form  a  circular  coil 
of  rectangular  cross  section.  The  calculation  of  the  mutual 
inductance  of  two  such  coils,  as  well  as  the  force  exerted  between 
them,  is,  however,  most  readily  based  on  the  ideal  case,  a  correc- 
tion being  applied  to  take  into  account  the  diflPerence  between 
the  actual  distribution  of  the  current  and  the  ideal  distribution. 
This  correction  may  be  made  with  all  the  precision  necessary, 
even  in  the  most  refined  work,  by  the  methods  of  Rayleigh  and 
Lyle,  provided  that  the  dimensions  of  the  cross  sections  are  small 
with  respect  to  the  radii  of  the  coils  and  the  distance  between 
them.  In  the  formula  of  quadratures^  (Rayleigh)  the  coil  is 
replaced  by  a  number  of  circular  filaments,  the  weighted  mean 
being  taken  of  their  separate  effects ;  in  the  method  of  Lyle '  the 

1  Gray,  Absolute  Meas.,  Vol.  II,  Part  II,  p.  403*    Thb  Bulletin,  8,  p.  370;  1906  (Sdentific  Papers 
No.  4a). 
*  Phil.  Mac.,  t,  p.  310;  z9oa.    Also,  this  Balktin.  S,  p.  374:  x9o6  (Sdentific  Papers  No.  4^). 
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coil  is  shown  to  be  equivalent  to  two  circular  filaments,  whose 
radii  and  positions  depend  on  the  dimensions  of  the  cross  section. 
For  details  of  such  calculations  the  reader  is  referred  to  the 
original  articles  and  to  articles  in  this  Bulletin.' 

The  mutual  energy  of  two  currents  is  equal  to  the  product  of 
their  mutual  inductance  by  the  two  current  strengths.  Accord- 
ingly! the  force  exerted  by  one  circular  filament  on  the  other,  in 
any  specified  direction,  is  equal  to  the  rate  of  change  of  the 
mutual  inductance  as  the  filament  moves  in  that  direction  multi- 
plied by  the  product  of  the  two  current  strengths.  The  force 
between  two  circular  currents  of  unit  strength  may,  therefore,  be 
found  by  differentiating  any  suitable  formula  for  their  mutual 
inductance.  The  formulas  of  Maxwell  and  Nagaoka  derived  in 
this  way  for  the  special  case  of  parallel  coaxial  circles  are  given 
for  convenience  of  reference  in  the  following  section.  These 
formulas  allow  of  the  calculation  of  the  force  with  an  accuracy 
which  is  limited  only  by  the  precision  attainable  in  the  measure- 
ment of  the  dimensions  of  the  coils  and  the  calculation  of  the 
correction  for  the  finite  cross  section. 

The  present  paper  has  to  do  with  the  special  case,  very  impor- 
tant in  practice,  where  the  two  parallel,  coaxial,  circular  filaments 
are  placed  with  such  a  distance  between  their  planes  that  their 
mutual  attraction  or  repulsion  is  a  maximum.  This  is  the  con- 
dition which  is  realized  in  the  form  of  current  balance,  first  used 
by  Lord  Rayleigh*  in  1884,  and  by  Rosa,  Dorsey,  and  Miller*  at 
the  Bureau  of  Standards.  In  this  form  of  balance  a  coil  is 
suspended  from  one  arm  of  a  balance,  with  its  pl^e  midway 
between  those  of  two  horizontal  fixed  coils,  the  distances  between 
the  planes  of  the  coils  being  so  chosen  that  the  forces  exerted  by 
the  currents  in  the  fixed  coils  on  the  current  in  the  suspended 
coil  are  a  maximum.  This  arrangement  has  the  advantage  that 
not  only  is  the  force  sensibly  constant  for  small  displacements  of 
the  suspended  coil  from  this  ideal  position,  but  the  constant  of 
the  balance  is  a  function  of  the  ratio  of  the  radii  of  the  fixed  and 

>This  BuUetin,  S,  pp.  397-399.  2906  (Scientific  Papers  No.  4a);  and  8.  p.  3i3»  331,  19x1  (Scientific 
Papers  No.  169). 
<  Phil.  Trans.,  176,  pp.  411-460,  x8&i;  Rayleigfa's  Scientific  Papers.  S,  pp.  378-339. 
*  This  Bnlletxn,  8,  pp.  069-393;  Z9zx  (Scientific  Papers  No.  169). 
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movable  coils,  which  ratio  can  be  found  with  great  accuracy  by 
electrical  methods,  thus  rendering  unnecessary  the  measurement 
of  the  individual  radii.  The  position  of  the  coils  for  mftyimnm 
force  can  be  found  by  experiment. 

The  value  of  the  maximum  force  can  be  calculated  from  the 
known  ratio  of  the  radii  by  interpolation  between  a  number  of 
values  of  the  force,  calculated  by  known  formulas,  for  various 
distances  in  the  neighborhood  of  the  experimentally  determined 
correct  position  of  the  coils.  As  far  as  is  known  to  the  author, 
this  is  the  only  method  which  has  been  previously  used.  The 
formulas  and  methods  here  developed  are  presented  as  affording 
a  more  direct  solution  of  the  problem,  and  although  the  amount 
of  ntunerical  work  is,  in  the  general  case,  still  appreciable  a  check 
is  afforded  on  the  methods  previously  employed.  For  such  cases 
as  occur  in  practice,  the  constants  may  be  obtained  with  very  little 
labor  from  the  tables  of  fundamental  values  given  below. 

The  main  formulas  (33)  to  (37)  were  derived  by  the  author  in 
June,  191 1.  Since  then,  however,  other  work  has  interfered  to 
delay  the  development  of  the  auxiliary  formulas  and  the  prepara- 
tion of  the  tables. 

n.  FORMULAS  FOR  THE  FORCE  BETWEEN  TWO  COAXIAL 

CIRCULAR  COILS. 

1.  MAXWELL'S  FORMULA  IN  ZOJfAL  HARMONICS/ 

Maxwell  expressed  the  mutual  inductance  between  two  coaxial 
circular  currents,  whose  radii  A  and  a  subtend,  respectively,  the 
angles  a^  and  ar,  at  the  origin,  and  whose  planes  lie  at  distances 
B  and  b  from  this  point,  by  a  formula  in  zonal  harmonics 

M  =  4  7r»c  sin  ^a^  sin  »aJ  ^  ^Pi'(«i)  Pi'(«a)  + (0 

where  c-^-^a^  +  b'  and  C=  ^/A^^\'B* 

Substituting  for  the  zonal  harmonics  their  well-known  values 
in  terms  of  sines  and  cosines,  and  introducing  for  the  latter  their 

*  Blect.  and  Mac.,  Vol.  II.  sec.  696. 
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values  in  terms  of  the  radii  and  the  distances  b,  B,  and  c,  C,  the 
formula  (i)  becomes 

M  «=  1 .2  ir-T^  +  2.3  ir  — r= — 

^^  ^  ^V(B»-iA»)(y-ia')  ^^  ^  ^&(B'-iA')(y-ia')A'o» 

,  ,  g  ^(g«  -  iB*A>+ jA*)  (b*  -  jbW + jap  A  V  ^^^ 

which  on  differentiation  with  respect  to  b  gives  for  the  force  "> 
leAVf    ,    B  MB--{A*)  g(g'-iA')(y-ia») 

r »      gq    <i. 2.3 ^-1-2.3.4  ^  r 3.4.5  g:g 

+4-5-6 ^ (3) 

+  5.6.7 o +  •  •  • 

On  account  of  its  slow  convergence,  the  formula  (3)  is  not  suit- 
able for  ntunerical  calculations.  It  is,  however,  valuable,  in  that 
it  gives  a  clear  view  of  the  way  the  force  varies  when  the  distance 
between  the  coils  is  increased. 

2.  MAXWELL'S  FORMULA  IN  ELLIPTIC  INTEGRALS.^ 

An  accurate  expression  for  the  force  was  derived  by  Maxwell  by 
differentiating  his  well-known  f ormtda  for  the  mutual  inductance 
of  two  coaxial  circles. 

the  result  being 

w  z  sin  y  . 
F^--^{2K-(i+s^y)E}  (4) 

where  A  and  a  are  the  radii  of  the  two  circles,  2  is  the  distance 
between  their  planes,  and  K  and  E  are  the  complete  elliptic  inte- 

grals  to  modulus  fe-sin7-   ;,/^   ^ 

T  This  BuUedn.  8,  p.  335. 19x1  (Scientific  Papers  No.  X7z). 
*  Blect.  and  Mag.,  Vol.  II,  tec.  701. 
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A  table  was  prepared  by  Lord  Rayleigh  giving  the  value  of  log 
[sin  7  { 2iC  —  (i  +  sec*7)£}]  to  seven  places  of  decimals.*  This  table 
was  recalculated  at  the  Bureau  of  Standards,  using  L^endre's 
tables  of  eUiptic  integrals,  the  logarithms  being  carried  out  to  ten 
places,  and  some  small  errors  in  the  seventh  place  corrected.  The 
table  thus  corrected  was  reproduced  in  the  article  on  the  ab- 
solute determination  of  the  international  ampere,  by  Rosa,  Dorsey, 
and  Miller. 

3.  NAGAOKA'S  FORMULAS 

The  force  between  two  parallel  coaxial  circles  has  also  been 
expressed  by  Nagaoka*®  in  terms  of  the  q  series  of  Jacobi.  These 
expressions  have  the  advantage  of  rapid  convergence  and  of  not 
requiring  the  use  of  tables  of  elliptic  integrals.  Nagaoka's  formula 
(29) ,  extended  by  the  author  of  the  present  paper  to  include  f our 
additional  terms,  is 


192  iT^z  ♦r 


I  +20  5*  + 225  g*+ 18409* 

+ 12 1 20  g*  +  68052  q^^  (5) 

+  337465  ?"+i5i3740  ?""! 
+  6247665  gi«+ J 

Extending  Nagaoka's  formula  (21),  the  author  obtained  the 
further  formula  which  is  equivalent  to  the  formula  (8)  found  by 
Nagaoka  in  a  more  recent  article." 

F^        TO     r(i  +  i2  gx-192  91^  +  1232  gi«-5634  9i* 

i6gi  VAoL    +2i648gi»-736oogi«  +  2269449J-648i899i»+. .) 

-  12  q,  loge  1  •  (I  -10  gi  +  6ogi»-300  9i»  (6) 

Hi 

+ 1300  9i*-  4884  q^^  + 16320  gi« 
-49920  gj+ 142500  9i»- )] 

•  Phil.  Trans.,  176,  pp.  4x1-460^  1884:  Rayldigh's  Scientific  Papers,  2, 327. 

>*  Jour.  College  of  Sdenoe,  Tokyo,  voL  x6,  art.  15,  p.  za,  1903;  PhiL  Hag.«  ^  p.  19, 1903. 

u  Tokyo  Math.-Phys.  Soc.,  vol.  6,  p.  156^  19x1. 
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/i        

In  most  cases  only  two  or  three  terms  need  be  calculated  to 
give  the  force  with  a  good  deal  of  precision.  The  formulas  are 
given  at  length  here  so  as  to  give  all  needed  precision,  even  in 
the  most  imf  avorable  cases.  Formula  (6)  converges  most  rapidly 
for  circles  which  are  near  together.  It  is  not  so  convenient  to 
use  as  (5)  and  will  be  employed  only  in  those  cases  where  the 
convergence  of  (5)  is  not  satisfactory.  With  the  number  of  terms 
included  here,  the  force  may  be  calculated  by  one  or  the  other 
of  the  two  formulas  with  an  accuracy  of  better  than  i  part  in 
100  000,  even  in  the  most  tmfavorable  case.  To  facilitate  cal- 
culations, Nagaoka  has  published^'  tables  giving  the  values  of 

z 

Further  formulas  for  the  force  have  also  been  given  by  Nagaoka, 
for  which  the  original  articles  already  cited  should  be  consulted. 


for  different  values  of  q. 


m.  THE  MAXIMUM  FORCE 

The  foregoing  formulas  suffice  to  give  the  value  of  the  force 
between  the  circles  with  all  the  precision  required  in  the  most 
careful  work. 

For  the  calculation  of  the  constant  of  the  Rayleigh  current 
balance  we  need,  as  has  already  been  explained,  to  obtain  either 

^>  Tokyo  Math.-Phys.  Soc.,  vol.  6,  p.  154,  Z9zz. 
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(a)  an  expression  giving  the  maximum  value  of  the  force  between 
the  circular  currents  as  a  fimction  of  the  ratio  of  their  radii,  or 
(6)  a  formula  for  calculating  the  value  of  the  distance  z„  which 
exists  between  their  planes  when  the  force  is  a  maximum.  The 
maximum  force  Fj^  may,  in  the  latter  case,  be  calculated  by  sub- 
stituting Zj^  for  z  in  any  one  of  the  formulas  for  the  force  given 
above,  which  converges  satisfactorily. 

Although  more  direct,  the  first  method  is,  in  some  cases,  less 
accurate  than  the  second,  and  as  a  knowledge  of  the  distance  z^ 
is  of  interest  in  itself,  formulas  for  both  methods  have  been  given 
below. 

1.  RAYLBIGH'S  APPROZIMATB  FORMULA  FOR  z» 

Obviously  z^  may  be  found  by  differentiating  any  suitable 
expression  for  the  force  F  with  respect  to  the  distance  z  between 
the  circles,  equating  the  result  to  zero,  and  solving  for  z.  The 
result  is  the  value  z^  for  which  the  force  is  a  maximum.  Pro- 
vided the  formula  for  z^  is  not  too  complicated,  it  gives  on 
substitution  in  the  formula  for  the  force  an  expression  suitable 
for  calculating  the  maximum  force  F^^. 

The  differentiation  of  MaxwelFs  formula  (3)  gives,  when  the 
origin  is  taken  at  the  center  of  the  smaller  circle  (6  «=  o) 


/dF\         7r»A»o'r 


2-3-4- 


O 


-3.5.6 ^ +  •  -J^o  (7) 

This  may  be  solved  for  2„  by  a  method  of  approximation. 
The  first  term  shows  that  -f  is  less  than  unity.    Taking  as  a  first 

approximation  that  value  of  ^  which  makes  the  first  term  zero, 

and  substituting  this  value  in  the  second  term,  we  find  as  a 
second  approximation  Rayleigh's  equation  ^' 

or  (8) 

?i?^l/i..9aL \ 

A     2\       loA*  / 

^*  Rayldgh:  Scientific  Papers,  voL  a,  p.  384. 
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It  is  not  difficult,  by  substituting  this  value  in  the  second  and 
third  terms  of  (7)  to  obtain  a  further  approximation 

A'^Jy     loA^     ^A^J  (9) 

Unfortunately,  the  slow  convergence  of  these  expressions,  and 
the  rapid  increase  in  the  amount  of  labor  necessary  for  obtaining 
each  new  term,  prevent  the  use  of  (8)  and  (9)  except  for  purposes 

of  orientation,  unless  within  the  limited  range  where  -r  is  small. 

The  differentiation  of  Maxwell's  equation  (4)  in  elliptic  integrals 
is  complicated  and  does  not  give  a  satisfactory  formula  for  z^. 

By  following  the  method  of  Nagaoka  the  author  of  the  present 
paper  has  obtained  expressions  in  the  form  of  q  series,  which 
enable  the  values  of  z^  and  Fj^  to  be  calculated  with  all  the 
accuracy  necessary  in  refined  work,  and  these  formulas  have  been 
tested  thoroughly  as  to  their  applicability  for  numerical  calcu- 
lations and  as  to  their  agreement  with  the  results  found  by  other 
methods. 

IV.   DERIVATION  OF  THE  NEW  FORMULAS 

The  mutual  inductance  of  two  parallel  coaxial  circles  of  radii 
A  and  a,  the  distance  between  their  planes  being  z,  is  given  by 
the  integral " 

lijf  A     r  cos  Odd  ,    , 

M«47rAal     j^,      ,      ,  (10) 

JoV^  +a'+2:'-2  Aa  cos  e 

where  6  is  the  angle  between  two  elements  ds  and  ds'  of  the  two 
circles. 

Differentiating  this  with  respect  to  z^  we  find  for  the  force 

^    dM  .       f  cosdde  ,    , 

^"^°4^-^^^J,(A»4-a'+.'^2Aacosg)*  ^"^ 

and  the  condition  which  must  hold  when  the  force  between  the 
circles  is  a  maximum  is 

dF    d^M  .     r*  cos^cW 


,     r»  cos  6 

4-  ^'^l^A'^a'+z'- 


dz      dz'     ^         Jo(A' +  a' + z' -  2  Aa  cos  ff)* 

(12) 

e_d0 

2  Aa  cos  ff)* 


A    -»  C'  3  COS  g  ^^ 


>« Maxwell,  Elect.  &  Mag.;  Vol.  II.  aec.  70Z. 
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Nagaoka  in  the  first  of  the  papers  above  cited  has  shown  how 
to  express  the  elliptic  integral  (11)  in  elliptic  functions,  and  by 
expanding  these  in  terms  of  q  functions  has  obtained  the  formulas 
(5)  and  (6)  (the  latter  in  a  different  form)  for  the  force,  which 
have  been  given  above. 

For  the  integration  of  (12)  we  need  evaluate  only  one  new 

integral — the  second.     For  completeness,  however,  we  will  also 

indicate  the  solution  of  the  first  integral  as  given  by  Nagaoka. 

Put 

cos  O'^as  +  fi  (13) 

then 

—  sin  ddO^ads 

sin>  ^=  I  -  («^  +  i8)»=  ^ a^s* -^ 2al3s  +  (i  -/8») 

A«+a*+2;*-2Aacos  5»[(a»+A»+«'-2aA/8)-2aAaj] 

and  therefore, 

sin^V-^'+^'+^^^Aa  cos  5=» 

V[>l*  +  a»+2r*-2aAy8-2aA«I-a»j»-2a/ay+(i-/9»)] 

In  order  that  the  cubic  under  the  radical  may  assume  the  canoni- 
cal Weierstrassian  form 

V4(^-«i)(^-«3)(^-«t)-V4^-^iJ-"?t-VS  (14) 

the  following  conditions  must  be  satisfied 

2aA«*«=-4 

^1  +  ^2  +  ^1  ="6ai4/8af»  —  a»(a*  +  A*+2»)—o 
which  give 


H0 


i4»  +  a> + 2»  -  2i4a  cos  ^  = -^(2)8- aj) 
whence 

e,.ii  .,-LZi?  e..-(i±^  (16) 

^      a  a  a 
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We  have  accordingly  for  the  integrand  of  the  first  integral 


COS  6  dO 

(A>+a>+0»~2i4acos^*'' 

and  for  the  Umits  we  notice  that,  when 


ads(as  +  fi) 


5«w,  as  +  fi^-i  and  therefore  s^e^ 
0=^0,  as  +  fi^   I  and  therefore  j^e. 

Introducing  these  conditions,  the  first  integral  becomes 


(18) 


Introducing  the  Weiorstrassian  function,  p«  which  is  defined  by 


the  equations  «-■  I     -y=  and  j— p« 


(19) 


and  remembering  that  when  i^—e,,  u^»^;  and  when  s^^e^,  u— m,, 
the  integral  becomes 


/i=  —  4wAa 


2i8) 


(fli 


(20) 


The  integrand  may  be  written 


1  + 


3/8 


l+r 


3       ^1 


Otpu—2fi  2pi*  — «i 


(21) 


which,  taking  into  account  the  relations 


p(«±«»,) 


P«-«i        («!-«»)  («!-««)     («»-«»)(«i-«i) 


CO*  —  CDs  "9  CD 


r 


P(l*±»4)cfli 


1 


(22) 


gives  finally 


/. 


4.vAa 


- -^["-U^.-eMe.-./'"*'''A  '^^> 
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m 

From  what  has  gone  before,  the  second  integral  /,  can  be  shown 
to  be  equivalent  to 


The  integrand  may  be  written 


+5^ 


and  the  first  term  can  be  integrated  by  (22).    For  the  second 
term  we  make  use  of  the  relations 


(25) 


which,  remembering  that  p'ttt^o,  and  p'a*^— o  gives,  finally,  for 
the  second  term 

so  that  the  integral  /,  becomes 

(27) 
The  integrated  form  of  equation  (12)  is  therefore  found  to  be 

For  numerical  calculations  we  have  next  to  express  the  f  or« 
mula  just  derived  in  terms  of  the  $  functions  of  Jacoby,  from 
which  the  transition  to  the  q  series  may  readily  be  made. 
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It  is  convenient  to  write  the  last  term  of  (28)  in  the  form 

and  then,  using  the  relations, 

12  «/(o)  "     12L  d.(o)  "^  «,(o)  +  d.(o)  J 

we  find,  finally,  that  the  condition  which  must  be  satisfied  by  z^ 
becomes 

all  the  6  functions  being  to  argtmient  zero. 

To  find  an  expression  involving  q  f tmctions  we  make  use  of 
the  well  known  relations 

^o-i-25f+2?*-2g*  +.  .  .  .  +  (-i)"2g»^*+.  .  .  . 

d,-I+2g  +  25*  +  2g*    +.    .    .    .■\'2f^+.    .    .    .  (31) 

^,-29»[i+9»  +  g*+g»  +  .  .  .  .  +  5»(«^i)  +  .  .  .  .] 

The  substitution  of  these  values  gives  rise  to  long  and  tedious 
reductions  and  only  the  final  result  will  be  given.    This  is 

AdT 

I  -  36g*  +  7225*  - 1 1 2085*  + 1 554879* 

-2o654929*«+ 270546389**  (32) 

-3530447729** +460335351 59** -  •  •  •  •] 
or,  if  the  square  root  be  taken, 

z^  «.  V^i  - 189*  + 1 999*  -  20229*  +  21 5479*         (33) 
2V59  -2425229*^  +  28298289" 

- 337555709** +4o84246379*«-  .  .  .  .] 

Substituting  this  value  of  z^  in  equation  (5)  we  derive  for  the 
maximum  force  (putting  for  9  the  value  9©  corresponding  to  z^ 

06 
^«  -  -^'r*9o*[i  +  290* + 6490*  -  25290*  +  488290*  ,    ^ 

V5  -  5048090**  +  63139290**  (34) 

-760490290** +  934884339**-    .    .    .    .] 

18423^—16 2 


Zj 


209 
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In  all  the  equations  thus  far  given  the  elliptic  functions  have 
had  as  semiperiods  the  quantities  f»i  and  a»,,  respectively  real 

and  pure  imaginary,  and  q  =  e^,  where  t==^«  and  i- V^    It 

can,  however,  be  shown  that  a  given  expression  can  be  made  to 
depend  also  on  elliptic  functions  having  for  periods  a>,  and  —  o^, 
respectively  real  and  imaginary,  if  attention  be  paid  to  the 
following  points.  The  invariants  p,  and  g^,  and  the  quantity  e^ 
are  unchanged  by  the  transformation.  The  remaining  quantities 
^u  ^99  ^9  *'»  T,  5  =  e^  go  into  the  following,  respectively,  «,,  e^,  k\ 


We  may,  consequently,  write  (28)  in  the  form 

I      d*Af  a*  I  r  3^1  ,        ,  V  "I 

4wAa  dz'  4®iL  2  (e,--e^)  {e^-e^^"^  *      i  1  s.r  j 

■"ifH""^^''^'^"^^^''^'^  (34) 

2  (e.- J4-0-  i^^^-^'-^^-^-'-'^fa?!] 


+  3 


and  for  the  transformation  to  0  functions  introduce  into  this  the 
relations 

.    .w  «.        I   -         I 


J?,-3(^)'[<'.«(o/t.)  +<».«(o/tO  +<».«(o/t0J 
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which  give 

)Afi.''^0.')\      0^0.0] 


and  on  substituting  for  these  0  functions,  whose  argument  is 
zero,  and  whose  periods  have  the  ratio  Tj,  expansions  exactly 
like  those  of  (31)  excepting  that  q^  appears  in  place  of  g,  we  ob- 
tain a  second  expression  for  the  distance  z^  corresponding  to  the 
maximum  force. 

2r„>[(i  - 1 6^1  +  37691' -  46729i' +  389489/ -  252 1 92^i» 

+  i3658889i« -6463360^1'  + 2  7500946^i«- ) 

(37) 

- 1 20^1*  loge  -•  (i  - 1 6^1  + 1 5491*  - 1 1 2ogi«  +  66805^1* 

9i 

-342729i»+i56268gi«- )] 

-  Z2aAql{i  +  2491  +  3691*  +  384gi«  +  402^1*  +  34569i* 

+  3o64gi*+2304ogJ  +  i835i9i«  + ) 

- 1 291  log.  ;^-  (i  +  25fi  +  249i»  +  28gi«  +  26491* 

Hi 

+  25251*  +  20i65'i«  + 16965^  +  1 22649i«  + .  .  .  .)] 

It  does  not  seem  advisable  to  substitute  this  equation  in  (6) 
to  obtain  an  expression  for  the  maximum  force  F,n,  but,  rather, 
to  calculate  numerical  values  of  5^  from  (37)  and  to  substitute 
this  munerical  value  of  z^  in  (6) . 
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V.  USE  OF  THS  FORMULAS 

It  is  convenient  to  write  the  two  formulas  (33)  and  (37)  just 
derived  in  the  abbreviated  forms 


^--¥-1/4-—  'P  'J—'P  i      ^ 

A     \A  2oq  \2og  (33a) 

and 

or 

r.'-(i)'-3af„X-3,-,.X  (^^^^ 

respectively.  Tables  of  values  of  the  quantities  P  and  X  have 
been  calculated  to  aid  in  using  these  formulas,  and  will  be  found 
in  the  appendix.  Examples  illustrating  the  use  of  these  tables 
are  given  below. 

In  employing  the  formulas  just  derived,  we  are  met  by  the 
difficulty  that  the  quantity  z^  depends  on  either  q  or  q^^  which, 
in  their  turn,  depend  on  the  moduli  k'  and  k,  and  the  latter,  as 
(6a)  shows  us,  involve  the  very  quantity  s^  which  we  wish  to 
calculate.  Since,  however,  the  variations  of  q  and  q^  with  small 
changes  of  z^^^  are  not  important,  we  may  solve  our  equations  by 
successive  approximation,  and  fortunately,  if  we  know  at  the 
start,  the  approximaie  value  of  z^,  it  is  not  a  difficult  matter  to 
obtain  the  true  value  with  a  great  deal  of  precision,  after  only  a 
few  trials.  This  process  may  be  expedited  by  the  use  of  suitable 
differential  formulas,  or  by  use  of  the  tables  of  values  of  P  and  X. 

1.  DIVFBRBNTIAL  FORMULAS  FOR  CALCULATINO  z. 

Ii'or  small  changes  in  z  due  to  a  given  change  in  q,  we  have,  in 
the  neighborhood  of  (z^zj),  with  a  constant, 

^«  — «i^(i  +  72g'-2969*  +  46Q89«-573209*+  .  .  .  .)     (38) 
y       z      2   q 

as  can  be  verified  by  differentiating  (32). 

Similarly,  by  differentiating  (6a) ,  and  putting  for  q  its  approxi- 
mate value  -f  we  find  the  general  expression  (a  constant) 


2 
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^q^     Jz    fe«(i  +  iog^)       g*  ^     ^g    fe»(i+feO     g*     (J  I  ,0^) 

DifiFerentiating  (37)  we  may  also  find  an  expression  correspond- 
ing to  (38).  The  result  is  not,  however,  simple.  Writing  (37)  in 
the  form  z^x  ~  32^409^^,  we  find  (for  constant  a) 


dqt 


^y    ^z 


109 


dCt_ 
dqi" 


- 16[  I  -  ^^,+99691*- 108925,* +  8721051* 

-5623o85'i»+  •  •  •  • 

-  24091  loge  —  [l  -  24^1  +  308^1*  -  280051'  +  20040^1* 

-ii9952gi»  +  625072gi«-  •  .  •  • 
36  [I  +  ?9i  +  40?i>  +  54gi'  +  5689/  +  i^9i» 


+  5i529t»+^3^ 


9.^  + 


12  log,  1  [i  +  4gj  +  72gi»  + 1  i3gi»  + 1320?!*  +151  iq^ 
+  141 1 25i«  +  135685'J  +  I  I03765'i»  + 


•  •  •  • 


c. 


[i  -  i65i  +  376?,»-4672g,«  +  38948?i«-252i925i» 

+  I3658885i«-  •  • 


—  i2ogi*  log,  —  [i  — 1651+ 15451*  —  1 1 205i*  +  668o5j« 

-342725j»  +  i562685i«-  •  •  • 


C, 


[i  +  245i  +  365i>  +  3845,*  +  4025,*  +  34565x»  +  3o645i« 

+  2304051^  + 1 835 1  5j»  + 


•  •  •  • 


- 1 25,  log,  ^[1+  25,  +  245,»  +  285,»  +  26451*  +  2525i» 

4-  201 65,*  +  1 6965  J  + 1 226451*  4- 


(40) 


•  •  •  • 


(41) 
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and  the  equation  corresponding  to  (39)  is  (a  constant) 

Table   3    (appendix)   gives  the  values   of  —  and  —^  or  —Si 

'^^  °  z  9  9i 

for  a  number  of  values  of  a,  and  will  be  found  useful  in  making 
calculations  by  this  method. 

In  making  a  calculation  of  the  value  of  z^,  using  these  differ- 
ential formulas,  the  procedtu'e  is  as  follows :  Having  obtained  an 
approximate  value  of  Zj^  by  methods  to  be  described  below,  the 
calculation  of  q  or  q^  is  made  (see  Example  i),  and  the  values 
thus  found  used  in  (33)  or  (37).  In  general,  a  somewhat  more 
acciuxtte  value  of  2„  will  thus  be  obtained,  which  will  differ  from 
the  original  by  a  certain  fractional  part  of  the  whole,  and  this 

difference  is  then  to  be  taken  as  —  in  formula  (39)  or  (42),  accord- 
ing as  (33)  or  (37)  is  being  used.  We  obtain  thus  the  fractional 
change  in  q  or  q^  corresponding  to  the  second  approximation  of  z,^. 

With  this  value  of  — ^  or  — 2*  i^^  ^an  at  once  compute  from  (38) 

or  (40)  a  third  approximation  of  z^,  and  by  repeating  this  process 
we  rapidly  approximate  the  true  value  of  z^.  For  this  process 
we  need  calctdate  the  coefficients  in  the  differential  formulas 
once  only,  since  they  do  not  need  to  be  known  with  any  great 
acctiracy,  and  in  general  the  values  interpolated  from  Table  3 
will  be  sufficient. 

From  an  examination  of  this  process  it  will  be  evident  that 
each  successive  approximation  of  z^  differs  from  the  preceding  by 
a  fractional  amount  which  is  related  to  the  corresponding  frac- 
tional difference  immediately  preceding  by  a  constant  factor  /, 
which  is  less  than  unity.  Or,  otherwise  expressed,  if  z^,  z^^ 
z^  are  the  successive  approximations  and 

:^«?LI^  then  ?»-:ii^«^[i +/+/»+ +/j-:^-i-inits 

Z  Zi  Zi  Z   ^         '      '  '^         Z     1—f 

limit.    The  factor  /  may  be  taken  from  Table  3. 
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Having  obtained  the  final  value  of  2^,  a  check  calculation  should 
be  made  to  see  whether  this  value  satisfies  the  main  formula  (33) 
or  (37),  which  by  the  procedure  just  outlined  does  not  therefore 
need  to  be  used  but  twice,  including  the  check  calculation. 

2.  APPROZIMATB  FORMULAS 

Obviously  the  amount  of  time  and  labor  necessary  to  obtain  a 
precise  value  of  s^  by  the  preceding  formulas  depends,  in  large 
measure,  on  the  closeness  with  which  the  first  approximation, 
which  is  made  the  basis  of  the  calculation,  approaches  the  true 
value.  It  is,  therefore,  very  desirable  that,  before  using  formulas 
(33)  or  (37),  a  value  of  z^  may  be  found  which  is  within,  say,  one 
part  in  a  thousand  of  the  truth. 

The  Rayleigh  formula  (8)  or  formula  (9)  is  very  satisfactory 

for  this  ptupose  for  small  values  of  -r-;  for  the  important  case  of 
-j  =  -,  it  is,  however,  one  per  cent  in  error,  and  for  still  larger 

values  of  -j  its  insufficiency  becomes  such  as  to  render  its  use 
entirely  unsatisfactory. 

For  values  of  -j  for  which  a  is  nearly  equal  to  A ,  the  following 
development  of  (37)  is  of  assistance. 

Putting  -T  « I  —  5,  -x = y I  "^^  fi^d  from  (6a)  the  approximation 
(holding  for  small  values  of  S) 

9i-^^^[i+S+i  («»+y»)]  (43) 

and  (37)  may  be  written  with  sufficient  accuracy 

,    /^Y  ^  ^     I +  24^1-1251  log.—  .     . 

^~    VT j  "3^  A  '^  L  ^        gJ         (44) 

^     ^  1  —  16^1 

To  obtain  a  starting  point  for  the  use  of  (43)  and  (44),  we 
neglect  for  the  moment  the  last  term  in  (43).     The  main  term 

in  (44)  then  becomes  yni^«32  (i  —S)- — ^       (i  4-3),  whence 

04 
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Starting  with  this  value  in  (43),  we  calculate  a  value  of  q^  to  be 
used  in  (44),  and  thus  a  second  approximation  of  y^^  and  so 
on.  Very  little  work  is  necessary  to  obtain  a  very  satisfactory 
approxunation  to  y^,  since  the  correction  term  in  (44)  need  be 
calculated  but  once,  and  a  very  moderate  accuracy  in  the  value 

of  los:-,  -  will  suffice. 

The  range  of  usefulness  of  (43)  and  (44)  is  not,  however,  great, 
and  does  not  include  those  cases  which  are  most  important  in 

practice.     For  the  especially  interesting  case,  where  -j  is  neither 

y,  small  nor  near  to  unity,  the  following 

^*.^  empirical  method   has  proved  very 

''n^/''"'*^^  useful.     Having,  so  far  as  the  author 

tfi"  ^s  ''^*"^^  N         ^^^  \yte3i  able  to  determine,  no  simple 

^-^\  /k        ^7     \    physical  significance,  it  is  to  be  re- 

^  garded  as  merely  a  useful  coincidence. 

I        If  in  Fig.  I  we  pass  a  plane  through 

•"*    the  common  axis  of  the  two  circles, 

and  calculate  the  angle  S,  subtended 

by  that  diameter  NP  of  the  small 

I* -^ -^         circle  which  lies   in   this  plane   (as 

viewed   from  the   point   M   of  the 
larger  circle,  lying  in  the  same  plane), 
T*  '        n  ^  %,-      *.!.--    f  «    it  will  be  found  that  the  critical  dis 

Fio.  I. — Definttton  of  ths  angle  d 

tance  z^^  has  such  a  value  as  to  make 

A  a 

the  angle  -^^ —  S  roughly  the  same,  whatever  the  value  of  -j. 

a  A 


\ 
\ 
\ 
\ 


\ 
\ 
\ 

V 

\ 
\ 


a 


This  angle  -^  has  a  value  of  45°  for  £jr = -j  =  i ,  increases  to  a 

value  of  about  46^  30'  for  ^=0.7,  and  falls  with  decreasing 

values  of  a  to  about  45°  50'  for  a  =  o. 

a 
To  aid  in  finding  this  angle  for  any  given  value  of  -j-,  Table  4 

will  be  useful.  In  this  the  angle  ^^  has  been  calculated  for  a 
number  of  values  of  -j  — «,  for  which  the  distance  2:^  was  calcu- 
lated to  within  a  part  in  a  million  by  the  methods  already 
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described.    To  aid  in  interpolation  the  curve,  Fig.  2,  connecting 
the  values  in  this  table,  has  been  plotted. 

Having  taken  from  the  curve,  or  by  interpolation  from  the 
table  the  value  of  the  angle  '^  for  any  other  value  of  a  not 

included  in  the   table,  we    derive  the  approximate   value    of 

2 
ya=-j  desired,  by  means  of  the  following  equations. 

0.1  (U  05  0.4 OJJ Ol6  OJ  08  ^ 0.9 10 


"oX       oji       OA       at 

RATIO  OF  RAWf  ^^ 

Fig.  2, '—Giving  the  angle  ^  as  a  function  of  the  ratio  of  the  radii.    Useful  in  obtaining 

a  first  approximation  to  y^ 

Putting 

a    .      S    ,  ^     .       ^   z 


«- j»'^='~» M  =  tan  8,  j-y 


M-tan  ()8-7) 


2  ay 


the  angles  yS  and  7  being  those  shown  in  Fig.  i . 


(46) 
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A  study  of  the  equation 


'i^^t^] 


f -^    /._M-,.    ..„  I  <y=yj 


shows,  that  in  the  most  unfavorable  case,  to  obtain  y^  correct  to 
one  part  in  i  ,000,  the  angle  ^  taken  from  the  curve  must  be  cor- 
rect to  within  about  30''.  This  accuracy  can  be  obtained  from 
the  curve  without  serious  difl&culty,  even  in  the  worst  case,  and 
in  general  this  accuracy  can  be  exceeded. 

This  method  of  obtaining  a  first  approximation  to  y^  is  illus- 
trated in  examples  4  and  5  below. 

3.  THE  CALCULATION  OF  THE  MAXDCUM  FORCB 

The  distance  ^a  between  the  planes  of  the  circular  currents, 
corresponding  to  the  condition  that  the  force  between  them  is  a 
maximum,  having  been  calculated  by  the  formulas  already  given, 
the  value  of  the  maximum  force  itself  may  be  computed  by  sub- 
stituting the  value  of  2:^  in  formula  5  or  6.  The  former  will  be 
used  principally  for  values  of  a  (the  ratio  of  the  radii)  lying  be- 
tween zero  and  0.5.  The  latter  holds  for  circles  of  more  nearly 
equal  radii,  although  the  two  formulas  overlap  somewhat  in  their 
ranges. 

Formula  (34),  which  was  derived  by  substituting  in  (5)  the 
value  of  y^.  given  by  (33),  is  useful  for  values  of  a  to  which  (5) 
applies.  In  (34)  the  quantity  q^  is  that  value  of  q  which  corre- 
sponds to  the  distance  j^m*  It  must  be  emphasized,  however,  that 
(34)  is  not  a  general  formula  for  the  force,  as  are  (5)  and  (6) . 

The  method  of  calculation  of  the  maximum  force  from  these 
three  formulas  is  illustrated  in  examples  10  and  11,  such  a  value 
of  ot  having  been  chosen  that  all  three  formulas  are  applicable  to 
the  same  case,  thus  giving  a  check  on  the  accuracy  of  the  three 
formulas. 

Table  4  gives  the  values  of  y^  and  the  maximtmi  force  F^  for 
values  of  a  from  0.05  to  0.95  in  steps  of  0.05.  In  computing  these 
values,  seven  place  logarithms  were  used  so  that  the  values  given 
should  not  be  in  error  by  more  than  a  part  in  a  million. 
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Since,  in  a  practical  case,  the  coils  would  be  designed  so  that 
their  radii  should  approximate  some  round  value,  the  data  in 
Table  4  may  be  regarded  as  ftmdamental,  and  the  usefuhiess  of 
this  table  is  further  enhanced  by  the  fact  that  the  values  of  y^ 
and  Fm  for  values  of  a  differing  slightly  from  these  fundamental 
values,  may  be  obtained  very  simply  from  the  data  in  the  table 
without  recourse  to  the  main  formulas  (33)  and  (37). 

For  example,  if  a  pair  of  coils,  constructed  to  have  radii  in  the 
ratio  of  I  to  2,  are  fotmd,  as  a  result  of  measurement,  to  have  an 
actual  ratio  of  the  radii  greater  than  one-half  by  0.005,  the  max- 
imum force  for  this  pair  of  coils  can  be  found  by  applying  to  the 
value  given  in  Table  4  for  a =0.5,  a  factor,  which  is  a  function 
both  of  the  difference  0.005  and  of  a. 

To  calculate  this  factor  it  is  necessary  to  determine  what  rela- 
tion exists  between  a  small  change  in  a  and  the  changes  in  y^^^  and 
Fm  corresponding.    This  matter  is  taken  up  in  the  next  section. 

VI.  VARIATION  FORMULAS   FOR   THE   MAXIMUM   FORCE 
Fm  AND  THE  MAXIMUM  DISTANCE  RATIO  7,^ 

To  determine  the  change  in  y„  or  Fj^  for  a  small  fractional 

change  —  in  the  ratio  of  the  radii,  we  differentiate  equations 

(33a)  and  (37a). 
Equation  (33a)  gives 

^y^     i^a     i^  .  ^  .  .V 

y^      2  a  "2  q  ^  P  ^^^^ 

Writing 

^P     1  bP        bq     b^bk^    b^     bq  bk' 
P  "Pbq'^^'  ^"bk^'ba'  dy„"dA'*dy„ 

and  using  (6a)  to  evaluate  the  differential  coefficients,  we  have 


*^^-      ^^V .      ^T^JLt^Ani     7165        93974-.      1 


(47) 
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which,  substitued  in  (46)  give  the  relation 

(48) 
where 

^"-2VF(i  +  VF)''^-'-^-^^-  (49) 

2  -  [(I  +  «)* + y«']*V(i-«)'+V 

For  the  change  in  the  mayinniTn  force 

^F„      I    bF, 


m         *      "^•»  m 


m 


F^    bq 


^q  (50) 


Writing  — ^  = in  the  equation  for  ^dq  previously  derived, 

and  differentiating  (34)  to  obtain  p-  -g^»  the   final   expression 
becomes 

-pr^«^(y«'H-X)  (I +29»+I24^-II329*+ 143603- ).— 

(51) 

in  which  the  factor  if  is  to  be  calculated  by  formula  (48) . 

The  expressions  (48)  and  (51)  are  to  be  used  for  values  of  a.  up 
to  about  0.5.  To  cover  the  range  of  larger  values,  we  start  from 
(37a),  which  gives  on  differentiation 


^y^ 


m 


Writing 

.       d^i    bk     .    ,  dflj    bk      . 

C7     C,  bq^ 
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and  using  (6a)  to  carry  out  the  differentiations  indicated  in  (53) , 

^,..^[x^«-,V^]  (54) 

from  whence  we  find  immediately 

(55) 

in  which  the  quantities  M  and  N  are  to  be  calculated  from  (53) 
and  (41). 

Equation  (6)  for  the  maximum  force  may  be  written  F^  «  ^"  ^ 
which  gives  on  differentiation 


^«^.i^^^t  +  ^  (56) 

Putting 

J^  I     d^  jt  XT     ^  /        \ 

and  writing  as  before,  —^  =  —  •  — 9  equations  (56)  and  (57)  become 

ym.       2      Ot 


.^F, 


F.      2^"      *'  a    "V"      qj-"*'  (58) 

a 
To  calculate  n  we  have 

2---24(i-2i7i+i849,»-io899i»  +  5i6og,*--  •  •  •) 

-12  log, —•  (1-20^1+ 1 8051*- 1 2009i«  + 650051* -•  •  •  •) 


*-(i  +  i27i-i929i»+i2329,»-56345,*+-  .  •  •) 


(59) 


- 129,  log.  -•  (i  - 109, +  6o?i»- 3005/ + 13005/-  .  .  .  .) 
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These  formulas,  although  somewhat  complicated  in  appearance, 
are  not  difficult  to  use,  especially  since  most  of  the  quantities 
involved  enter  also  in  the  main  formulas. 

The  factors  17  and  e,  defined  by  the  equations 

^«  fi  — 

Vm  «  (60) 

have  been  calculated  by  means  of  the  equations  just  developed, 
for  the  same  values  of  a  as  in  Table  4,  and  are  given  in  Table  5. 
Values  of  1;  and  €  for  other  values  of  a  may  be  derived  by  inter- 
polation. From  the  method  of  derivation  of  the  f ormtdas  for  17 
and  €,  it  is  evident  that  these  values  hold  only  for  very  small 

values  of  — .    For  differences,  — ,  greater  than  about  o.ooi,  the 

values  taken  from  the  table  must  be  corrected  by  a  factor  whose 
value  is  determined  from  the  following  considerations. 

Table  4  gives  the  value  F^  of  the  maximum  force  for  a  certain 
value  ofo  of  the  ratio  of  the  radii.     It  is  desired  to  find  the  value 

of  the  maximum  force  Fj  =  fA  i  +  -p-  j corresponding  to  a  slightly 

different  ratio  of  the  radii  aj,  connected  with  the  former  ratio  by 

the  relation  a^  =  aA  i  H V 

For  an  infinitely  small  increment  of  a^,  da^  the  fractional  change 

» *-*         » 

in  the  value  of  the  maximum  force  is  -^^  «  €0  — ,  the  value  of  e. 

being  that  taken  from  Table  5  for  the  argument  a^.    Similarly,  in 

the  neighborhood  of  a^,  -^=*  ^^  — ,  t^  being  obtained  from  Table  5 

by  direct  interpolation,  using  the  argument  a^.  For  the  jiniie 
difference  ^a ^a^^ a^,  the  corresponding  difference  ^F  is 

JF 


■r^="E^  IrfF— —  leda 


where  the  coefficient  e  is  a  function  of  a.    We  may  approximate 
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the  value  of  this  integral  closely,  if  we  use  the  average  value  of  e 
over  the  interval  ^a.    This  average  value  is,  however,  not  the 

simple  mean  of  €0  and  Cj,  since  ^""  n^  ^  and  that  portion  of  the 

integral  contributed  by  the  element  da  in  the  neighborhood  of  or^ 

is  not  €i  — ,  but  €1  —  c^  because  in  the  original  statement  of  the 

problem,  fractional  increments  of  F^  and  a  are  to  be  referred  to 
Fo  and  a^,  the  fundamental  values  given  in  Table  4. 

Taking  these  facts  into  account  in  finding  the  average  value  of 
€,  we  find  as  an  approximation  to  the  integral  the  expression 

which  is  a  very  close  approximation  to  the  truth  for  values  of 


«^o 


as  great  as  o.oi ,  over  the  range  of  values  of  a  for  which  inter- 
polation in  Table  5  may  be  accurately  made. 

Entirely  similar  considerations  enable  to  be  found  for  the 
change  in  y^^^  corresponding  to  a  small  change  in  a,  the  equation 

These  formulas  are  illustrated  in  examples  13  and  14,  where  the 
constants  are  calculated  for  the  coils  of  the  Bureau  of  Standards 
current  balance,  and  the  results  compared  with  the  values  calcu- 
lated by  the  methods  described  in  the  original  article. 

Vn.  VARIATION  OF  THE  FORCE  FOR  SMALL  DISPLACE- 
MENTS OF  THE  COILS  FROM  THE  POSITION  OF 
MAXIMUM    FORCE 

From  Maxwell's  formula  (3)  it  is  evident  that  the  force  cor- 
responding to  positions  of  the  coils  in  the  neighborhood  of  the 
critical  distance  bears  to  the  maximtun  value  of  the  force  a 
relation  which  may  be  expressed  by  the  power  series 

F-F„[l-7(^m-^)'  +  «(^-^)' 1  (63) 

in  which  z  is  the  actual  distance  between  the  planes  of  the  coils, 
2a  the  distance  for  which  the  force  has  its  maximum  value  F„, 
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and  7  and  B  are  constants.    The  term  in  the  first  power  of  the 
displacement  (2^—2?)  is  lacking. 

Remembering  that  the  force  is  a  function  of  the  ratio  of  the 
radii  alone,  we  may  write 

where  c  and  d  are  positive  constants  depending  on  a  alone.     This 

formula  holds  with  a  good  deal  of  accuracy  for  values  of  — 

as  great  as  0.04. 

The  following  table  will  allow  of  the  interpolation  of  the  value 
of  the  constant  c  with  an  accuracy  sufficient  in  practically  all 

Values  of  the  Con«tant  c  as  a  Functioa  of  a 


a 

c 

0.1 

0.805 

0.3 

0.755 

0.5 

0.690 

0.7 

0.610 

0.9 

0.510 

The  constant  d  is  sensibly  equal  to  0.5  for  values  of  a  ranging 
from  0.1  to  0.9.  These  values  of  c  and  d  were  found  by  actually 
calculating  the  force,  by  the  methods  already  developed,  for 

various  values  of  or,  and  for  differences  —  of  ±o.oi  and  ±0.04. 

The  value  of  -p-  corresponding  to  a  negative  displacement ^ 

differs  from  that  produced  by  an  equal  positive  displacement  — 
by  an  amount  which  depends  on  d  alone.  The  average  value  of 
-pT-  corresponding  to  equal  positive  and  negative  displacements 

^and-:^^i 

c  and  d  here  given  show  how  slowly  the  force  varies  in  the 
neighborhood  of  the  position  of  maximum  force. 


and is  a  measure  of  the  value  of  c  alone.    The  values  of 
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Vm.  BEST  VALUES  OF  RADU  OF  THE  COILS 

The  formulas  and  methods  above  developed  f mnish  a  solution 
of  the  general  problem  of  finding  the  maximum  force  between 
two  drctdar  currents  with  any  given  ratio  of  their  radii.  The 
practically  important  question,  What  ratio  of  the  radii  is  best  in 
designing  a  Rayleigh  current  balance?  may  also  be  answered  in  a 
general  way  from  a  consideration  of  the  numerical  values  in  the 
tables  here  presented. 

The  conditions  which  should  be  f  tdfilled  by  a  current  balance 
are  broadly  as  follows : 

1 .  The  force  should  be  large  enough  to  be  accurately  meas- 
tu^ble. 

2.  The  ntunber  of  turns  on  the  coils  should  be  kept  as  small  as 
possible  in  order  to  provide  that  the  resistance  of  the  coils  may 
be  small.  Otherwise  the  heating  of  the  coils  may  cause  consider- 
able changes  in  the  dimensions  bf  the  coils,  as  well  as  air  currents 
which  will  affect  the  accuracy  of  the  weighing. 

3.  The  cross  section  of  the  coils  should  be  made  small  relatively 
to  the  distance  between  the  windings  of  the  fixed  and  movable 
coils. 

Naturally  the  best  design  will  be  one  of  compromise,  since 
these  conditions  are  to  some  extent  incompatible;  and,  as  is 
usual,  quite  a  latitude  in  the  design  is  allowable  without  materi- 
ally detracting  from  the  performance  of  the  balance. 

Large  values  of  a  (radius  of  the  moving  coil  nearly  equal  to 
that  of  the  fixed  coil)  give  large  values  of  the  force  per  turn  per 
unit  current.  This  advantage,  however,  is  counterbalanced  by 
the  necessity  of  keeping  the  cross  section  of  the  coils  small;  for, 
as  may  be  seen  from  Table  4,  the  distance  s^  is,  in  the  cases  sup- 
posed, so  small  that  very  moderate  values  of  the  area  of  cross 
section  will  give  rise  to  large  corrections  for  the  latter,  with  con- 
sequent diffictdty  in  determining  its  value.  Further,  the  change 
in  the  force  for  small  changes  in  the  radii  and  for  small  displace- 
ments of  the  coils  from  the  position  of  maximum  force  are  much 
larger  with  coils  of  nearly  equal  radii  {a  large)  than  for  coils  of 
quite  different  radii  (a  small). 

18423^—16 8 
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These  disadvantages,  combined  with  the  undesirability  of  using 
such  large  moving  coils  as  postulate  a  long  arm  balance,  render 
impracticable  the  employment  of  moving  coils  with  radii  nearly 
equal  to  the  radius  of  the  fixed  coil. 

The  opposite  case  of  a  balance  whose  moving  coil  is  small  rela- 
tively to  the  fixed  coil,  although  free  from  the  difficulties  of  the 
previous  case,  suffers  imder  the  disadvantage  of  a  small  value  of 
the  force  per  imit  current  per  turn,  so  that  either  the  number  of 
turns  on  the  coils  or  else  the  value  of  the  currents  must  be  in- 
creased to  compensate  for  this  difficulty.  This  renders  probable 
in  the  former  case  a  troublesome  correction  for  the  area  of  cross 
section  of  the  coils,  and  in  the  latter  difficulties  in  the  manipula- 
tion of  the  balance,  as  a  result  of  air  currents  or,  at  least,  consid- 
erable changes  in  the  dimensions  of  the  coils  as  a  result  of  undue 
heating  of  the  coils. 

Prom  these  considerations  one  is  lead  to  expect  that  a  suitable 
design  will  avoid  either  extreme,  and  this  is  confirmed  by  the 
numerical  results  given  in  Table  4.  Starting  with  very  small 
values  of  the  maximum  force  (per  unit  current  per  turn  in  each 
coil)  for  values  of  a  about  o.  i ,  the  value  of  Fj^  increases  rapidly 
with  increase  of  a,  so  that  it  is  not  difficult  to  obtain  a  sufficiently 
large  value  of  the  force  with  a  moving  coil  having  a  radius  about 
one-half  as  large  as  that  of  the  fixed  coils,  and  without  encounter- 
ing serious  diffiTculty  from  the  disadvantages  which  beset  the  use 
of  relatively  small  moving  coils  on  the  one  hand  and  relatively 
large  moving  coils  on  the  other. 

These  points  are  illustrated  in  the  following  example,  in  which 
are  tabulated  the  principal  constants  of  five  current  balances, 
each  of  which  is  supposed  to  have  a  fixed  coil  of  25  cm  radius, 
the  radii  of  the  moving  coils  in  the  different  cases  being  taken  of 
various  values.  The  nomenclature  is  the  same  as  in  the  preceding 
discussion,  except  that  there  are  introduced  the  additional  quan- 
tities cinii  the  distance  between  the  windings  of  the  coils  in  a  radial 
plane  and  ^  the  fractional  change  in  the  value  of  the  force  for 
a  displacement  of  i  mm  from  the  position  of  maximum  force. 
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.- 

0.1 

0.3 

0.5 

0.7 

0.9 

a 

2.5 

12.39 

25.68 
ai709 
2.016 
53X10-« 

7.5 
1L47 
20.92 
1.646 
2.160 
60X10-< 

12.5 
9.59 

15.75 
5.352 

2.549 
75X10-* 

17.5 
6.61 
10.00 
14.507 
3.649 
137XlO-« 

22.5 

2.446 

da 

3.50 

F« 

58.06 

<....•......•.....•••••••••••.••••••........ 

9.934 

i 

868X10-* 

An  examination  of  these  values  shows  that  it  will  not  be  advis- 
able to  use  a  value  of  a  greater  than  about  0.7  nor  less  than  about 
0.3.  The  coils  of  the  Bureau  of  Standards  coils  were  designed  to 
have  ratios  of  0.4  and  0.5. 

IX.  EXAMPLES 

EXAMPLE  1,    CALCULATION  OF  q  AJXD  qi  (FORlfULAE  te) 

One  or  both  of  these  quantities  has  to  be  calculated  when  the 
majority  of  the  formulas  of  this  paper  are  to  be  used.  The  fol- 
lowing arrangement  of  the  calculations  has  been  found  convenient : 

Let  us  obtain  the  values  of  q  and  g^  corresponding  to  the  case 

a  z 

a— J —0.5,  y— -J  "*o-3875.    The  formulas  (6a)  for  k  and  k'  may 

be  conveniently  written  in  the  form 


4- 


kf> 


4«  +  [(i-a)»  +  y»] 


Here  4a— 2, 


(i  — ar)a«o.25  log  y  « 1.5882717 

2  logy  =»  1. 1 765434 


k^  - 


2.40015624 


/-0.15015624 
(l-Qr)a».0.25 

Sum  «  0.4001 5624 

^„      0.40015624 
**"  2.40015624 


348 


Bulletin  of  the  Bureau  of  Standards 


[VcLu 


log  numerator 

log  denominator 

log*' 

log  M 

Diff.=  log^ 


0.3010300 
0.3802395 
1.9207905 

0.8788851 


1.0419054 


Slog- 

log  2 
Sum 


/  „ 


5-20952 
=»  0.30103 
«  5.51055 


<0'- 


0.00003240 


/ 

2 

q 

logq 


~=»o.iioi2995 

0.11016235 
1.04^0332 


Check. 


2(1 +#) 


0.6389950 

0.3610050 

3.2779900 


log  numerator  < 
log  denominator 
logib'» 
log*' 

logV*' 
(i+feO 

log  (I + V*o 

log  (!+*') 

log  2 

log2(l+*0 
2  log  (l  +  V^O 

logM  «Sum 


T.6022296 
0.3802395 
1.2219901 
T.6109950 

T.8054975 

1 .6389950 

1.4083147 
0.2145777 

0.1486997 

0.3010300 

0.4497297 

0.4291554 
0.8788851 


log  (i-V*o 

log  2(l  +  V*0 


1-5575132 
0.5156076 


Diflf.  =  log^ 


/     - 


1 .04 1 9056 


In  the  above  calculation  q  has  been  obtained  by  the  use  of  the 
second  of  the  formulas  under  (6a).  The  first  relation,  that  in- 
volving I  —  V*'>  J:^^y»  when  V*'  is  nearly  equal  to  unity,  give  an 
accuracy  much  inferior  to  that  obtained  by  the  other  formula. 
It  is,  however,  useful  as  a  check,  and  is  so  used  in  the  calculation 
just  given. 

The  procedure  to  be  followed  in  calculating  q^  is,  in  every 
respect,  similar  to  that  for  9,  except  that  k  takes  the  place  of  k* 

throughout,  and  that  the  difference  between  q^  and  ~  is»  on 

account  of  the  smallness  of  91,  generally  negligible. 
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log**. 
log*= 

log  V*  = 

i+V*- 

1+*= 

log(i-hV*)" 
log(H-A)  = 

log  2  = 

log  2  (l+fe)  = 

2  log  (l+V*)  = 

log  M  =  Sum 


.9207905 
.9603952 

.9801976 


.9554272 
.9128411 

0.291 2416 
0.2816789 
'  0.3010300 

0.5827089 
0.5824832 


«i.i65i92i 


log  k'* 
log  M 


h 


1.2219901 
1.1651921 

2.0567980 


log  J"" log  9  = 

since  5  log  -— 10.28399 

?t-  0.011397195 


Check. 

V*. 

^-^|k' 

2(l+V^)  = 

log(i-V*)' 
log  2(1 +  V*)' 


0.9554272 

0.0445728 

3.9108544 

2.6490699 
0.5922716 


Sum — log  - 
2 


/l        . 


2.0567983 


EZAHPLB  2.— ILLUSTRATraO   THE    CALCULATION    OF   ^'a^^   BT   (33), 
STARTraO  FROM  THE  APPROXIMATION  BT  RATLEIOH'S  FORMULA  (8) 

For  the  case  «  — ^— 0.5  we  obtain  as  a  first  approximation 

y= 0.3875.    The  value  of  q  corresponding  to  this  value  of  y  has 
been  calculated  in  the  previous  example. 

From  Table  i  we  find  by  interpolation  that  the  value  of  P 
corresponding  to  g— o.i  1016235  is  P=o.8o7662.  The  calculation 
of  a  second  approximation  to  y  by  equation  (33)  is  as  follows : 


log  g=- 1.0420332 
log  20  —  1. 3010300 

Sum -0.3430632 
log  a«T.6989700 


ilog 


or       _ 


1.6779534 


log 


ot       _ 


2oq 


1.3559068 


209 
log  P  "1.9072297 

Sum«logy =1.5851831 
y- 0.384754  « 
second  approximation 


The  calculation  may  now  be  repeated,  using  this  second 
approximation  for  y^  to  find  more  accurate  values  of  fe,  k\  and  q, 
and  thence  a  third  approximation  to  y^^^,  and  so  on  till  successive 
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approximations  do  not  differ  sensibly  from  the  preceding.  The 
successive  approximations  in  the  present  case  are,  to  six  places  of 
logarithms, 

ApptoKimation  log  y 

1  1.588272 

2  I.585183 

3  1.584228 

4  1.583933 

5  1.583843 

6  T.583816 

7  ■    1.583807 

8  T.583804 

9  1.583803 

The  necessary  labor  may,  however,  be  very  much  reduced  by 
the  use  of  the  differential  formulas  (38)  and  (39).  Using  in  (39) 
the  second  approximation  of  y^^,  already  found,  and  the  values  of 
ky  k\  and  q  already  calculated  above,  there  results 

^q  ^z         ^z  Jq 

—3«— 0.3330 —     f    — =«— 0.9215— i 

Since  we  are  concerned  with  fairly  small  differences,  we  may, 

without  serious  error,  use  in  place  of  — ^  and  —  the  differences  in 

'^  q  z 

the  logarithms  of  the  different  values  of  q  and  z  or  y.  The  differ- 
ence of  the  logarithms  of  the  first  and  second  approximation  to 
y^  is  0.0030866.  The  formulas  (38)  and  (39)  show  that  the  log- 
arithm of  the  third  approximation  to  >/„^  will  differ  from  that  of 
the  second  approximation  by  0.3330  of  0.9215  of  0.0030886,  and 
the  difference  between  the  logarithms  of  the  fourth  and  third 
approximations  will  be  less  than  this  value  in  the  ratio  of  the 
same  factor,  and  so  on  for  each  successive  approximation.  De- 
noting this  factor  by  /,  we  may  find  at  once  the  factor  F  by 
which  we  must  multiply  the  difference  between  the  first  and 
second  approximations,  in  order  to  obtain  the  amoimt  by  which 
the  final  value  differs  from  the  first  approximation.  It  is 
F==  I +/+/*+/'  +  .  .  .  .+/»,  which  gives,  when  n  is  taken  indefi- 
nitely great,  the  value  F  =  -31-    Using  here  the  value  /  «  0.30685, 
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and  the  difference  o.cx>3o866,  the  final  difference  0.0044559  is 
found,  which  subtracted  from  the  logarithm  of  the  first  approxi- 
mation gives  log  ym*"  1-5838158.  This  Value  differs  slightly  from 
the  true  value,  for  the  reason  that  the  data  used  in  calculating 
the  factor  /  does  not  quite  apply  to  such  a  large  interval  as  that 
here  in  question.  We  may,  however,  use  this  value  as  the  start- 
ing point  in  obtaining  the  true  value.  Using  the  value  T.5838158 
as  a  fiirst  approximation,  formula  (33)  gives  as  a  second  approxi- 
mation 1.5838076  (a  difference  in  the  logarithm  of  —82  in  the 
seventh  place) ,  which,  using  the  same  value  of  the  factor  /  as 
before,  indicates  that  the  correction  to  be  applied  is  —  1 1 8  in  the 
seventh  place,  and  that  the  final  value  is  i  .5838040.  Substitut- 
ing this  value  in  formula  (33)  the  result  obtained  does  not  differ 
from  this  by  as  much  as  a  tmit  in  the  seventh  place,  showing  that 
equation  (33)  is  satisfied  and  that  the  correct  value  has  been 
found. 

This  method  was  used  in  obtaining  the  data  in  Table  4.  In 
most  cases,  however,  the  first  approximation  used  did  not  differ 
by  more  than  one  or  two  parts  in  a  thousand  from  the  true  value, 
and  for  such  cases  a  single  application  of  formula  (33)  was  neces- 
sary, excepting  as  a  check  on  the  results  by  the  differential 
formula.  To  aid  in  further  calculations,  the  data  of  Table  3  have 
been  calculated,  and  by  interpolation  from  this  table  it  should  be 
possible  to  derive  the  proper  value  of  /  without  recourse  to  for- 
mulas (38)  and  (39). 

EXAMPLE  3.— CALCULATION  OF  y»  BY  FORMULA  (37) 

To  illustrate  the  use  of  formula  (37)  we  may  take  the  same 
case  as  that  in  the  preceding  example,  but  will  start  from  the 
final  value  found  in  the  latter,  and  show  that  it  is  consistent  with 
(37).  The  mode  of  procedure  is,  however,  the  same,  in  case  only 
a  first  approximation  is  available,  except  that  the  factor  /  is  to  be 
calculated  from  the  differential  formulas  (40)  and  (42) . 

Starting  from  the  value  log  y=  1.5838040,  we  find  for  q^  the 
value  0.01131756,  to  which  corresponds  the  value  X«  0.81 2335, 
which  is  obtained  by  interpolation  in  Table  2.  Direct  cal- 
culation of  X  from  equation  (37)  gives  the  value  0.8123349 
(see  example  7) . 
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The  calculation  of  y^  by  formula  (37)  is  then  as  follows: 

log  32  =  1.5051500 
?i«  2.0537527 
a=«  1.6989700 
X  =1.9097351 


2  log  y^—  1. 1676078 

log  ym=  1.5838039   ym»  0.3835340 

The  value  of  the  logarithm  of  y^  just  found  agrees  as  closely 
with  that  found  by  (33)  as  the  accuracy  of  the  logarithms  will 
allow.  The  results  by  the  two  formulas  agree  within,  at  most, 
one  part  in  four  miUion.  This  case  must  be  regarded  as  giving  a 
very  searching  test  of  the  accuracy  of  the  coefficients  in  the  two 
formulas,  since  terms  of  the  eighth  order  have  to  be  taken  into 
account  in  each  of  the  formulas. 

EZAMPLB   4.— ILLUSTRATION   OF  THE   USB   OF   CURVE  (FIG.  2)  FOR 

OBTAINING  A  FIRST  APPROXIMATION 

Let  us  take  the  value  a =0.45.  For  this  value  of  a  the  curve, 
Fig.  2,  gives 

^=i  «46^  i3'.6  or  46°  13'  36" 

S  «46^  13'  36"X0.45«20^  48'  7^.2 

log  or  =  log  0.45  =1.6532125  I  -a»=  I  -0.2025 

"  M=  "  tan  B         =1.5796743  =0.7975 


« 


^  =0.0735382 

2  "   "     —0.1470764 
"(l-ar*)    -T.9017307 

; .  *'JE  (I  -«»)  =  1.7546543  ^  (I  -^)  «o.5684003 


log[i-^'(i-^)]«T.635o8 


II 


I  -  -^  (i  -«')  =0.4315997 


}  "     "        «i.8i754o6 


V 


I -^(i-a»)- 0.6569626 
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log  h  -y  I  --^  (i  -^)j- 1-5353416 


-y  I  — ^  (i  -«o -0.3430374 


a 


log  jj^- 0.0735382 
sum  =  "  y„  =  1 .6088798  =  log  first  approximation. 

Carrying  out  the  calculation  by  means  of  (33)  we  find  log 
9=2.9887127,  log  P—T.927I036  (Table  i)  and,  as  a  second 
approximation  log  ym™  1-6088385,  which  is  a  difference  in  the 
logarithm  of  —  413  in  the  seventh  place.  The  factor  /  for  this  case 
is  0.2874  (Table  3),  which  gives  a  final  difference  of  —580. 
Subtracting  this  from  the  logarithm  of  the  first  approximation, 
we  have  the  final  value  log  ^^=1.60882 18.  Using  this  value  of 
log  ym  i^  (33)  th^  value  foimd  is  log  3/^=1-6088217,  which  is 
sensibly  the  same,  showing  that  the  correct  value  is,  in  this  case, 
found  with  only  two  applications  of  the  main  formula,  and  of 
these  the  last  is  necessary  as  a  check  only. 

The  value  of  the  angle  yp  corresponding  to  the  correct  value  of 
y^  is  46®  13'  22".62,  which  is  only  0.2  of  a  minute  less  than  the 
value  taken  from  the  curve.  This  corresponds  to  about  i  part 
in  10  000  difference  between  the  correct  value  and  the  first 
approximation. 

BXAMPLE  5.— FORMULA   (37),  USED   IN   CONNECTION  WITH   A  FIRST 
APPROXIMATION  TAKEN  FROM  THE  CURVE  (FIG.  2) 

For  a— 0.65  the  curve  (Fig.  2)  gives  ^  =  46®  28^.5,  and  a  calcu- 
lation exactly  like  that  in  the  preceding  example  yields,  as  a  first 
approximation,  log  ym"*  1-4750232.  Substituting  this  value  in 
(37),  we  find  log  ?!=- 3-6893759,  or  91=0.004890255,  to  which  cor- 
responds log  X«  1.942 67 1 1  (Table  2),  and  the  second  approxi- 
mation log  ym"*  ^-4750552.  The  logarithms  of  the  first  and 
second  approximations  here  differ  by  320  in  the  seventh  place. 
For  this  case  Table  3  gives  /  =  0.3725,  and  the  final  correction  is 
1.594  times  320,  or  510,  which,  added  to  the  first  approximation, 
yields  the  value  log  y^ =1.4750742.  A  check  calctdation  using 
this  value  in  (37)  gives  a  value  of  the  logarithm  greater  by  one 
unit  in  the  seventh  place.  The  true  value  of  ^  is  about  o.  1 5  of  a 
minute  larger  than  the  value  taken  from  the  curve. 
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EXAMPLB  6.— CALCULATION  OF  THE  FACTOR  P  IN  EQUATION  (33a) 

In  the  preceding  examples  the  factor  P  in  equation  (33a)  has 
been  obtained  from  Table  i  (see  Appendix)  by  interpolation,  using 
second  and  third  differences.  For  this  interpolation  we  use  the 
formula 

where  P©  is  the  value  of  P  corresponding  to  the  nearest  tabular 
value  go  of  J,  lower  than  that  for  which  P  is  desired,  h  is  the  frac- 
tion of  the  tabular  interval  by  which  the  actual  value  of  q  exceeds 
go,  and  ^i,  J^y  J^  are  the  first,  second,  and  third  differences, 
respectively,  given  in  the  table. 
Assuming  g«o.iioi623S,  the  value  in  example  i,  we  find 

Po  =  0.808160    ^1  =  -3074.5     ^%  =  -14 
hJ^  =      —   499       h  =  0.16235 


.807662 


In  the  relatively  rare  cases  where  the  accm-acy  of  the  values  of 
P,  derived  by  interpolation  from  the  Table  i ,  is  not  sufficient,  we 
have  to  calculate  the  values  of  the  terms  of  the  series  in  (33)  as 
was  done  in  forming  Table  i ,  retaining  enough  terms  in  the  series 
and  enough  figures  in  the  values  of  these  terms  to  give  the  accuracy 
desired. 

Thus  for  the  value  of  q  above,  we  have  log  g«T.0420332,  and 
the  calculation  of  the  terms  may  be  arranged  as  below.  In  the 
first  column  are  given  the  logarithms  of  the  successive  powers  of 
q  required  in  (33).  In  the  second  colunm  appear  the  logarithms 
of  the  terms  of  the  series.  These  are  obtained  with  little  trouble 
if  the  logarithms  of  the  constant  coefficients  in  the  series  are  writ- 
ten along  the  edge  of  a  piece  of  paper,  which  may  be  placed  under 
the  numbers  of  the  first  columnin  such  a  way  that  the  logarithm 
of  any  required  coefficient  may  be  brought  directly  under  the  loga- 
rithm of  the  corresponding  power  of  q,  and  thus  the  addition  of 
logarithms  necessary  may  be  readily  carried  out.    In  the  third 
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column  are  grouped  the  values  of  the  terms  of  the  series,  the 
positive  terms  being  grouped  together  first  and  under  them  the 
negative  terms.  The  value  of  P  found  shows  that  its  value  as 
interpolated  from  Table  i  is  accurate  to  the  number  of  places 
given  in  the  table. 


Logarithms  of 
powers  of  9 

T.0420332 

2.0840664 

4.1681328 

6.2521992 

S.3362656 

10.4203320 

12.5043984 

14.5884648 

T6.6725312 


Logarithms  of 
terms  of  series 


i.3393389n 

2.4669854 

3.55798o4n 

4.6696524 

5.8o5o832n 

6.956158 

6.ii68ion 

7.283643 


Terms  of 
series 

1 .0293080 
.0004674 
.0000090 
.0000002 

1 .0297846  «  Siun  of  positive  terms. 

-0.2184434 

.0036139 

.0000638 

.0000013 

0.2221224  «  Sum  of  negative  terms. 

P  =  0.8076622 


BXAMPLB  7.— CALCm^TION  OF  THE  FACTOR  X  TS  EQUATIONS  (37) 

AND  (37a) 

To  illustrate  the  use  of  these  formulas  let  us  take  the  case  as- 
stuned  in  example  3,  where  we  found  log  9i  =  2.0537527. 

The  formula  requires  that  the  quantity  loge  —  shall  be  calcu- 

lated.    This  may  be  quickly  and  accturately  obtained  by  first 

writing  logio  "">  ^^d  then  performing  the  multiplication  by  the 

modulus  (loge  10=2.3025851)  by  the  aid  of  the  special  table  pro- 
vided for  this  purpose  in  collections  of  six-place  and  seven-place 
logarithms.  The  table  referred  to  contains  all  the  multiples  of 
the  modulus  up  100  times  this  quantity.  By  breaking  up  the 
desired  logarithm  into  parts  of  two  figtires  each  the  successive 
partial  products  may  be  written  down  directly  from  the  table,  the 
decimal  point  being  properly  placed  in  each  case,  and  the  sum  of 
these  products  is  the  result  desired. 
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Thus  in  the  present  case 

logical -2.0537527 

logio^- 1.9462473 

HI 


«(  <(  (( 


Tabular  value  for      1.9  =  4.37491168 

.046—0.10591891 

.00024 = 0.00055262 

.0000073  =0.00001 68r 


I 


Sum =4.4814000  =loge  — 
logic  Ioge^  =  o.6si4i37 

lOgiol  I2gx  loge^J=  1.7843476 
logiol  I20gi»  logeM=  2.8381004 

The  calculation  of  the  series  Q,  R^  S,  and  T  in  equation  (37) 
may  be  carried  out  by  the  same  method  as  that  used  for  the  series 
in  (33)  in  the  preceding  example.  The  logarithms  of  the  ascend- 
ing powers  of  qi  enter  into  each  of  these  series.  Seven  terms  are 
necessary  in  order  to  obtain  Q  to  seven  places,  six  terms  for  R, 
and  only  five  each  for  S  and  T. 
Thus  we  find 

0 =0.8609019  S=  1.2767962 

i?  =  o.837i244  T=  1.0257542 

1 2oqi*R  loge—  =  0.05  7662 1    1 2  9i  T  loge-  =  0.6242965 

9i    ?i    

Ci «  0.8032398  Ca  «  0.6524997 

log  Ca  =1.8 1 45803 


tt 


Ci=  1.9048452 


"  X=i.909735i 
X  =  0.8 1 23349 

The  value  of  X  found  by  interpolation  from  Table  2,  using  the 
interpolation  formula  given  in  example  6  is  X  =  0.8 1233  5.  The 
amoimt  of  labor  in  a  direct  calculation  of  X  may  be  materially 
reduced  if,  in  the  computation  of  the  smaller  terms  of  the  series, 
five-place  logarithms  are  used. 
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BXAMPLB  &— USB  OF  EQUATIONS  (38)  AKD  (39) 

Table  3,  which  is  based  on  these  equations,  will  suflSce  in  the 
usual  case,  the  required  values  of  /  being  found  by  interpolation. 
In  cases  where  it  may  be  necessary  to  calculate  /  directly,  the 
terms  of  the  series  in  (38)  may  be  obtained  by  the  method  of 
example  6. 

For  the  case  or =0.5  the  terms  in  (38)  are  1.87982,  0.00841,  and 
0.00020,  while  the  negative  terms  are  0.04420,  and  0.00125,  giving 
the  result  /a  =  0.92 15,  for  the  factor  in  (38). 

For  the  use  of  (39)  the  results  of  the  main  calculation  by  (33) 
will  usually  be  available.     In  the  present  case 

log  10  5^  =  3.174128  log  *'=»  1.609606 

(i  +  iog«)-i.ooi493  I   »   ^=1.804803 


log  (i  + 105*)  =0.000648 


2 


logym*        «i.i676o8  ^   "   Jfc'  =  1.414409  =  Sum 

"  k^  =1.921344  ^    ,, 

-  (i+JkO  =0.148298  4^-0.301030 

Sum  =1.237898  T.71 5439 -Sum 

i»7i5439 

DifF. =1.522459=  log  /i,  equation  (39) 
1. 96449 1  =   "  factor  of  (38) 

Sum  =1.486950=  log  / 
0.30687   =  / 

BXAMPLB  9.— CALCULATION  BT  FORMULAS  (40)»  (41),  AND  (42) 

Let  us  consider  the  same  case  as  in  the  preceding  example , 

a  =  0.5. 

log  51  =  2.053753 

loge  — =4.481400  (see  example  7). 

The  calculation  of  the  terms  in  the  series  for  -y-^  and  -r-^  in  (40) 
offer  nothing  new,  and  will  be  found  by  the  same  method  as  in 
the  preceding  examples.    The  values  foimd  are  t-^—  —17.24141 

a»id^« -19.443. 
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Making  use  of  the  values  of  C^  and  C,  found  in  example  7,  the 
rest  of  the  calculation  of  the  factor  /.  follows  readily. 

-L  ^ «  -  20  708  ^^2  *t-      "  ^-9^ ^ 344 

C,dq,         ^^•^^'^  '*    V^      » 1.980336 

I  dCi     _        , 

C.dq,'^     !i±l  "   fei        =1.901 680 -Sum 

Diflf.«-   8.333  '*   V      -1. 167608 

log  Diflf.  =0.92080  *'  (i  +k)  «o.28i8ii 
"   9i      =2.05375 


Sum-2.97455  Sum  =  A=  1.351099 


-  0.0943 1  ^^8  4^  ==  0.301030 

I.OOOOO  "     *'*«I.2I92I3 

Sum  =  0.90569  Stmi  =  B  =  T.  520243 

X   "   =0.45284  

factor  in  (40)         Djg  « (A  -  B)  - 1 .830856  -  log  factor  (42) 

log  0.45284=  1.655950 


/= 0.30677 


log/ =1.486806 


EXAMPLE  10.— CALCULATION  OF  THE  MAXIMUM  FORCE  BT  FORMULAS 

(34)  AND  (5) 

We  have  fotmd  in  examples  2  and  3  for  the  case  af=o.5  the 
value  of  log  y^  =  i  .5838040,  to  which  corresponds  log  q  =  T.0435322. 
This  value  of  q  is  the  quantity  which  is  designated  by  q^  in  equa- 
tion (34). 

In  making  the  substitution  of  this  value  in  (34)  the  method  of 

example  6  gives  for  the  terms  in  the  parenthesis  the  following 

values: 

1 .0244396 

0.0095567 

0.0001089 

0.0000021 

1. 034 1 073 « Sum  of  positive  terms. 

—0.0004598 
0.0000138 
0.0000003 

0.0004739  =  Sum  of  negative  terms. 
1 .0336334  =  series  in  parenthesis. 
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The  remainder  of  the  calculation  is  then 

log  series  =  0.0143666 
967r* 


<( 


(( 


a 


p-       =2.6270859 

go*       =2.0870644 


F^      =0.7285169 

^m=  5.352010 

If,  instead  of  using  (34) ,  we  substitute  the  value  of  y^  f oimd 
previously  in  the  general  equation  for  the  force,  we  should,  of 
course,  arrive  at  the  same  result,  since  equation  (34)  was  derived 
by  just  this  process.  The  value  of  q  will  be  the  same  as  that  in 
the  preceding  calculation.    The  terms  in  the  series  are  found  to  be 

1.2443963 
0.0335978 
0.0033575 
0.0002  702 
0.0000185 

O.OOOOOII 


Sum=i.28i64i4 
log  sum   =0.1077666  log  5'   =2.0870644 

"  Vm         «  1.5838040        "  Yg  =  1.5217661 

"  I92v»  =  3.2776009      ,    .  «   ^ 
y    ^  //^^-^      u     ^  =  3.6088305 

2.9691715      "  7^=1.8494850 

3.759345s  I 

1^^  r    ~rz —  3.7593455 

log  F„= 0.7285 1 70 

which  gives  a  value  of  F^  in  agreement  with  the  restdt  by  the 
preceding  calculation,  thus  checking  (34) . 

EXAMPLE  ll.-^ALCnLJLTION   OF  THE  ICAZIMUM  FORCE,  FORMULAS 

(37)  AND  (6) 

The  maximum  force  will  be  calculated  in  this  example  for  the 
same  case  »s  in  the  preceding  example  to  show  the  agreement  of 
the  formulas.  In  both  cases  the  higher  order  terms  of  the  series 
are  important.  The  value  of  q^,  corresponding  to  the  position  of 
the  coils  for  maximum  force,  has  already  been  derived  in  ex- 
ample 3.     It  is  log  ?i=  2.0537527. 
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The  two  sets  of  terms  in  the  parentheses  m  (6)  are  then  as 
follows: 


1.1358107 
0.0017854 


1.0076852 
0.0000213 


0.0000040 
I. 1376006 

1 .0077065 

-0.0245927 

0.0000924 

O.OOOOOOI 

— 

O.II3I756 
0.0004349 

0.0000009 
O.II36II4 

-  0.0246852 

Series«i.ii29i54 
Second  term  =  0.5441 659 

0.8940951  - 

I0.729I4I   " 

-series. 
-multipUedby  12. 

Parenthesis  =  0.5687495 

log- 

1 .0305649 

logio  loge^  - 

0.65I4I37 

logia?i=- 

log  second  term  = 
log  parenthesis  « 

log  ft  = 

2.0537527 

"1.7357313 
I. 75492 10 

1.2930299 

T.5838040 

log  V^=  1.8494853 
''    9i«  2.0537527 

3.9032377 

2.6317549 
3.9032377 

logF„-  0.7285172 

Fm^    5.352014 

This  result  differs  from  that  by  the  other  independent  formula 
(5)  by  no  more  than  the  errors  of  calculation  with  seven-place 
logarithms. 

BZAMPLE  12.— THE  COSFFICIBNXS  17  AND  c 

These  coeflftcients  have  been  calculated  for  several  values  of  a 
and  are  given  in  Table  5.  To  show  the  agreement  between  the 
two  sets  of  formulas,  in  the  range  where  both  may  b^  used,  the 
following  values  may  be  cited  for  the  case  a  =  0.5. 

By  (4«)  and  (51)  By  (55)  and  {58) 

i7«  —0.62813  17=  —0.62808  17—  —0.62 

€-        2.5494  €-         2.5493  €-        2.555 


B.S.  curreiit 
balance 


«-0.5 
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For  the  case  ^»o.4,  the  agreement  of  the  two  formulas  is  as 
good,  the  mean  results  being  !;«  —0.35298  and  €=2.3102.  The 
values  found  experimentally  with  the  B.  S.  current  balance  were, 
for  a— 0.4,  17=— 0.35  and  €=» 2.317.  The  agreement  is  to  be 
regarded  as  satisfactory  when  it  is  remembered  that  the  values 
calculated  by  the  formulas  are  differential  coefficients,  whereas 
the  experimental  values  refer  to  finite  displacements. 

BXAMPLS  13.— ILLUSTRATING  THE  METHOD  FOR  CALCULATINO  THB 
MAXIMUM  FORCB  FOR  COILS  WHOSE  RADH  HAVE  A  RATIO  DIFVSRINO 
SLIGHTLY  FROM  GIVE  OF  THE  VALUES  OF  TABLE  4 

Consider  the  case  of  a  pair  of  coils  whose  radii  were  intended  to 
have  a  ratio  of  1:2,  but  whose  actual  values  have  a  ratio  of 
a  «  0.5(1 .01) -0.505. 

Here  — —o.oi,  if  we  take  ao*'0.5.    For  the  value  a^^o.^, 

Table  4  gives  log  F^a— 0.7285 170,  and  Table  5  gives  for  or =0.5, 

«=  2.5493;  for  a  =  0.55,  €=2.7205,  with  the  tabular  differences 

^1=0.1712,  -^3 «  0,0507,  and  ^,  =  0.0240. 

To  obtain  €1,  the  value  corresponding  to  a —0.505,  we  have  to 

interpolate  for  an  interval  of  o.i  of  that  used  in  the  table,  and 

we  find  the  result  e^  =  2.5493  +0.0171  —0.0023  —  2.5641. 

^F 
This  gives,  therefore,  as  a  first  approximation,  -^^-—0.01  x  2.56 

and,    consequently,    ^^  "-  ^'?1^    -  i.oi545i  and  c^'  -  2.5641 

x*  0«i  1 .01 

X  1.01545  —  2.6037.    ^  a  first  approximation,  therefore,  the  mean 
value  over  the  interval  is  -  (2.5493  +  2.6037)  —  2.5765.    Using  this 

— 1.01561,  which  gives   e^'  — 2.5641  X1.01561  — 2.6041,   and  the 

second  approximation  to  the  mean  value  is  £—2.5767,  which  is 

very  little  different  from  the  first  approximation. 

^F 
We  have,  therefore,  -gr-— 0.025767,  and  the  required  value  of 

Fnj  for  a "  0.505  is  found  by  multiplying  the  tabular  value  of  F^ 
for  a^—0.5  by  the  factor  1.025767. 

18423^—16 i 
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log  (1.025767)— o.oi  10487 
"    Fo  -0.7285170 

log  Fa-0.7395657  Fa- 5.489916  for  a-0.505. 

To  check  this  calculation,  we  may  find  the  value  of  17  for  this 
same  interval.    Table  5  gives 

ijo—  —0.62810  for  a^j=o.5 

i7i—  —0.64591  interpolated  for  oti  — 0.505 

i7i— — -  -0.64591  ( • —)'='  -0.63545 

17/=^  -0.63178 
A  second  approximation  gives  17/  —  —  0.631 79.    Using  the  value 

———0.0063179,  we   find   T.5810514   as   the  value  of  log  y„ 

derived  from  the  tabular  value  for  a^^^o.^.  Using  this  as  a  first 
approximation,  we  find  by  use  of  the  main  equation  (33)  the 
slightly  more  acctu-ate  value  log  ym=  1-5810517  for  or  — 0.505,  and 
substituting  this  result  in  (34)  the  force  is  found  to  have  a  value 
of  5.489926,  a  value  only  two  parts  in  a  million  different  from  the 
value  found  by  the  interpolation  process.  This  difference  is  not 
large  when  we  consider  the  largeness  of  the  interval  over  which 
the  interpolation  was  made  and  the  very  considerable  magnitude 
of  the  second  and  third  differences  of  the  tabulated  values  of  e. 
The  amount  of  work  necessary  for  finding  the  value  of  the  maxi- 
mum force  by  use  of  the  interpolated  value  of  €  is,  of  course, 
vastly  less  than  that  required  for  the  application  of  the  exact 
formulas. 

EXAMPLE  14.-<:ALCULJlTI0N  OF  THE  MAXIMUM  FORCE  BETWEEN  THE 
BUREAU  OF  STANDARDS  CURRENT  BALANCE  COILS  AND  THE  DIS- 
TANCES BETWEEN  THE  COILS 

To  illustrate  the  use  of  the  formulas  of  this  article  for  actual 
coils,  the  complete  calctdations  are  given  of  the  constants  of  the 
coils  of  the  Bureau  of  Standards  current  balance.  The  work  is 
arranged  for  easier  following  in  tabular  form  (Tables  A  and  B) ; 
all  the  steps,  except  some  of  minor  importance,  are  given  in  the 
compass  of  the  table.  For  comparison,  the  published  results 
given  in  Tables  IX  and  XI  of  the  article  on  the  determination  of 
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the  international  ampere  are  appended.  The  latter  values,  as 
has  already  been  explained,  were  obtained  by  interpolation 
between  the  values  of  the  force  calculated  by  formula  (4)  for  a 
number  of  distances  of  the  coils  in  the  neighborhood  of  the 
position  corresponding  to  maximum  force. 

TABLE  A 
CalcqUitliin  of  Maiiimiin  Disteoee  2„  for  Btmatt  of  Standards  Coils 


C^b 

da 

Uted 

91' 

mMn 

iz 

y 

inym 

- 

ValuM 
Cttnent 
balance 

MsLi 

-0.0010600 

-0.62620 

-0.62715 

-0.62755 

+,ooos7n 

L5840983 

9.60946 

9.6092 

KsLi 

-  .0010566 

.62625 

.62733 

.62772 

6632 

.5840919 

9.60910 

9.6089 

HtU 

+  .0002793 

.62859 

.62831 

.62822 

-UX»1755 

.5837278 

9.58822 

9.5882 

Msl^ 

.0000906 

.62817 

.62813 

-        570 

.5837792 

9J9117 

9.5912 

H181 

+  .0047609 

—0.63652 

—0.63158 

—0.62984 

—.0029986 

1.5824998 

7.64009 

7.6400 

U181 

.0052139 

.63731 

.63190 

.63000 

32848 

.5823750 

7.63445 

7.6344 

V£Li 

+  .0022365 

-0.35492 

-a35384 

-0.35341 

-.0007904 

1.6294549 

10.66733 

10.6673 

M<L* 

.0022600 

.35503 

.35394 

.35346 

7981 

.6294515 

10.66700 

10.6669 

Mst« 

.0036000 

.35611 

.35438 

.35368 

-.0012732 

.6292449 

10.64769 

10.6476 

ICsLi 

.0034113 

.35595 

.35431 

.35364 

12064 

.6292741 

10.65041 

ia6502 

U*Li 

—  .0036325 

-a62133 

-0.62520 

-0.62665 

+.0024016 

l«SB4845o 

9.62602 

9.6256 

UtU 

-  .0036091 

.62127 

.62512 

.62661 

23868 

9.62565 

9.6253 

UiU 

-  .0024768 

.62365 

.62617 

.62714 

15533 

.5844781 

9.60480 

9.6047 

UiU 

-  .0026649 

.    .62341 

.62611 

.62711 

16712 

.5845292 

9.60775 

9.6077 

It  must  be  remembered  that  the  maximum  force  here  calcu- 
lated is  not  quite  equal  to  the  maximum  force  between  the  actual 
coils,  but  is  the  value  between  the  equivalent  filaments  by  which 
the  coils  may  be  replaced,  on  the  assumption  that  their  cross 
sections  are  square.  It  is  the  force  F^  in  the  article  referred  to, 
and  the  correction  for  the  actual  deviation  from  a  square  cross 
section  must  be  applied  as  there  shown  (pp.  329  to  334) . 

The  equivalent  radii  of  the  coils,  derived  by  Lyle's  Method, 
are  given  there  in  Table  IX.    They  are: 


CoU 

Equivalent 
xadiut 

CoU 

Bqulvalaot 
radloa 

Ms 
M« 
M4 

81 

12.50552 
10.03763 
12.47106 
19.96014 

St 

Li 
Lt 
Ls 
U 

19.97113 
25.03808 
25.03749 
254)0405 
25.00677 
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Table  A  covers  the  calculation  of  the  distance  z^  for  tnayimiim 
force.  Column  2  gives  the  fractional  differences  between  the  actual 
ratios  of  the  radii  and  the  nominal  values  a^.  The  latter  is  a^ »  0.4 
for  the  movable  coil  M„  when  used  with  the  fixed  coils  Lj,  L„  L^, 
and  L4:  for  the  other  combinations  it  is  0.5.  Column  3  gives  the 
interpolated  values  of  ly^,  and  column  4  the  same  quantity  multi- 
plied by  the  correction  factor  —  ^* 

In  columins  5  and  6  appears  the  mean  value  17  and  the  change 
in  y^9  —  =  17  —  for  the  actual  fractional  deviations  of  the  coils 


yo 


a. 


from  the  nominal  ratio  of  the  radii.    The  values  of  coliunn  7  are 
f  oimd  by  adding  the  logarithms  of  1 1  +  — 2^  j  to  the  values  of  log 

yo  for  the  nominal  ratio  taken  from  Table  4,  viz: 

For  afo=o.5  log  yo=  1.5838040 
"    ^0=0.4   "  yo=  1.6297983 

TABLE  B 
CalctiUtioii  of  the  MaTimwin  Force  for  fhe  Bureau  of  Standards  Coils 


Inter- 
Dolated 

flEoFm 

mMn 

JF 

Fl 

•^ro 

• 

lofFi 

Fl 

▼■lOM 

CoOb 

value 
n 

CQifsnt 
iNOaiiot 

V^ 

+0.0002793 

2.5493 

2.S510 

2.5502 

+a0007123 

0.0003092 

0.7288262 

5.3SS823 

• 

5.355834 

M1L4 

+  .0000908 

2.5493 

2.5499 

2.5496 

.0002315 

.0001006 

0.7286176 

5.353251 

S.353251 

BlaSi 

+0.0047609 

2.5563 

2.5754 

2.5623 

+0.0121987 

0.0052658 

0.7337828 

5.417298 

5.417296 

M»S. 

.0052139 

2.5569 

2.5776 

2.5635 

.0133658 

.0057662 

0.7342832 

5.423544 

5.42SSS2 

MiLi 

+a0022365 

2.3118 

2.3186 

2.3144 

+0.0051761 

0.0022422 

0.4966225 

3.137780 

3.137781 

BU> 

.0022600 

2.3119 

2.3187 

2.3145 

.0052306 

.0022658 

•4966461 

3.137951 

3.137953 

IffiLi 

.d036000 

2.3130 

2.3239 

2.3171 

.0083416 

.0036077 

.4979680 

3.147662 

3.147665 

IC1L4 

.0034113 

2.3129 

2.3232 

2.3167 

.0079030 

.0034187 

.4977990 

3.146292 

3.146292 

M4L. 

-0.0024768 

2.5458 

2.5360 

2.5426 

-a0062974 

1.9972564 

0.7257734 

5.318308 

5.318310 

M4L4 

-  .0026649 

2.5454 

2.5349 

2.5421 

-  .0067744 

.9970479 

.7255649 

S.3157S4 

5J1S7S4 

The  values  of  the  distance  2?^  then  follow  on  multiplying  the  values 
in  column  7  by  the  radius  A  of  the  larger  coil.  The  values  pub- 
lished in  Table  IX  appear  in  the  last  column.  The  differences 
between  the  latter  and  the  values  here  calculated  are  very  small 
and  are  not  systematic. 
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In  Table  B  appear  the  calculations  of  the  maximum  force. 
These  should  be  clear  from  the  description  of  the  preceding  table. 
The  values  of  the  maximum  force  F^,  corresponding  to  the  nomi- 
nal ratios  0.5  and  0.4,  are  taken  from  Table  4,  and  form  the  basis 
of  the  calculations.  In  the  last  column  are  given  the  values  of  F^ 
from  Table  XI  of  the  article  on  the  ciurent  balance.  The  differ- 
ences between  these  values  and  those  here  calculated  are,  on  the 
average,  less  than  a  part  in  a  million.  In  fact,  the  agreement  is 
better  than  for  the  distances  z^  in  the  preceding  table.  This  is 
explained  when  it  is  remembered  that  the  force  changes  very 
slowly  in  the  neighborhood  of  the  critical  distance,  and  thus  makes 
it  diflScult  to  obtain  the  actual  position  of  the  coil  for  maximum 
force  by  interpolation. 

X.  SUMMARY 

1.  The  force  of  attraction  or  repulsion  between  two  parallel, 
coaxial  circular  currents  has  its  maximum  value  for  a  distance  s^, 

between  their  planes,  such  that  the  ratio  >^  is  a  function  of  the 

ratio  of  the  radii  -r  alone. 

2.  The  value  of  the  force  between  the  two  circular  filaments, 
when  one  ampere  flows  in  each,  is  a  function  of  the  ratio  of  the 
radii  alone.  A  knowledge  of  the  maximum  value  of  this  force  is 
of  practical  importance  in  the  absolute  measurement  of  current, 
since  the  Rayleigh  current  balance  employs  two  coils  placed 
experimentally  at  the  distance  which  gives  the  maximum  force 
between  them.  The  calculation  of  the  constant  of  this  cinrent 
balance  postulates  a  knowledge  of  the  maximum  value  of  the  force 
in  terms  of  the  dimensions  of  the  coils. 

4.  Formulas  have  been  developed  by  Maxwell  and  Nagaoka 
which  allow  the  force  to  be  calculated  between  any  two  parallel, 
coaxial  currents  whose  planes  are  at  any  desired  distance  z  apart. 
Previously  the  maximum  value  of  the  force  has  been  derived  by 
interpolation,  graphically  or  otherwise,  between  values  of  the  force 
calculated  for  various  positions  of  the  coils  in  the  region  where 
the  force  is  known  to  be  a  maximum. 
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5.  In  this  paper,  by  a  method  which  is  an  extension  of  that 
used  by  Nagaoka  in  deriving  his  formulas  for  the  force  between 
the  coils,  two  equations  are  derived,  which  give  the  distance  be- 
tween the  coils  corresponding  to  maximum  force,  as  a  fimction  of 
the  ratio  of  the  radii,  a.  These  relations  are  in  the  form  of  q 
series,  one  depending  on  a  modulus  which  is  complementary  to 
that  of  the  other.  One  or  the  other  of  these  formulas  will  be 
found  to  converge  well  for  any  desired  value  of  a. 

6.  Unfortunately,  these  relations  do  not,  apparently,  allow  of 
being  put  in  a  form  such  as  to  allow  the  distance  z^  to  be  calcu- 
lated directly.  They  may,  however,  be  solved  for  7^  by  successive 
approximation  without  serious  difficulty. 

7.  Starting  from  Rayleigh's  approximation  formula  for  z„, 
which  gives  precise  values  over  only  a  limited  range  of  values  of 
the  ratio  of  the  radii,  methods  are  here  worked  out  for  facilitating 
the  process  of  approximation,  together  with  an  empirical  method 
for  obtaining  a  more  accurate  first  approximation  than  can,  in 
general,  be  obtained  by  the  formula  of  Rayleigh. 

8.  Tables  are  given  of  the  distance  z^  and  the  maximum  force 
Fjo,  for  values  of  the  ratio  of  the  radii  advancing  in  steps  of  0.05, 
as  well  as  a  number  of  tables  of  auxiliary  quantities,  which  mate- 
rially reduce  the  labor  of  calculation  of  the  distance  z^  and  the 
maximimi  force  for  such  values  of  a  as  are  not  included  in  the 
tables. 

9.  A  method  is  also  given  for  easily  obtaining  the  values  of  the 
desired  quantities  from  the  fundamental  values  in  the  tables  for 
coils  having  radii  whose  ratio  differs  only  slightly  from  one  of  the 
nominal  values  included  in  the  tables.  This  covers  the  case  of 
cturent  balance  coils  in  practice. 

10.  The  use  of  the  formulas  and  tables  is  thoroughly  illustrated 
by  examples  so  designed  as  to  show  the  agreement  of  the  different 
methods.  Finally,  a  comparison  is  given  of  the  results  of  calcu- 
lations made  for  the  coils  of  the  Bureau  of  Standards  current 
balance,'  by  the  method  of  this  paper,  with  the  published  values 
obtained  by  the  interpolation  process.  The  agreement  is,  on  the 
average,  closer  than  one  part  in  a  million.  For  practical  cases 
like  this  the  use  of  the  tables  given  here  enables  the  constants  to 
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be  found  with  vastly  less  labor  than  in  a  general  case  not  covered 
by  the  fundamental  values  in  the  tables.  Even  in  the  general 
case,  however,  the  method  of  this  paper  is  likely  to  be  less  time 
consuming  than  the  interpolation  method,  and  has  the  advantage 
of  furnishing  a  check  on  the  latter. 

Washington,  January  i,  1915, 


APPENDIX 

TABLE  I 
Table  of  Valiies  of  the  Qoaiitity  in  Brackets  in  £quati<m  33  (Factor  P  in  Equ^ 


ff 

P 

ii 

is 

Q 

P 

it 

it 

0 

1.000000 

-  18 

-36 

0.040 

0.971701 

-1406 

-32J 

0.001 

0.999982 

54 

86 

.041 

.970295 

1438.5 

82 

.002 

.999928 

90 

36 

•042 

.968856 

1470J 

31.5 

.003 

.999838 

126 

36 

.043 

.967386 

1502 

32 

.004 

.999712 

162 

36 

.044 

•9658835 

1534 

81 

.005 

.999550 

198 

36 

.045 

.964350 

1565 

31 

0.006 

0u999352 

-  234 

-36 

0.046 

0.962784 

-1596 

-SL5 

.007 

.9991185 

270 

35.5 

•047 

.961188 

1627J 

31 

.006 

OQMiiQ 

305.5 

35.5 

.048 

.959560 

1658 

31 

.009 

.998543 

341 

36 

.049 

.957902 

1689 

30 

U)10 

.996202 

377 

36 

•050 

.956213 

1719 

30 

aoii 

0.997825 

-  413 

-35 

OUBl 

0.954494 

-1749J 

-30 

•012 

.997412 

448 

86 

•052 

.952744 

1779.5 

30 

.013 

OOMiAd. 

484 

36 

.053 

.950965 

1809 

293 

.014 

.996480 

520 

35 

.054 

.9491555 

1839 

29 

MS 

.995960 

555 

35 

.055 

.947317 

1868 

29 

aoi6 

0.995405 

-590 

-36 

0.056 

0.945449 

-1897 

-29 

.017 

.994815 

626 

35 

.057 

.943552 

1926 

29 

.018 

.994189 

661 

35 

.058 

.941626 

1954.5 

283 

.019 

.993528 

696 

35 

.059 

.939671 

1983 

28 

.020 

.992832 

731 

35 

•060 

.937688 

2011 

26 

0.021 

0.992101 

-  766 

-35 

0.061 

0.935677 

-2039 

-28 

U)22 

.991334 

801 

35 

.062 

.933638 

2067 

27 

.023 

.990533 

836 

34 

.063 

•9315715 

2094 

27 

.024 

.989698 

870 

35 

•064 

.929478 

2121 

27 

•025 

.968827 

905 

34 

.065 

.927356 

2148 

27 

a026 

0.967922 

-  939 

-35 

0.066 

0.925206 

-2175 

-26 

•027 

.986983 

974 

34 

.067 

.9230335 

2201 

26 

.028 

.986009 

1007 

34 

.068 

.920832 

2227 

26 

J029 

.985002 

1042 

34 

.069 

.918605 

2253 

26 

.030 

.983960 

1076 

-33.5 

.070 

.916352 

2279 

25 

0UI31 

0.982884 

-1109.5 

-33.5 

0.071 

0.914073 

-2304 

-25 

.032 

.9817745 

1143 

34 

.072 

.911769 

2329 

25 

.033 

.980631 

1177 

33 

.073 

.909440 

2354 

24 

.034 

.979455 

1210 

33 

.074 

.9070855 

2379 

24 

.035 

.978245 

1243 

83 

•075 

.904707 

2403 

24 

0.036 

0.977002 

-1276 

-33 

0.076 

0.902304 

-2427 

-24 

.037 

.975726 

1309 

32.5 

.077 

.899677 

2451 

233 

.038 

.974417 

1341.5 

32.5 

.078 

.897426 

2474 

23 

•039 

.973075 

1374 

32 

•079 

.894952 

2497 

28 

.040 

.971701 

1406 

32.5 

•060 

.892455 

2520 

28 
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TABLE  1— ^^ontinued 

Table  of  Valnas  of  the  Quantity  in  Brackets  in  Equation  33  (Factor  P  in 

Equation  (33a))— Continued 


ff 

P 

J> 

i» 

Q 

P 

i> 

^ 

0.060 

0.692455 

-2520 

-23 

0.100 

0.836072 

-2919 

-17 

.061 

.wnnMf 

2543 

22.5 

.101 

.835153 

•2935 

17 

.062 

.8673915 

2565 

22 

.102 

.8322175 

2952 

16 

•083 

.884826 

2587 

22 

.103 

.829265 

2968 

16 

.084 

•882239 

2609 

22 

.104 

.826297 

2965 

15 

.065 

.879630 

2631 

2L5 

•105 

.823312 

3000 

15 

0.066 

0.876999 

-2652 

-21 

0.106 

0.820312 

-3015.5 

-15 

.067 

.874347 

2673 

21 

.107 

.8172965 

3031 

15 

•066 

.871674 

2694 

20.5 

•106 

.814266 

3046 

14 

.089 

.808981 

2713.5 

20 

.109 

.811220 

3060 

14 

•000 

.666267 

2734 

19.5 

•UO 

.808160 

3074.5 

14 

a091 

0.863533 

-2754 

-19 

0.111 

0.805066 

-3088 

-14 

•092 

U)60779 

2773 

19.5 

.112 

.801998 

3102 

13J 

•093 

.656006 

2793 

19 

.113 

.798896 

3115 

13 

.094 

.855213 

2811 

19 

.114 

.795781 

3128 

13 

•095 

.652402 

2830 

16 

.115 

.792652 

3141 

IS 

a096 

0.849572 

-2846 

-18 

0.116 

0.789511 

-3154 

-12 

.097 

.846724 

2867 

YlJi 

.117 

.786358 

3166 

12 

•096 

.643857 

2884 

17.5 

.118 

.783192 

3178 

12 

•099 

.640973 

2901.5 

17 

•119 

.780014 

3190 

12 

.100 

.838072 

2919 

17 

•120 

.776825 

3202 

12 

TABLE  2. 
Table  of  Values  of  Factor  Z  in  Equation  (37''a.) 


qi 

z 

ii 

it 

qi 

Z 

ii 

it 

-7058 

+1654 

0.0015 

0942127 

-2667 

a  J'ln-  ^ 

0 

IMOOOO 

+693 

0.0001 

0.992942 

5404 

620 

.0016 

.939461 

2597 

65.5 

•0002 

.9675375 

4784 

400 

•0017 

.9366635 

2532 

62 

.0003 

.982753 

4384 

296 

.0018 

.934332 

2470 

58 

.0004 

.978369 

4068 

235 

•0019 

.931862 

2412 

54 

.0005 

.974281 

3853 

195 

.0020 

.929450 

2357 

52 

0.0006 

0.970428 

-3658 

+166 

0.0021 

0.927093 

-2305 

+50 

MM 

.966770 

3493 

144 

•0022 

•9247875 

22S6 

47 

MOB 

.968277 

3348 

128 

•0023 

•922532 

2208 

45 

.0009 

.959929 

3221 

114 

.0024 

•920324 

2163 

43 

•0010 

.956708 

3107 

104 

•0025 

.916160 

2120 

41 

0.0011 

0.953601 

— 3002J( 

+94 

0.0026 

0.916040 

— 2U79 

+30 

.0012 

.950599 

2900 

87 

.0027 

J13962 

2039 

38 

.0013 

.947690 

2822 

80.5 

.0028 

J11922 

2001 

87 

M14 

•944809 

2741 

74.5 

.0029 

.909921 

1964 

35 

.0015 

.942127 

2667 

69.5 

.0030 

.907957 

1929 

34 
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TABLE  2— Cantinued 
Table  of  Values  of  Factor  Z  in  E^piatioa  (37^a.)— Continued 


[VAu 


qi 

X 

ii 

Ji 

01 

X 

ii 

is 

0.0030 

0J907957 

-19» 

+34 

0.0075 

0.844435 

-1029 

+U 

.0031 

.906028 

1895 

33 

M76 

.843406 

1018 

12 

.0032 

.904133 

1862 

32 

•0077 

.842388 

1006 

12 

.0033 

.902271 

1830.5 

31 

.0078 

.8413825 

994 

11 

.0034 

.900440 

1800 

30 

.0079 

.8403885 

963 

12 

.0035 

.898640 

1770 

29 

.0080 

.839406 

971 

11 

0.0036 

0.896870 

-1741 

+28 

0.0081 

0.838435 

-960 

+11 

.0037 

.895129 

17U 

27 

.0082 

.837474 

949 

11 

.0038 

.893416 

1686 

26 

.0063 

Jt36525 

938 

10 

.0039 

.891730 

1660 

25 

.0084 

.835587 

928 

104 

.0040 

.890070  ^ 

1634 

25 

.0085 

.834659 

917.5 

104 

0u0041 

0J88436 

-1610 

+25 

0.0066 

0.833742 

-907 

+10 

.0042 

.886826 

1565 

24 

.0087. 

.832835 

897 

10 

.0043 

.885241 

1561.5 

23 

.0088 

.831938 

867 

10 

.0044 

.883679 

1539 

22 

.0089 

.831051 

677 

104 

.004S 

.882141 

1516.5 

22 

.0090 

.830174 

867.5 

94 

0.0046 

00)80624 

-1495 

+21 

0.0091 

0.829307 

-658 

+10 

.0047 

.8791295 

1473.5 

a 

.0092 

.828449 

846 

9 

.0046 

.877656 

1453 

21 

.0093 

.827601 

639 

10 

.0049 

.876203 

1432 

19 

.0094 

.826763 

629 

6 

.0050 

.874771 

1413 

19.5 

.0095 

.825933 

621 

10 

0.0051 

0.873359 

-1393 

+19 

0.0096 

0.825113 

-6U 

+6 

.0052 

.871965 

1374 

18 

.0097 

.8243015 

806 

10 

.0053 

.870591 

1356 

18 

.0098 

.823499 

798 

6 

.0054 

.869235 

1338 

17.5 

.0099 

.822705 

785 

9 

.0055 

.867898 

1320 

17 

.0100 

.821920 

776 

8 

0.0056 

0.8665775 

-1303 

+17 

0.0101 

a821144 

-766 

+6 

.0057 

.865275 

1286 

16J 

.0102 

.820375 

760 

8 

.0058 

.863989 

1269 

16 

.0103 

.819616 

752 

0 

.0059 

.862720 

1253 

16 

.0104 

.818864 

748 

7 

.0060 

.861467 

1236.5 

15.5 

.0105 

.818121 

736 

8 

0.0061 

0.86023a5 

-1221 

+15 

0.0106 

0.817385 

-7a 

+6 

•0062 

.859009 

1206 

15 

joim 

.816657 

736 

8 

•0063 

.857803 

1191 

15 

.0108 

.815938 

7U 

f 

.0064 

.856613 

1176 

14^ 

U>109 

.815226 

705 

9 

.0065 

.8554365 

1161 

14 

.0110 

.814521 

696 

f 

0.0066 

0.8542755 

-1147 

+183 

0.0111 

0.813825 

-689 

+f 

.0067 

.853128 

11SS.5 

IS 

.0112 

.813136 

668 

» 

.0068 

.851995 

1119 

U 

•0113 

.812454 

675 

8 

MS9 

.850876 

1106 

IS 

•0114 

.811779 

667 

7 

•0070 

.849770 

1093 

IS 

.0115 

.811112 

666 

64 

0.0071 

0.848677 

-1080 

+13 

0.0116 

0J10452 

—658.5 

+74 

.0072 

.847597 

1066 

IS 

•0117 

JQ97965 

646 

» 

.0073 

J46531 

1054 

12 

.0118 

.809153 

639 

64 

.0074 

.845477 

1042 

13 

.0119 

J065135 

6324 

64 

.0075 

.844435 

1029 

11 

.0120 

.807881 
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TABLE  3 
VfthiM  of  VMon  in  Difbrantkl  B^uatioas  (38)  to  (42) 


a 

hmiwhiM  of  tecton 

i 

toCf 

/ 

lofF 
—km    ^ 

F 

ii 

dt 

*"A 

to  03) 

to  (39) 

■^w 

0 

1.89007ki 

1.608060 

1J0103 

^^•^^FW^r 

0.09691 

13500 

+  18 

+  34 

005 

•70209 

.60136 

.30345 

.20112 

.09752 

3518 

52 

37 

Olio 

.71137 

.59926 

31063 

.20447 

.09934 

3570 

89 

36 

OlS 

.72657 

J9573 

.32231 

31004 

.10840 

•2659 

125 

39 

oao 

.74735 

.59072 

33807 

31780 

.10668 

3784 

164 

41 

0^ 

.77328 

J8406 

35734 

32769 

.11221 

3948 

205 

42 

0J3O 

L80383 

L57587 

137969 

033971 

0.11902 

13153 

+247 

+  46 

0.35 

.83860 

.56579 

.40438 

.25374 

32711 

3400 

293 

48 

0.40 

.87716 

.55370 

.43066 

.13649 

3693 

341 

52 

0.45 

.91919 

.53936 

.45855 

38744 

.14718 

.4034 

393 

55 

OJO 

1.96448 

.52246 

.48695 

30686 

.15918 

•4427 

448 

58 

035 

0.01292 

1.50259 

.51551 

32773 

0.17246 

1.4875 

506 

jM 

lofBfttlisis  of  tecton 

108/ 

f 

logF 

F 

il 

J9 

c 

11140 

ta42 

0.45 

1.65906 

1.79941 

1.45847 

038739 

0.14715 

1.4033 

+392 

+  55 

OJO 

.83086 

.48681 

30677 

.15912 

.4425 

447 

56 

0u55 

1.65597 

1.85936 

31534 

032759 

0.17237 

1.4872 

+503 

+  58 

0.60 

.65834 

.88523 

34357 

34960 

.18682 

3375 

561 

55 

0.65 

.66246 

.90664 

37110 

37248 

.20237 

3936 

616 

47 

0.70 

.66782 

.92970 

39755 

39584 

31885 

3552 

663 

30 

0.75 

.67391 

.94841 

.62232 

.41910 

•23990 

.7215 

693 

+    1 

OJO 

L68030 

1.96471 

1.64501 

0.44159 

0.25305 

1.7908 

094 

-50 

0.85 

.68659 

.97845 

.66504 

.46241 

36955 

3602 

644 

-132 

0.90 

.69229 

J8932 

38161 

.48041 

38434 

3246 

518 

-290 

0.95 

.69678 

L99684 

39362 

39575 

13758 

8tt 

UOO 

1.09897 

0.00000 

1.69897 

030000 

030103 

23000 
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TABLE  4 


Fondiinnital  Values  of  the  MaTlmnm  Force  RiHo  y^^^  and  tibe  MaThnmn 


Force  F, 


tofjte 

9m 

4 

loCF« 

F. 

0 

L6989700 

OJM)00000 

• 
45 

50 

11.8 

0 

0.05 

.6979913 

.4968745 

45 

50 

31.04 

S.6279557 

0i04245763 

aio 

.6950381 

.4954936 

45 

51 

28.52 

1.2326395 

ai708S96 

0.15 

.6900572 

.4898434 

45 

53 

3.47 

1.5892443 

0.3883688 

0.20 

.6829567 

.4818998 

45 

55 

14.40 

1.8454176 

0.7005153 

0.25 

.6736010 

.4716296 

45 

57 

59.40 

OaM75214 

1.1156332 

OJO 

L6618033 

0.4589901 

46 

01 

15.60 

0.2163112 

L6455504 

0.95 

.6473125 

.4439279 

46 

04 

58.77 

0.3629849 

2.306667 

a40 

.6297983 

.4263815 

46 

09 

3.72 

0.4943803 

3.121622 

0.45 

.6088217 

.4062765 

46 

13 

22.62 

0.6150973 

4.121898 

0.50 

.5838040 

.3835341 

46 

17 

45.84 

a7285170 

5.352011 

055 

1.5539627 

0.3580657 

46 

21 

59.60 

OJ373702 

6J76544 

0.60  ' 

.5182254 

.3297808 

46 

25 

45.82 

a9441070 

8.792392 

0.65 

.4750743 

•2985893 

46 

28 

39.62 

L051214O 

11.25159 

a70 

.4222883 

.2644163 

46 

80 

8.59 

ia615723 

14.50682 

0.75 

.3564223 

.2272073 

46 

29 

26.32 

L2790169 

19U)11S2 

080 

1.2717509 

0.1869610 

46 

25 

3a92 

1.4094251 

25.66995 

0J5 

1.1576668 

.1437695 

46 

17 

1.94 

1.5633218 

yff.M65g 

0.90 

2.9905851 

.0978577 

46 

02 

2.59 

1.7638911 

580)6188 

0.95 

16960993 

.0496706 

45 

37 

59.40 

2.0847542 

12154978 

LOO 

0 

45 

0 

0.00 
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TABLES 
Coefljcienfs  17  tnd  e  In  Bfuattoiu  (48),  (51),  (55),  tnd  (58) 


. 

^"^ 

H 

ii 

is 

At 

• 

il 

Jn 

dt 

0 

.0 

-  UXM51 

-.00919 

-  MO50 

24)000 

+  .0040 

+  3082 

+  .0008 

(M» 

-  0U00451 

1370 

969 

87 

.0040 

122 

85 

8 

0.10 

U)1821 

2339 

1056 

129 

.0162 

207 

93 

U 

0.15 

UM160 

3395 

1185 

193 

.0369 

800 

105 

14 

oao 

.07555 

4580 

1378 

263 

.0669 

405 

119 

88 

0^ 

.12135 

5958 

.01641 

366 

3.1074 

524 

141 

88 

0.M 

-  0.18093 

^  U)7S99 

—  .02007 

-  .00516 

2.1598 

+  M6S 

+  .0174 

+  .0048 

0.35 

.25692 

.09606 

2523 

731 

.2263 

839 

217 

68 

0^ 

.35298 

.12129 

3254 

1083 

3102 

.1056 

279 

96 

0.45 

.47427 

.15383 

4337 

-  X1573 

.4158 

.1335 

377 

130 

OJO 

.62810 

.19720 

-  .0591 

-  .0262 

23493 

.1712 

507 

237 

035 

***  0u82530 

-  .2563 

—  ^1853 

-  .0395 

2.7205 

+  3219 

+  3744 

+  .0380 

0.60 

1.0816 

.3416 

.1248 

.0763 

2.9424 

3963 

.1124 

690 

0.65 

1.4232 

•4664 

.2011 

.1466 

3.2387 

.4087 

.1814 

.1206 

0.70 

1J896 

.6675 

3477 

.3391   • 

3.6474 

3901 

•3020 

3790 

0.75 

2.5571 

iun52 

.6868 

-1.0101 

43375 

3921 

.6810 

3679 

OJO 

—  8i5723 

-1.7020 

-1.6969 

-5U)143 

5.1496 

+13731 

+13489 

+4.9548 

0J5 

5.2743 

33909 

&7112 

&7127 

33220 

&6087 

0.90 

8.6722 

10.1101 

9.9347 

93257 

0J5 

-18.7828 

19.7604 
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INTRODUCTION 

The  absolute  unit  of  resistance  is  defined  as  lo*  units  of  the 
c.  g.  s.  electromagnetic  S3rstem.  Although  depending  solely  on  the 
measurement  of  length  and  time,  it  can  not,  at  the  present  time, 
be  determined  to  a  higher  degree  of  accuracy  than  the  interna- 
tional unit  of  resistance  can  be  realized  by  primary  mercurial 
resistance  standards  constructed  in  accordance  with  the  specifica- 
tions of  the  London  Conference  on  Electrical  Units  and  Standards 
(1908). 
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Since  the  international  unit  is  in  almost  exclusive  use,  concrete 
standards  will  continue  to  be  employed  for  work  of  the  highest  pre- 
cision, even  though  the  tmit  thus  defined  should  be  found  to  differ 
appreciably  from  the  absolute  unit,  as  it  is  of  the  greatest  impor- 
tance, for  ptuposes  of  comparison,  that  the  same  units  be  employed 
everywhere. 

There  are  two  possible  methods  of  defining  the  international 
unit  of  resistance — (i)  by  adopting  a  particular  standard,  as  has 
been  done  in  the  case  of  length  and  mass,  and  (2)  by  defining  it  in 
terms  of  the  resistance,  at  a  specified  temperature,  of  a  ptu^  mate- 
rial of  specified  dimensions.  If  suitable  materials  were  available, 
the  first  method  would  offer  an  ideal  solution;  but,  while  consider- 
able improvements  have  been  made  in  the  construction  of  resist- 
ance standards  and  in  the  production  of  specially  adapted  resist- 
ance materials,  much  remains  to  be  accomplished  before  such 
standards  can  be  safely  trusted  to  maintain  their  values  indefi- 
nitely. The  remaining  alternative,  best  realized  through  the 
mercury  unit  proposed  by  Siemens  in  i860,  has  therefore  been 
internationally  adopted.  The  dimensions  of  the  mercury  column 
have  been  twice  modified  so  as  to  bring  the  merctuy  tmit  into 
closer  agreement  with  the  absolute  ohm;  but  further  changes, 
except  possibly  in  the  adoption  of  more  rigorous  specifications, 
are  not  likely  to  be  made  tmtil  the  accuracy  attainable  in  absolute 
measurement  equals  or  exceeds  that  realized  in  the  reproducibility 
of  the  mercury  unit. 

The  London  International  Electrical  Conference  of  1908  was 
the  first  to  draw  a  sharp  distinction  between  the  absolute  and 
international  units.  The  ohm  was  defined  as  having  the  value 
of  1,000,000,000  (lo*)  in  terms  of  the  centimeter,  and  second,  the 
ampere,  volt,  and  watt  being  also  defined  in  absolute  tuiits,  but  at 
the  same  time  the  conference  recommended  for  adoption  "  a  sys- 
tem of  international  tmits  representing  the  above  and  sufficiently 
near  for  the  ptupose  of  electrical  measurements,  and  as  a  basis 
for  legislation."  The  unit  of  resistance,  the  realization  of  which 
is  the  object  of  this  investigation,  was  defined  as  follows: 

The  tntemaiional  ohm  is  the  tedstanoe  offered  to  an  unvarymg  electric  current 
hy  a  column  of  mercury  at  the  temperature  of  melting  ice,  14.453  x  grams  in  mass,  of 
a  constant  cross-sectional  area  and  of  a  length  of  X06.300  centimeters. 
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Certain  details  of  the  procedure  for  the  construction  of  mercu- 
rial resistance  standards,  discussed  elsewhere  in  this  paper,  were 
also  adopted,  in  the  form  of  specifications.  The  above  value  for 
the  mass  of  merctuy  contained  ia  a  column  106.300  cm  long  cor- 
responds to  a  cross  section  of  i  sq.  mm  if  the  density  of  mercury 
is  taken  as  13.5956  grams  per  cubic  centimeter.  This  method  of 
definition,  first  adopted  by  the  Chicago  congress,  was  chosen  in 
order  to  eliminate  the  tmcertainty  due  to  experimental  errors  in 
the  determination  of  absolute  density,  including,  as  it  does,  the 
error  in  the  determination  of  the  relation  between  the  liter  and 
cubic  decimeter. 

PART  L  THEORETICAL 

In  practice  the  cross  section  and  length  of  the  mercury  column 
are  given  by  the  dimensions  of  glass  tubiag,  employed  to  confine 
the  merctuy,  which  can  not  be  expected  to  agree  exactly  with  the 
dimensions  specified  either  in  magnitude  or  in  tmif ormity  of  cross 
section.  The  manner  in  which  such  variations  are  taken  into 
account  will  be  briefly  described  below. 

A.  THE  METHOD  OF  CALCTTLATING  THE  RESISTANCE  OF 

A  GIVEN  MERCURIAL  COLUMN 

The  resistance  and  mass  of  a  column  of  merctuy  of  uniform 
cross  section  ^o  and  of  length  Lo  are  given  by  the  formulae : 

Ro-Po^  (I) 

in  which  po  and  Do  denote,  respectively,  the  resistivity  and  density 
of  merctuy. 

Multiplying,  we  have 

RoMo=^PoDJLo^ 
or  Ro^poDop^  (2) 

18423^—18 6 


378  Bulletin  of  the  Bureau  of  Standards  [Vd, » 

But  from  the  definition  of  the  international  ohm,  2?»i  when 
Lo  =  106.300  cm  and  M©  — 14.4521  g. 

Hence, 

144521 
^^"■~(io6.30o)» 

^**^(io6.30o)»  Mo  ^^^ 


and  consequently, 


This  formula  gives  the  resistance,  in  international  ohms,  of  a 
column  of  merctuy  of  uniform  cross  section,  Lo  centimeters  in 
length  and  Mo  grams  in  mass.  Hence  any  departure  from  the 
mean  cross  section  specified  in  the  definition  can  be  dllowed  for. 

The  above  formula  may  also  be  written 


R. 


14.4521    L< 


(io6.30o)^Afo  (4) 

Lo 

M 
in  which  the  term  -p?  denotes  the  mass  of  merciuy  per  imit  length 

of  the  tube.     For  a  i-ohm  tube  the  ohm  length  is  therefore  given 
by  the  formula: 

.       (106.300)'  Mo 


14.4521 

o   • 


(5) 


M 
But  y-^  is  given  by  ratio  of  the  mass  in  grams  to  the  observed 
1^0 

length  in  centimeters  of  any  merctuy  column  employed,  if  the 
tube  be  uniform  in  cross  section  (a  correction  being  appUed  for  the 
menisci  at  the  ends  of  the  column) . 
Hence, 

-       (106.300)*  M' 


14.4521      L% 


(6) 


in  which  L'o  denotes  the  length  in  centimeters,  and  M'©  the  mass 
in  grams,  of  any  mercury  column  in  a  tube  of  uniform  cross 
section. 


w^skotmaktr,^  Primary  MercuTicd  RestsUt^nce  Staiulords  379 

Variable  Cross  Section. — ^The  correction  factor  which  must  be 
applied  for  variations  in  cross  section  throughout  the  length  of  a 
given  tube  may  be  deduced  as  follows: 


i?'o  =  Po   I      -" 


R'oMo^PoD 


and  hence 


Mo=Z?o  I  sdl  (7) 


R'o^Poi^   I   sdli      "^  (8) 


By  comparison  with  fonntila  (2)  for  a  tube  of  uniform  cross 
section  it  will  be  seen  that 

R'^RJ^Asdll^l  (9) 


[-If 


The  factor  by  which  2?o,  the  resistance  of  a  tmiform  column  of 
the  length  L©  and  mass  Mo,  must  be  multiplied  to  obtain  the 
resistance  of  a  column  of  the  same  length  and  mass  but  of  variable 
cross  section,  is  known  as  the  caliber  factor.  Denoting  this  by 
(i  +C),  we  have 


'4" 


(10) 


Since  it  is  impossible  to  directly  determine  the  cross  section  of 
a  capillary  tube  from  point  to  point  to  a  sufficient  degree  of  accu- 
racy for  the  pmpose  in  hand,  we  must  content  ourselves  with  an 
approximation  based  on  a  calibration  of  the  tube.  This  will  give 
the  mean  cross  section  of  finite  elements  into  which  the  tube  may 
be  divided.     If  the  resistance  of  the  whole  coltunn  be  computed 
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IVal.  12 


as  the  sum  of  the  resistances  of  n  cylindrical  elements,  each  of 
length  /,  formula  (9)  becomes 


iv   o=/v« 


or,  since  nl=L 


T  ^ 


*        *  s 


o> 


Hence, 


R  0  =  ivo — ;S  ,s  S*! — 


(II) 


(12) 


(13) 


If,  as  is  usually  the  case,  the  particular  length  of  tube  having 
unit  resistance  and  for  which  the  caliber  factor  is  sought,  consists 
of  n  elements  of  length  /  and  two  fractional  elements  of  length  ci 
and  j3/  and  cross  sections  ^a  stnd  s^,  at  the  ends  of  the  tube, 

Lo  =  (nH-a+j8)/ 


^/=/js: 


and 


S'\-aSa  +Ps0 


'     *^        Ja       Sfi\ 


The  caliber  factor  is  therefore  given  by  the  product  of  the 
mean  cross  section  by  the  mean  reciprocal  cross  section,  each 
element  being  weighted  in  proportion  to  its  length. 

Since  the  x*s  enter  into  the  numerator  of  the  first  series  and 
into  the  denominator  of  the  second  series,  the  result  is  obviously 
independent,  as  it  should  be,  of  the  unit  in  terms  of  which  the 
cross  sections  are  expressed. 

The  labor  of  calculation  of  the  caliber  factor  can  be  simplified 
by  expressing  the  cross  sections  of  the  separate  elements  as 
follows : 

Let 


(15) 
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Then 


2'ls+aSa+Ps0--(n+a+p)s 


1  + 


2^k+aka  +  Pkfi 


n+a+j8 


and  since  — tl'^i  — fe+*^  — &',  etc., 


Hence 


n+a+/3  n  +  a+P  "^ 


i+C« 


1  + 


S^fe  +  gfe^  +  ffV 


n-ha  +  P 


n  +  a  +  fi 


S?fe»+aV  +  j8V     S^ife»  +  afe^«+/3V 


+  etc. 


(16) 


Since  — ^ —     "    ^ — -s  represents  the  average  dijBFerence  between  s 

and  the  mean  cross  section  of  the  particular  portion  of  the  tube 
to  which  the  caliber  factor  is  referred,  it  can  be  made  zero  or  so 
small  in  comparison  with  miity  by  a  suitable  choice  of  s  that  the 
cross  products  (each  including  another  very  small  term)  obtained 
by  multiplying  the  two  factors  are  negligible.  Moreover,  the  first- 
mentioned  term  enters  with  opposite  signs  in  the  two  factors,  so 
that  it  disappears  from  the  product. 
Hence^ 

H-C  =  i+-^^ ; — .  o      ^ ; — ,  o         +etc.     (17) 

The  accuracy  of  the  caUber  factor  will  depend  not  only  on  the 
accuracy  of  the  observations,  but  also  on  the  magnitude  of  the 
range  and  the  freedom  from  abrupt  discontinuities  in  the  cross 
section  of  the  tube,  since  in  the  calculation  each  of  the  elements 
is  supposed  to  be  of  tmiform  cross  section  throughout  its  length. 
The  length  of  the  elements  must  therefore  be  so  short  that  this 
must  apply  to  a  sufficient  degree  of  approximation.  In  cases  where 
the  cross*section  curve  deduced  from  the  observations  is  suffi- 
ciently continuous,  a  further  approximation  can  be  made  by 
increasing  the  number  of  elements,  each  of  the  original  elements 
being  considered  as  made  up  of  two  or  more  having  the  mean 
cross  sections  given  by  the  curve,  or  more  simply  by  computing 
the  ratio  of  the  stun  of  the  resistances  of  the  separate  elements. 
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regarding  each  as  uniformly  conical,  with  the  terminal  cross  sec- 
tions given  by  the  curve,  to  their  resistance  computed  as  imiform 
cylinders,  the  ratio  being  applied  as  a  correction  to  the  caliber 
factor. 

It  must,  however,  be  pointed  out  that  variations  within  the 
elements,  not  following  the  general  variations  from  element  to 
element  throughout  the  length  of  the  tube,  are  not  disclosed  by 
the  calibration,  and,  moreover,  that  the  likelihood  of  the  presence 
of  such  variations  decreases  as  the  range  of  the  cross  section  of 
the  tube  decreases  and  as  its  general  degree  of  tmiformity 
increases. 

B.  THE  DETERMINATION  OF  THE  CALIBER  CORRECTIONS 

For  the  sake  of  completeness  the  following  discussion  of  the 
methods  of  calibration  and  the  reduction  of  the  results  is  given, 
although  they  have  been  described  a  number  of  times,  both  in 
connection  with  the  study  of  primary  thermometers  and  of  ohm 
tubes. 

For  simplicity  consider  a  tube  provided  with  an  accurate 
graduation  in  the  interval  op  which  is  to  be  calibrated. 

Let  v»mean  volume  per  division  between  o  and  p. 
'z;ab  »niean  volume  per  division  between  a  and  6. 
Vftb  ="  volume  between  a  and  6. 

^ «mean  cross  section  between  o  and  p. 
^ab  "^mean  cross  section  between  a  and  6. 

Then 

v^cs  and  v^h^cs^ht 

c  depending  upon  the  units  in  terms  of  which  v  and  s  are  expressed. 
If  we  put 

Vab-v{(6-a)+(a;b-«0} 


Then 
But 
Hence 
If  we  put 


«o«-o  thenapp«t> 
and  Vo^^v{a'\-x^ 

Vob-t;(6+«b) 
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Obviously,  vx^^  vxh,  and  v{xh—x^  represent  the  excess  in  volume 
of  the  respective  intervals  of  the  given  tube  over  the  correspond- 
ing intervals  of  a  strictly  uniform  tube  of  the  same  mean  cross 
section. 

In  addition, 

V^h'^cs^h(J>-a)'^v{{b-a)  +  {x^-Xt,)] 

and  since  v^cs 

(b-a)  +  (xh-x^) 
'^•b-^         (6-a) 

or  ^'*"Y'*"^^^}  ^^^^ 

The  quantities  Xa,  x^,  etc. ,  are  called  the  caliber  corrections  of  the 
tube  referred  to  the  interval  op,  and  if  determined  for  a  number 
of  eqtiidistant  points  the  relative  mean  cross  sections  are  given  bv 
the  formula 

^m+i  ^  Xra 


Sm'^S 


1  + 


If  Xm-<y(l+fem), 

j^^^Wlf^  (19) 

From  either  of  these  the  caUber  factor  of  the  tube  can  be  cal- 
culated subject  to  the  limitations  pointed  out  below. 

1.  METHODS  OP  CAUBRATION 

Variotis  methods  have  been  devised  for  calibrating  capillary 
tubing,  principally  in  coxmection  with  thermometers.  These  are, 
of  cotu-se,  directly  applicable  to  ohm  tubes.  The  following  brief 
description  of  the  theory  is  based  on  the  appendix  to  Benoit's  * 
paper  dealing  with  the  construction  of  merciuy  resistance  stand- 
ards for  the  use  of  the  French  post  office. 

The  methods  of  calibration  may  be  classified  as:  Simple;  com- 
plete; abbreviated;  combinations  of  the  foregoing. 

In  the  simple  calibration  of  a  tube  it  is  considered  to  consist  of 
n  sections  of  length  /.  The  length  of  a  merciuy  coltmm,  having 
approximately  the  length  /,  is  determined  when  placed  in  each  of 

^  Constnictkn  dei  dteloos  Prototypes  deR^sutaaoefilectruiue,  R.  Bcnoit,  Pluis.  0»utliicr>ViUan,  1885. 
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the  sections.  Correcting  for  the  volumes  of  the  two  menisci,  the 
relative  cross  sections  are  given  approximately  by  the  reciprocals 
of  the  corrected  thread  lengths. 

In   the   complete   calibration    (n  — i)    calibrating   threads  of 

T        2                   n "  I 
lengths -L,  -L  .... L  are  employed.     The  length  of  each 

thread  is  determined  in  all  the  possible  positions,  the  ends  being 
at  or  near  the  n  +  i  points  for  which  the  caliber  corrections  are 
sought.    The  number  of  observations  is  given  by  the  formula 

^ ^ -,  so  that  when  n  is  large  the  process  is  long  and  tedious. 

The  abbreviated  calibration,  devised  to  minimize  the  labor  in- 
volved in  a  complete  calibration,  consists  in  the  employment  of 
three  or  more  threads  of  the  lengths  given  above,  each  of  which 
is  meastu'ed  in  the  same  positions  as  in  the  complete  calibration. 

Combinations  of  the  above  methods  are  resorted  to  to  further 
minimize  the  work,  a  calibration  being  first  made  by  subdividing 
the  tube  into  r  sections  each  of  which  is  ftirther  subdivided  into 

-  sections  by  any  of  the  methods  above  described. 

The  Simple  Calibration. — Let  x^,  x,  .  .  .  .  x^+i  be  the  caliber 
corrections  for  n  +  i  equidistant  points,  />i,  />3  .  .  .  .  />n+i  and  let 

Let  (tn  +  i)  Z+Am+i  and  wZ+Am  be  the  observed  positions  of 
the  ends  of  the  thread  in  the  position  />m  pm+i  and  let  /  +X  be  the 
length  which  the  calibrating  thread  would  have  if  measured  in  a 
uniform  tube  of  the  same  mean  cross  section  as  that  of  the  given 
tube  between  the  points  p^  and  />n+i. 
Then 

However, 

Vo  m+i  -  Vo  m  -=V{(W  +  l)  /  +3Pm+i  +  Am+J  — t;  {m/  +Xm  + Am} 

Hence 
Or 

Xm  ""  ^m+i  +  X  =  Am+i  ~  Am  =*  (ha  (20) 
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Om  is  obviously  the  excess  of  the  thread  length  in  the  position 
pm  pm^  over  the  length  of  the  subinterval  I,  and  the  x's,A's  and  X 
must  be  expressed  in  terms  of  the  same  tmits. 

The  resulting  n  equations,  employing  the  customary  notation, 

are  as  follows: 

«i  —  x,  +  X     —a{ 


III  I 

III  I 

III  I 

III  I 


(21) 


» 

These  are  sufficient  to  determine  the  x*s  and  X,  since  two  of  the 
x*s  can  be  arbitrarily  fixed  (which  is  equivalent  to  fixing  v).  The 
usual  practice  is  to  make  x^  and  Xn+i  zero,  in  which  case  the  caliber 
corrections  are  referred  to  the  interval  pi  pn+i* 

Making  x^  "Xn-n  ^0  and  adding  the  equations  we  obtain 

nX  =  X%  or  X = i2?a  (22) 

n 

Substituting  in  succession  in  the  observational  equations  the 
values  of  the  x's  are  found. 

Second  Approximation. — In  equation  (20)  the  caliber  corrections 
for  the  ends  of  the  calibrating  thread  are  taken  as  being  equal  to 
the  correction  at  the  precise  points  for  which  they  are  sought. 
This  equation  shotdd  have  been  written 

SO  that  if  the  caUber  corrections  are  changing  appreciably  allow- 
ance must  be  made  as  follows: 


m 


\diX 


Jdx\      . 
Substituting 


(23) 
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iVcLza 


By  plotting  as  ordinates  the  values  of  the  x's  first  found  a  first 
approximation  caliber  curve  is  obtained.  From  this  the  approxi- 
mate values  of  ( ^  j  can  be  obtained  for  the  points  pi  ...  .  />„+!, 

so  that  the  necessary  correction  can  be  applied  to  the  a's  in  equa- 
tions (21),  and  thus  a  second  approximation  to  the  x's  and  X 
found.  If  the  tube  is  very  irregular,  a  third  approximation,  made 
in  the  same  manner,  may  be  required. 

The  Complete  Calibration. — ^In  the  complete  calibration  as  stated 

above,n  — I  threads  of  lengths -L>-L  ....   Lareemployed, 

n     n  n 

each  thread  being  measured  in  all  possible  positions,  the  ends  of  the 
thread  being,  however,  at  or  near  the  points  />i  />»...  .  pn+i- 
In  this  maimer  the  following  observational  equations,  expressed 
in  the  customary  notation,  are  obtained: 


^•-I^'^fl+^fc-l"**-] 


*•     *»44'*"\l"'*« 


1»+1 


^-**t4+\-< 


»■+* 


(24) 


There  are  thus  —  (n  —  i)  (n  +  2)  equations  for  the  determination 

of  (n  —  i)  jc's  (2  being  arbitrary)  and  the  (n—  i)  X's.  Methods  for 
the  solution  of  these  equations  according  to  the  principles  of  least 
sqtiares  have  been  given.  After  finding  the  values  of  the  jc*s  and 
X's,  the  computed  values  of  the  a's  can  be  determined.  Denoting 
the  difference  between  the  observed  and  computed  values  by  A, 
an  amount  less  than  the  error  of  observation  on  accoimt  of  the 
least  square  adjustment  of  the  results,  we  find  as  the  most  prob- 
able error  of  a  single  observation,  for  a  calibration  into  tenths, 


•6745 


V 


2A» 
36 


(25) 
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(26) 


The  probable  errors  of  the  x%  expressed  in  terms  of  r,  are  as 

follows: 

r  (x^)  =r  (xii)  =0 

r  (x^  =r  (Xio)  =  .416  r 

r  (x^  =r  (x^  =  .401  r 

r  (x^)  -r  (xg)  =  .387  r 

r  (xj)^^'  (^7)=  -376  r 

r  (x^  «  .369  ^J 

The  Abbreviated  Calibration  into  Tenths. — One  of  the  most  com" 
mon  of  the  many  possible  abbreviated  methods  of  calibration  and 
the  principal  method  employed  in  the  calibration  of  the  four  tubes 
here  dealt  with  consists  in  limiting  the  number  of  threads  to  three, 
approximately  four-tenths,  five-tenths,  and  six-tenths  of  the 
length  of  the  interval  to  be  calibrated.  The  resulting  observa- 
tional equations  are  as  follows: 


*l-«b+^-*h  I 

*,-X,+X,-fli    , 

«l-«»+\-«l    T 

•             •             •            • 

•              •                        •                   • 

• 

•  »             •            • 

•  •             •            • 

•  •                        •                   • 

•  •                        •                   ■ 

• 

«»-«u+\"^  11 

•           •             ■            • 

'•-«II+^-«»  11 

*f-*ll+\-«T  11 

(27) 


The  1 8  equations  are  solved  by  the  method  of  least  sqtiares  for 
the  nine  indq)endent  x's  and  the  three  X*s.  The  method  of  com- 
putation, which  has  been  reduced  to  its  simplest  form,  is  given  by 
by  Broch  and  Guilleatmie.* 

In  the  abbreviated  calibration  into  tenths 


.6745 


and  the  probable  errors  of  the  ^'s  are  as  follows: 

»■  («i)  =»■  (*ii)  =0 

r  M'^r  (xj  -  .836r 

r  (x^=-r  (jfj  =  .864  r 

r  («J=r  (jO  -  .840  f 

»"  («»)  -»"  («t)  =  -616  r 

r  (x^  -  .416  r  _ 


(28) 


(29) 


*  Ottillaume:  TtuHU  Pntique  de  la  Thcnnomfttie  de  Frtdslaa*  p.  75. 
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Since  the  probable  error  of  a  single  observation,  r,  is  fixed  by  the 
accuracy  of  the  observations,  it  should  be  the  same  for  the  abbre- 
viated and  complete  calibrations.  The  mean  probable  error  of  the 
nine  x's  (excluding  Xi  and  x^i)  is  0.773  ^>  while  for  the  complete 
calibration  into  tenths  it  is  0.392  r,  being  reduced  in  a  somewhat 
greater  ratio  than  computed  from  the  number  of  observations. 

The  most  economical  method  of  calibration,  which  needs  no 
further  description,  consists,  as  stated  above,  in  making  a  com- 
plete, abbreviated  or  simple  calibration  of  the  entire  length  into  a 
suitable  number  of  sections,  each  of  which  is  in  turn  calibrated 
into  sufiSciently  short  elements  by  one  of  the  above-described 
methods.  This  introduces  the  problem  of  expresdng  the  caliber 
corrections  in  each  section,  and  given  in  terms  of  its  mean  cross 
section,  in  terms  of  the  mean  cross  section  of  the  entire  interval. 

2.  TRAKSFORMATION  OP  CALIBER  CORRECTIONS  FROM  OIIS  SYSTEM 

INTO  ANOTHER 

Let  yi  y„  etc.,  denote  the  caliber  corrections  in  the  first  system 
and  Xi  X29  etc.,  the  caliber  corrections  in  the  second  system. 

Denoting  the  points  at  the  ends  of  the  smaller  section  by  a  and 
6,  the  caliber  corrections  in  the  "x"  S3rstem  by  «»  and  ^b  and  in  the 
*'y"  system  by  y*  and  y^  and  the  mean  cross  sections  in  the  two 
systems  by  Sx  and  Sy  we  have 

^x{(6+«b)  -(a+^J}  -M(6+yb)  -(a+ya)}  (30) 

Hence 

Sj     (b+xt)-{a  +  x^)_^ 

--^= = — = r—B  (31) 


fi 


To  find  the  caliber  correction  for  any  point  in  terms  of  the 
y"  system  if  it  is  given  in  terms  of  the  "x"  system,  we  have 


a     "IT 


dl 


ya-(m-o)+-    I      sdl 

y*  -  (w -a)  +  ;;^{ (w  +  JCm)  -  (a +a; J  } 


.  Xjg-x^  +  ji-B)  (m-a) 

=y*+ g (32) 
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The  cross  section  of  the  tube  at  a  given  point  must  of  course  be 
the  same  in  the  two  systems 

..-»<.  ^^)-<.+t)         (33) 

By  means  of  the  transformation  formula  (32)  the  caliber  cor- 
rections in  the  "y"  system  can  therefore  readily  be  calculated  from 
those  on  the  "x**  S3rstem  (or  vice  versa),  if  the  caliber  corrections 
for  the  same  two  points  are  known  in  both  systems.  In  most 
cases  the  "x"  corrections  are  taken  to  represent  those  obtained 
from  the  calibration  of  the  separate  sections  and  the  "y "  correc- 
tions those  referred  to  the  whole  length  of  the  calibrated  portion 
of  the  tube.  The  same  method  can  be  applied  to  the  calculation 
of  a  new  system  of  corrections  referred  to  the  particular  portion 
of  the  tube  selected  as  representing  tmit  resistance.  In  most 
cases  a  simpler  calculation  will  suffice  for  the  latter  purpose. 

C.  THE  CORRECTIONS  FOR  THE  TERMINAL  BULBS 

In  accordance  with  the  London  specifications,  coimections  for 
electrical  comparisons  must  be  made  by  the  aid  of  spherical  ter- 
minal bulbs  4  cm  in  internal  diameter.  In  addition,  the  London 
conference  adopted  as  the  correction  for  the  added  resistance 
introduced  by  the  terminal  bulbs  the  formtila: 


**        *■     irio63  *  ri     r,/ 


ohm,  fi  and  r,  being  expressed  in  millimeters.  In  this  it  is 
assumed  that  the  correction  factor  is  0.80  and  that  the  terminal 
cross  section  of  the  ohm  tube  is  circular,  the  tube  cylindrical,  and 
its  ends  forming  continuations  of  the  internal  siuiace  of  the  ter- 
minal bulb,  all  of  which  may  be  closely  approximated  by  careful 
selection  of  tubes  and  by  proper  construction. 

The  factor  0.80  seems  to  agree  better  with  the  results  of  actual 
measurement  than  0.82 ,  which  was  fixed  as  the  most  probable 
value  by  Lord  Rayleigh.  As  far  as  reproducibility  is  concerned, 
any  uncertainty  in  the  value  employed  will  affect  the  results  by 
the  same  amount  so  long  as  the  end  correction  bears  an  approxi- 
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mately  constant  ratio  to  the  resistance  contributed  by  the  tube 
proper,  the  dimensions  of  the  terminal  bulb  being  specified.  The 
possible  variation  due  to  an  uncertainty  of  o.oi  in  the  factor  is 
shown,  for  i-ohm  tubes,  in  Table  i. 


TABLB  1 


Ohm 

lencOi 

CocTBction 
lor 

bnltM 

Bnordua 

to  tmcor- 

tiintyof 

0.01  In 

COflCCtiOP 

factor 

Ohm 

length 

Comctloiii 
tor 

bulbs 

Eisor  dm 

to  mfisr* 

totally  of 

0.01  fai 

oomctton 

factor 

120 

Mlodimi 
799.3 

JftSCEOOfllfl 

10.0 

OwtftniBteBi 
80 

978.9 

12.2 

lis 

816.4 

10.2 

75 

1011.0 

12.6 

110 

834.8 

10.4 

70 

1046.5 

13.1 

105 

854.4 

10.7 

65 

1086.0 

13.6 

100 

875.5 

10.9 

60 

1130.3 

14.1 

95 

898.3 

11.2 

55 

1180.6 

14.8 

90 

922.9 

11.5 

50 

1238.2 

15.5 

85 

949.7 

11.9 

Thus,  an  uncertainty  of  o.oi  in  the  asstimed  value  of  the  cor- 
rection factor  would  in  itself  introduce  a  discrepancy  of  five  parts 
in  one  million  between  two  tubes  having  lengths  of  50  and  1 20  cm. 
Such  differences  in  length  are  found  among  tubes  of  the  same  set, 
and  might  have  to  be  taken  into  account  in  comparing  the  results 
of  different  investigators.  In  the  interest  of  the  highest  accuracy 
of  reproduction  it  would,  therefore,  seem  desirable  to  specify  that 
the  mean  length  of  tubes  of  a  set  should  not  depart  from  100  cm. 
by  more  than  would  correspond  to  an  uncertainty  of  one  part  in 
one  million.  This  would  allow  a  range  of  15  cm  and  would  not 
be  too  difficult  to  realize.  A  redetermination  of  the  value  of  the 
correction  factor  seems,  however,  highly  desirable  for  the  particu- 
lar t3rpe  of  terminal  bulb  adopted  and  should  form  the  subject  of 
a  further  investigation. 

It  also  seems  deskable,  in  the  absence  of  any  experimental  data 
and  in  order  to  eliminate  a  further  possible  source  of  discrepancy, 
to  more  exactly  specify  the  dimensions  of  the  end  surface  of  the 
tube.  Since  the  principal  part  of  the  resistance  is  found  close  to 
the  end  of  the  capillary,  it  is  evident  that  the  effect  of  imperfec- 
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tions  in  the  end  bulb,  particularly  adjoining  the  end  surface  of  the 
tube,  will  be  lessened  as  the  area  of  the  latter  is  increased  up  to  a 
certain  limit. 

The  data  for  the  calculation  of  the  correction  for  the  terminal 
bulbs  are  obtained  from  the  relative  cross-section  curve  deduced 
from  the  caliber  corrections  and  from  the  mean  cross  section  of 
the  interval  to  which  the  calibration  is  referred.  No  error  is 
introduced  if  the  density  of  the  merciuy  is  taken  as  13.5956,  from 
which  the  mass  given  in  the  definition  of  the  ohm  is  derived. 

PART  n.— EXPERIMENTAL  DETAILS 

The  formula  for  calculating  the  resistance  of  the  finished  tube 
being  given  in  terms  of  Lo,  Mo,  the  caliber  factor,  and  the  correc- 
tion for  the  terminal  bulbs  as  above  described,  the  construction 
of  mercurial  resistance  standards  may  be  regarded  as  comprising 
the  following  steps: 

A.  The  selection  of  a  suitable  number  of  tubes  of  sufficiently 
uniform  cross  section,  their  straightening  and  annealing. 

B.  The  calibration  of  the  tubes  (also  the  calibration  of  the 
graduations,  if  the  measurements  of  thread  length  are  referred  to 
graduations  on  the  tube) . 

C.  The  determination  of  the  approximate  ohm  lengths,  Allow- 
ance being  made  for  the  corrections  for  terminal  bulbs  and  caliber 
factor. 

D.  The  selection  of  the  points  at  which  the  tubes  are  to  be  cut, 
so  that  the  terminal  planes  will  lie  where  the  cross  sections  can  be 
most  accurately  interpolated. 

E.  The  cutting  of  the  tubes,  grinding  to  approximate  length, 
and  polishing  of  the  end  surfaces.  (Also  tapering  for  the  terminal 
bulbs) . 

F.  The  calctilation  of  the  caliber  factors  for  the  finished  tubes. 

G.  The  determination  of  M©. 
H.  The  determination  of  L^. 

I.  The  calculation  of  the  corrections  for  the  terminal  btdbs, 
J.  The  calctilation  of  the  resistance  of  the  finished  tubes. 
EL  The  electrical  intercomparison  with  secondary  standards. 
L.  Results  of  electrical  comparisons. 
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A.  SELECTION  OF  THE  TUBES 

A  number  of  lots  of  tubing  were  procured  from  the  Jena  Glass 
Works  and  subjected  to  a  preliminary  calibration.  Some  very 
good  tubes  were  found,  but  as  the  probable  error  of  the  caliber 
factor  decreases  as  the  caliber  factor  itself  decreases,  and,  as 
pointed  out  above,  it  was  foimd  desirable  to  have  the  ohm  length 
approximately  one  meter,  a  special  drawing  of  59™  borosilicate 
tubing  was  made  for  the  Bureau  by  Schott  and  Genossen,  for 
which  we  hereby  express  our  appreciation.  As  the  tubes  were  to 
be  provided  with  a  millimeter  graduation,  10  kilos  were  sent  to 
M.  Baudin,  the  Paris  thermometer  manufacturer,  with  instruc- 
tions to  select  by  preliminary  calibration  the  four  tubes  most 
nearly  answering  specifications  furnished,  to  anneal  and  straighten 
them,  and  to  provide  each  with  a  millimeter  graduation  extending 
over  an  interval  of  1 10  cm. 

Four  tubes  of  "Verre  Dur"  were  also  obtained  through  M. 
Baudin,  who  in  this  case  superintended  the  drawing  of  the  tubing 
himself.  These  have  not  yet  been  used,  principally  on  account  of 
their  small  external  diameter,  although  having  caliber  factors 
somewhat  less  than  the  Jena  tubes.  The  graduation  of  all  the 
tubes  was  exceptionally  tmiform  and  the  lines  very  sharp,  their 
widtfi  not  exceeding  50  microns,  a  result  particularly  diflScult  to 
accomplish  with  Jena  59™  glass. 

B.  CALIBRATION  OF  THE  TUBES 

The  comparator  used  in  the  calibration  of  the  tubes  was  an  old 
one  which,  by  slight  alterations,  was  adapted  to  the  purpose.  It 
consists  of  a  massive  iron  base  supporting  two  short  stout  angle 
beams,  carrying  a  pair  of  parallel  horizontal  brass  bars  105  cm 
long  on  which  are  mounted  two  micrometer  microscopes.  The 
mJTiiTniim  distance  between  the  microscopes  is  7  cm,  so  that  no 
direct  observations  on  shorter  threads  could  be  made.  The  micro- 
scopes have  an  approximate  focal  length  of  20  cm,  and  when 
focused  on  the  base  of  the  meniscus  of  a  mercury  column  in  the 
tube,  the  tip  of  the  meniscus  and  the  graduations  of  the  tube  were 
also  in  sufficiently  good  focus,  so  that  observations  cotdd  be  made 
with  the  required  accuracy  without  refocusing. 
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The  micrometer  value,  checked  frequently  by  comparison  with 
a  subdivided  scale,  was  approximately  3.7/1  per  division  of  the 
head,  or  370/*  per  turn.  The  tubes  were  mounted  in  five  V-grooved 
supports  aligned  22  cm  apart  on  a  steel  T  beam,  and  held  in  posi- 
tion by  springs  directly  over  each  support.  They  were  thus 
rigidly  supported,  and  any  residual  curvature  was  reduced. 

The  tubes  were  cleaned  and  dried  for  each  calibrating  thread 
emplo)^.  The  method  consisted  in  first  filling  the  tube  with 
fuming  sulphuric  acid.  After  five  minutes  the  add  was  removed 
by  suction  and  the  tube  washed  with  several  hundred  cc  of  double 
distilled  water.  This  method  was  used  throughout  in  the  cali- 
bration of  tube  No.  I  and  in  the  calibrations  of  the  remaining 
tubes  with  20-cm  threads.  In  the  subcalibration  of  tubes  No.  2, 
No.  3,  and  No.  4  the  above  treatment  was  followed  by  washing 
with  a  20  per  cent  solution  of  sodium  hydroxide  and  again  with 
double  distilled  water. 

Drying  was  effected  by  drawing  air,  first  passed  through  a 
calcium  chloride  bulb,  through  the  tube  for  a  sufficient  length  of 
time. 

The  calibrating  threads  of  double  distilled  mercury  were  intro- 
duced by  means  of  a  glass  tube  drawn  out  to  a  capillary  suffi- 
ciently small  to  permit  its  insertion  into  the  bore.  After  adjusting 
the  thread  length,  so  as  to  minimize  the  second  approximation 
correction,  calcium  chloride  bulbs  were  attached  to  either  end  of 
the  tube  to  prevent  condensation  of  moisture  within.  The  threads 
were  brought  into  the  desired  positions  by  pressure  applied  to  the 
rubber  tubing  by  which  the  drying  bulbs  were  attached. 

A  simple  20-cm  calibration  of  each  tube  with  two  different 
threads  was  first  made  for  the  interval  5-105  cm.  Readings  were 
made  for  the  successive  positions  at  each  end  of  the  thread  on  both 
the  tip  and  base  of  the  meniscus  as  well  as  on  the  two  adjacent 
millimeter  divisions  of  the  graduations ;  the  observations  were  then 
repeated  in  the  reverse  order.  The  graduation  corrections  were 
applied  to  all  20-cm  threads  of  the  four  tubes  and  also  to  all 
threads  used  in  the  calibration  of  tube  No.  i. 

The  subcalibration  of  the  20-cm  sections  into  tenths  was  made 

■ 

by  taking  8,  10,  and  12  cm  threads  and  displacing  them  2  cm  at 

18423**— 16 6 
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a  time  over  the  20-cni  section,  the  observations  being  repeated  in 
the  reverse  order.  For  the  end  sections  the  calibration  was  ex- 
tended so  as  to  include  the  i,  3,  107,  and  109  cm  points.  In  the 
calibration  of  tube  No.  i  the  thread  lengths  were  referred  to  the 
graduations  as  described  above,  but  with  tubes  Nos.  2,  3,  and  4, 
the  microscopes  were  set  at  a  fixed  distance  for  a  given  thread 
and  the  slightly  varjring  lengths  expressed  in  terms  of  this  fixed 
distance  and  the  micrometer  settings.  The  end  sections,  0-25  and 
85-110  cm,  were  also  calibrated  into  tenths  by  using  threads  of 
ID,  12.5,  and  15  cm  in  length.  This  was  done  to  gain  additional 
information  about  those  portions  of  the  tubes  in  which  the  cuts 
were  to  be  located.  The  tubes  were  always  recleaned  and  dried 
after  a  thread  had  been  used  in  calibrating  a  single  section. 

To  secure  a  suitable  accuracy  of  the  observations  on  the  tip  of 
the  meniscus  particular  attention  had  to  be  given  to  the  question 
of  illumination.  The  desired  result  was  obtained  by  the  aid  of  an 
evenly  illuminated  ground  glass  plate,  extending  over  the  full 
width  of  the  comparator,  and  white  diffusing  screens  above,  below, 
and  behind  the  tubes.  By  cutting  off  the  lateral  illumination  by 
means  of  two  blackened  metal  disks  about  4  cm  in  diameter,  held 
3  mm  apart  and  each  joined  to  a  sleeve  i  cm  long  and  of  a 
diameter  slightly  larger  than  that  of  the  ohm  tubes,  the  meniscus 
appeared  black  and  sharply  defined  against  a  white  background, 
thus  greatly  increasing  the  ease  and  accuracy  of  the  observations. 

The  correction  for  the  menisci  was  calculated  on  the  assumption 
that  the  bounding  surfaces  were  spherical.  The  length  of  cylin- 
drical columns  having  the  same  volume  as  a  meniscus  of  height  h 
in  a  tube  of  radius  r,  is  given  by  the  formula: 


A/ 


K-i?) 


For  the  mean  meniscus  height  found,  the  term  -  ^  amotmts  to 

approximately  0.04,  and  since  the  maximum  variation  did  not 
exceed  o.i  mm,  the  average  variation  amounting  to  less  than  0.03 
mm,  the  factor  was  regarded  as  constant  and  the  corrected  thread 
length  was  calculated  by  adding  to  the  length  of  the  cylindrical 
portion  4  per  cent  of  the  mean  observed  meniscus  height.    The 
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latter  was  particularly  tmiform  when  the  20  per  cent  sodium 
hydroxide  solution  was  used  in  cleaning  the  tube. 

The  temperature  adjacent  to  the  thread  under  measurement 
was  always  taken  at  the  beginning  and  end  of  each  set  of  obser- 
vations for  each  position,  and  the  whole  set  of  observations  on  a 
given  thread  length  in  the  several  positions  throughout  a  section 
reduced  to  a  common  temperature. 

The  variation  in  temperature  of  a  thread  throughout  a  complete 
set  of  observations  was  slight.  The  effect  of  the  small  progressive 
changes  was,  moreover,  eliminated  by  the  method  of  procedure, 
the  observations  being  always  repeated  in  the  reverse  order.  The 
above  remarks  also  apply  to  the  variations  in  the  temperature  of 
the  bar  supporting  the  miscroscopes.  From  the  results  obtained 
the  caliber  corrections  for  the  25,  45,  65,  and  85  cm  points  were 
first  calculated,  the  corrections  for  the  5  and  105  cm  points, 
limiting  the  interval  to  which  the  calibration  was  in  eadi  case 
referred,  being  put  equal  to  zero. 

The  observations  made  for  the  subcalibration  of  these  20-cm 
sections  and  the  0-25  and  85-1 10  cm*  end  sections  were  reduced 
by  the  least  squares  method  as  given  by  Guillaume.'  The  caliber 
corrections  thus  calculated  referred  to  the  particular  sections  of 
the  tube.  Prom  these  the  corresponding  caliber  corrections  in 
the  interval  5-105  cm  were  determined.  In  each  case  a  second 
approximation  correction  was  applied  and  the  caliber  corrections 
recalculated. 

The  corrections  for  the  i  and  3  cm  points  were  determined  by 
the  method  given  in  Guillaume,  the  three  threads  employed  in  the 
calibration  of  the  5-25  cm  section  being  also  measured  in  the  1-9, 
3-1 1,  i-ii,  3-13, 1-13,  and  3-15  positions.  This  enabled  the  cor- 
rections at  the  I  and  3  cm  points  to  be  determined  in  terms  of  the 
x*s  in  the  5-25  cm  interval  and  the  three  X's  computed  as  indi- 
cated above,  the  general  formtila  applicable  being  x^—x^+X'^a. 
The  same  procedure  was  followed  for  the  determination  of  the  107 
and  109  cm  points. 

The  results  are  given  in  Tables  2  to  5  and  the  f otu-  curves  follow- 
ing.    The  quantity,  £lfa«2ktLZ>^  tabulated  in  the  last  column 

•  Oufflaitme,  Tnlt6  Pratique  de  U  Thermoai^trie  de  Pr^dsiaa,  p.  75  ct  teq. 
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is  denoted  by  ^ni  ^  formula  (19) ,  page  383,  from  which  the  excess  of 
the  caKber  factor  above  tinity  for  the  separate  sections  of  each  of 
the  four  tubes  is  calculated.  The  close  agreement  of  the  results 
obtained  by  the  first  and  second  approximations  as  shown  by  Table 
6  is  to  be  attributed  m  part  to  the  uniformity  of  the  tubes,  but 
mainly  to  the  careful  adjustment  of  the  thread  lengths  employed^ 
the  same  thread  being  used  in  only  one  section  in  the  subcalibration 
into  tenths.  Attention  is  also  called  to  the  agreement  between 
the  20  and  25  mm  calibrations  of  the  end  sections.  While  at  first 
sight  it  might  appear  that  the  values  given  by  the  former  should 
always  exceed  those  given  by  the  latter,  excluding  experimental 
errors,  it  is  obvious  that  the  sign  of  the  difference  will  depend  in 
part  on  the  location  of  the  irregularities  in  the  ctu'ves  with  respect 
to  the  particular  subdivisions  selected. 

TABLB2 
Tube  No.  1 


GndaatkutB  in 


1. 
3. 
5. 

7. 

9. 
U. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 

25. 
27. 
29. 
31. 


mm 
—0.409 

-  .340 
•  000 

+  .154 
+  .177 
+  .072 

-  .213 
-.421 

-  .461 

-  .387 
-.259 

-  .096 
.000 

.000 

-  .069 

-  .247 

-  .337 


k«*Z*? 


nun 
-0.220 

-.145 

.000 

+  .060 

-.011 

-.210 

-.587 


-1.021 
-L052 

-Loce 

-.940 
-.938 

-.938 
-L086 
-L342 
-L512 


+a  00375 
+  .00725 
+  .00300 

-  .00355 

-  .00995 
-.01885 

-  .01505 

-  .00665 

-  .00155 
+  .00220 
+  .00340 
+  .00010 


QnAvudUkma  in 


-  .00740 

-  .01280 

-  .00650 

-  .01095 


33, 
35 

37 
39 
41 
43 
45 

45 
47 
49 
51 
53 
55 
57 
59 
61 
63 
65 


-0i478 

-  .612 

-  .669 

-  .562 

-  .458 

-  .158 
.000 

.000 

-  .254 

-  .500 


.576 
.490 
.361 


+ 


.008 
.070 
.000 


-1.731 
-L944 
-2.079 
-2.053 
-2.028 
-L809 
-L730 

-L730 
-1.844 
-1.950 
-L906 
-L742 
-L513 
-L242 
-L026 
-  .597 
-.381 
-.810 


-a  01065 

—  .00675 
4-  .00130 
+  .00125 
+  .01095 
+  .00395 

—  .00570 


+  .00220 
+  .00820 
-f  .0U45 
-f  .01355 
+  .01000 
-t-  .02145 
+  .01080 
-f  .00355 
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TABIE  ^--Continiied 
Tuba  Ho.  1— Continiwd 


VJ'CWIUMMIB  m 

z 

J 

k-»~«- 

OmdiifltioiiB  in 
osoUmflten 

z 

y 

k--;^ 

65 

aooo 

+  .132 
+  .324 
+  .501 
+  .533 
+  .542 
+  .309 
+  .120 
+  .036 
+  .065 
.000 

.000 

-  .277 

-  .421 

-  .499 
-.639 

-  .793 
-.703 

-  .474 

-  .379 
-.259 

.000 
+  .322 
+  .641 

-a  310 

-.298 
-.226 

-  .169 

-  .256 

-  .367 

-  .717 
-L024 

'   -L227 
-1.316 
-1.500 

-1.500 
-L629 
-1.624 
-1.552 
-L543 
-L549 
-L309 
-.928 
-.682 
-.411 

-  .000 
+  .475 
+  .946 

+    +    +    +    +    +    +I+    +    +I                 IIIIIII+    +    + 

0 

twtw 

aooo 

+  .085 
+  .338 
+  .480 
+.  428 
+  .099 

-  .243 

-  .295 

-  .219 

-  .095 
.000 

.000 

-  .397 
-.623 
-.829 
-L104 
-L046 

-  .892 
-.876 
-.655 

-  .311 
.000 

-a  186 

-.177 

.000 

+  .067 

-  .061 
-.464 

-  .879 
-1.O07 
-1.006 

-  .957 

-  .938 

-1.500 
-1.631 
-1.589 
-1.527 
-1.535 
-L206 

-  .780 
-.493 

.000 
+  .618 
+1.203 

67 

2.5 

+a  00036 

69 

5 

+  .00708 

71 

7.5 

+  .00268 

78 

10 

-  .00512 

75 

12.5 

-  .01612 

77 

15 

-  .01660 

79 

17.5 

-  .00512 

81 

20 

+  .00004 

83 

22.5 

+  .00196 

85 

25 

+  .00076 

85 

S5 

87 

87.5 

-  .00524 

89 

90 

+  .00168 

91 

92.5 

+  .00248 

93 

95 

-  .00032 

95 

97,5 

+  .01316 

97 

100 

+  .01704 

991 

102.5 

+  .01148 

101 

105 

+  .01972 

103 

107.5 

+  .02472 

105 

110 

+  .02380 

107 

109 

TABIB3 
Tube  No.  2 


W&WIIHUWUB  m 

I 

J 

*-'c" 

QnAvutiooM  in 
MntfnMtati 

I 

y 

-     •— *■ 

1 

twtw 

+a227 

+  .091 

.000 

+a068 

+  .011 

.000 

-a  00285 
-.00060 

—  .00080 

7 

nun 
-a  096 

-.188 

-.232 

twtw 

-a  016 

-  .029 
+  .007 

3 

9 

-a  00065 

5 

11 

+  .00180 

+  .00365 
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TABLB  3— Coatisiiwd 
Tuba  No.  2— Contiiiiwd 


[va,  u 


Ondnatloas  in 


13 

15 

17 

19 

21 

23 

25 

25 

27 

29 

31 

33 

35 * 

37 

39 

41 

43 

45 

45 

47 

49 

51 

53 

55 

57 

59 

61 

63 

65 

65 

67 

69 

71 


nun 
-a  239 

-  .260 

-  .248 

-  .168 

-  .081 

-  .018 
.000 

.000 
+  .091 

-  .018 
+  .011 
+  .097 
+  .114 
+  .088 

-  .003 

-  .048 

-  .035 
.000 

.000 
+  .101 
+  .165 
+  .189 
+  .189 
+  .184 
+  .057 

-  .234 

-  .292 

-  .202 
.000 

.000 

-  .002 
+  .059 
+  .168 


.  nun 

+0.080 

+  .139 
+  .231 
+  .392 
+  .558 
+  .702 
+  .800 

+  .800 
+  .834 
+  .668 
+  .641 
+  .670 
+  .630 
+  .548 
+  .401 
+  .299 
+  .256 
+  .234 

+  .234 
+  .313 
+  .355 
+  .358 

+  .336 
+  .309 
+  .160 

-  .153 

-  .232 
+  .164 
+  .016 

+  .016 
+  .200 
+  .446 
+  .741 


+0.00295 
+  .00460 
+  .00605 
+  .00630 
+  .00720 
+  .00490 

+  .00170 

-  .00830 

-  .00135 
+  .00145 

-  .00200 

-  .00410 

-  .00735 

-  .00510 

-  .00215 

-  .00110 

+  .00395 
+  .00210 
+  .00015 
•-  .00110 

-  .00135 

-  .00745 

-  .01565 

-  .00395 
+  .00340 
+  .00900 

+  .00920 
+  .01230 
+  .01475 
+  .01395 


Oxndoatlani  in 
contlniston 


73.. 
75.. 
77.. 
79.. 
81.. 
83.. 
85.. 

85.. 

87.. 

89.. 

91.. 

93.. 

95.. 

97.. 

99.. 
101.. 
103.. 
105.. 
107.. 
109.. 

0.. 

2.5 

5.. 

7.5 
10.. 
12.5 
15.. 
17.5 
20.. 
22.5 
25.. 

85.. 
87.5 


I 

y 

+a26i 

+1.020 

+ 

.346 

+L292 

+ 

.392 

+1.523 

+ 

.375 

+L690 

+ 

.284 

+L784 

+ 

.183 

+1.868 

.000 

+1.868 

.000 

+L868 

+ 

.064 

+L764 

+ 

.031 

+1.525 

— 

.054 

+1.254 

— 

.110 

+1.012 

- 

.157 

+  .778 

- 

.183 

+  .566 

- 

.106 

+  .455 

- 

.006 

+  .366 

+ 

.049 

+  .235 

.000 

•000 

- 

.050 

-.236 

— 

.073 

-  .446 

.000 

+  .146 

— 

.207 

+  .004 

- 

.276 

.000 

- 

.375 

-.034 

- 

.430 

-  .024 

— 

.408 

+  .064 

— 

.406 

+  .132 

— 

.350 

+  .254 

— 

.187 

+  .482 

- 

.066 

+  .669 

.000 

+  .800 

.000 

.  +L868 

+ 

.082 

+L710 

8—1 


*"  if 


+a  01360 
+  .01155 
+  .00835 
+  .00470 
+  .00420 
.00000 

-  .00520 

-  .01185 

-  .01355 

-  .01210 

-  .01170 

-  .01060 

-  .00555 

-  .00435 

-  .00665 

-  .01175 

-  .01180 

-  .01050 


-  .00016 

-  .00136 
+  .00040 
+  .00352 
+  .00272 
+  .00488 
+  .00912 
+  .00748 
+  .00524 

-.00632 

-  .01330 
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TABLE  3-~€oiitiiiiied 
Tube  No.  2— Continued 
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OmfliHiliiM  tai 

I 

J 

*-'C" 

Gndufltioos  In 

z 

y 

k-*;^ 

90 

-a  009 

-  .082 

-  .128 
-.138 

-  .024 

+L380 
+1.068 
+  .783 
+  .533 

+  .405 

-0.01248 

-  .01140 

-  .01000 

-  .00512 

-  .00492 

102.5 

tmw 

+a094 

+  .051 

-  .002 

.000 

+a282 
.000 

-  .292 

-  .530 

923 

105 

-a  01128 

9S 

107.5 

-  .01168 

97.5 

110 

-  .00952 

100 

TABLE  4 
Tube  No.  3 


Onduatlou  in 
cmtbnotsifl 


1. 
3. 
5. 

7. 

9. 
11. 
13. 
15. 
17. 
19. 
21. 
23. 
25. 

25. 
27. 
29. 
31. 
33. 
35. 
37. 
39. 


K 

y 

mm 
-0.320 

mm 

-a  651 

- 

.113 

-  .278 

.000 

.000 

— 

.os» 

+  .106 

— 

.172 

+  .155 

— 

.217 

+  .274 

— 

.246 

+  .409 

— 

.223 

+  .597 

— 

.139 

+  .846 

- 

.025 

+1.126 

+ 

.053 

+L369 

+ 

.049 

+L529 

.000 

+1.644 

.000 

+1.644 

+ 

.074 

+1.760 

+ 

.083 

+1.811 

+ 

.047 

+L817 

- 

.017 

+L795 

— 

.042 

+L812 

+ 

.001 

+L898 

+ 

.074 

+2.013 

+0.01865 
+  .01390 
+  .00530 
+  .00245 
+  .00595 
+  .00675 
+  .00940 
+  .01245 
+  .01400 
+  .01215 
+  .00800 
+  .00575 

+  .00580 
+  .00255 
+  .00030 
-  .00110 
+  .00085 
+  .00430 
+  .00575 
+  .00385 


QndxuOoDM  in 
cmtlmotoifl 


41 
43 
45 

45 
47 
49 
51 
53 
55 
57 
59 
61 
63 
65 

65 
67 
69 
71 
73 
75 
77 


i 

K 

J 

mnt 

+0.109 

+2.090 

+ 

.070 

+2.093 

.000 

+2.065 

.000 

+2.065 

+ 

.012 

+2.082 

+ 

.022 

+2.098 

+ 

.090 

+2.171 

+ 

.182 

+2.269 

+ 

.302 

+2.395 

+ 

.377 

+2.475 

+ 

.302 

+2.405 

+ 

.202 

+2.311 

+ 

.106 

+2.219 

.000 

+2. 118 

.000 

+2.118 

— 

1.06 

+2.095 

+ 

.032 

+2.115 

+ 

.031 

+2.097 

+ 

.161 

+2.209 

+ 

.212 

+2.243 

+ 

.141 

+2.155 

k- 


8— S. 


+0.00015 

-  .00140 

+  .00085 
+  .00080 
+  .00365 

+  .00490 
+  .00630 
+  .00400 

-  .00350 

-  .00470 

-  .00460 

-  .00505 

-  .00U5 
+  .00100 

-  .00090 

+  .00560 
+  .00170 

-  .00440 

-  .00690 
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TABLE  4— CantiniMd 
Tuba  No.  3 — ContiniMd 


[ViiLa 


Onulnatlons  In 
cmilmnliftfM 


79.. 
81.. 
83.. 
85.. 

85.. 

87.. 

89.. 

91.. 

93.. 

95.. 

97.. 

99.. 
101.. 
103.. 
105.. 
107.. 
109.. 

0.. 
2.5 


z 

J 

mm 

+aoi9 

ttMH 

+2.017 

-  .029 

+1.952 

-  .012 

+L951 

.000 

+L946 

.000 

+L946 

+  .105 

+L856 

+  .003 

+L560 

-  .031 

+L331 

—  .039 

+L129 

-  .100 

+  .874 

-.179 

+  .601 

-.249 

+  .337 

-  .188 

+  .203 

-.106 

+  .088 

.000 

.000 

+  .156 

-.040 

+  .325 

-.067 

•000 

-.849 

+  .246 

-.351 

^_»-«m 


-a  00325 

-  .00005 

-  .00025 

-  .00450 

-  .01480 

-  .01145 

-  .01010 

-  ai275 

-  .01365 

-  .01320 

-  .00670 

-  .00575 

-  .00440 

-  .00200 

-  .00135 

+  .01992 
+  .01404 


Oxadnailoni  in 


5.. 

7.5 
10.. 
12.5 
15.. 
17.5 
20.. 
22.5 
25.. 

85.. 

87.5 

90.. 

92.5 

95.. 

97.5 

100.. 

102.5 

105.. 

107.5 

110.. 


+0.347 
+  .227 
+  .071 

-  .016 

-  .050 
+  .022 
+  .104 
+  .102 

.000 

.000 
+  .043 

-  .114 

-  .156 
-.263 
-.417 
-.476 
-.407 
-.327 
-.168 

.000 


aooo 

+  .128 
+  .220 
+  .382 
+  .596 
+  .918 
+L250 
+L498 
+1.644 

+L946 
+1.786 
+L427 
+L183 
+  .875 
+  .519 
+  .258 
+  .123 
.000 

-  .045 

-  .081 


k- 


8-«B 


+a  00512 
+  .00368 
+  .00648 
+  .00656 

+  .01286 
+  .01328 
+  .00992 
+  .00584 

-.00640 

-  .01436 

-  .00976 

-  .01232 

-  .01424 

-  .01044 
-.00540 

-  .00492 

-  .00180 

-  .00141 


TABIB5 
Tube  Ho.  4 


Otadoatloiu  In 
Mnttm0t6n 


1 
3 
5 

7 

9 

11 

13 

15 


+ai83 

+  .099 
.000 
+  .026 
+  .002 
+  .066 
+  .167 
+  .278 


+a268 

+  .102 

.000 

-.017 

-  .064 

-  .063 

-  .005 
+  .063 


—0.00630 

-  .00510 

-  .00065 

-  .00335 
+  .00105 
+  .00290 
+  .00340 
-.00565 


Oradaatiani  In 
cmtlniotsifl 


17 
19 
21 
23 
25 
25 
27 
29 


z 

J 

fWtW 

+a205 

nun 
-a  054 

+  .060 

-  .213 

+  .050 

-  .294 

+  .032 

-  .357 

.000 

-  .430 

.000 

-.430 

+  .036 

-.570 

-  .161 

-.943 

•—I 


—Oi  00795 

-  .00405 
-.00315 

-  .00365 

-  .00700 

-  .01865 

-  .01205 
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TABLB  5--Coiitiiiiwd 
Tube  No»  4 — Coatinnad 
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Ondnatioiis  In 


n. 

33. 
35, 

37. 
39, 
41 
43, 
45 

45. 
47 
49 
51 
53 
55 
57 
59 
61 
63 
65 

65 

67 
69 
71 
73 
75 
77 
79 
81 
83 
85 

85 

87 


-0.225 

-  ,152 

-  .135 

-  .245 

-  .297 

-  .185 

-  .052 
.000 

.000 

-  .123 

-  .205 

-  .224 

-  .244 

-  .180 

-  .219 

-  .333 

-  .307 

-  .162 
.000 

.000 

-  .250 

-  .418 

-  .437 

-  .380 

-  .280 

-  .363 

-  .340 

-  .207 

-  .102 
.000 

.000 

-  .029 


-1.184 
-1.288 
-1.449 
-1.734 
-L963 
-2.030 
-2.074 
-2.200 

-2.200 
-2.478 
-2.715 
-2.891 
-3.066 
-3.159 
-3.353 
-3.623 
-3.753 
-3.765 
-3.760 

-3.760 
-3.900 
-3.956 
-3.864 
-3.694 
-3.481 
-3.453 
-3.318 
-3.072 
-2.855 
-2.640 

-2.640 
-2.406 


fc_»-«n 


-a  00520 

-  .00605 

-  .01425 

-  .01145 

-  .00335 

-  .00220 

-  .00630 

-  .01390 

-  .01185 

-  .00880 

-  .00675 

-  .00465 

-  .00970 

-  .01350 

-  .00650 

-  .00060 
4*  .00025 

-  .00700 

-  .00280 
+  .00460 
+  .00650 
+  .01065 
+  .00140 
+  .00675 
+  .01230 
+  .01085 
+  .01075 

+  .01170 
+  .01265 


OradiMtiooi  In 


89.. 

91.. 

93.. 

95.. 

97.. 

99.. 
101.. 
103.. 
105.. 
107.. 
109.. 

0.. 

2.5 

5.. 

7.5 
10.. 
12.5 
15.. 
17.5 
20.. 
22.5 
25.. 

85.. 

87.5 

90.. 

92.5 

95.. 

97.5 

100.. 

102.5 

105.. 

107.5 

110.. 


-a  039 
+  .013 
+  .083 
+  .176 
+  .264 
+  .390 
+  .354 
+  .23* 
.000 

-  .200 

-  .319 

.000 

-  .230 

-  .244 

-  .196 

-  .178 

-  .035 
+  .149 
+  .091 

-  .032 
+  .002 

.000 

.000 

-  .010 
+  .056 
+  .184 

+ 
+ 
+ 
+ 
+ 
+ 


.504 
.617 
.  566 
.323 
.117 
.000 


-2.153 
-1.836 
-L500 
-1.142 

-  .789 

-  .397 

-  .170 

-  .027 
.000 

+  .062 
+  .205 

+  .412 

+  .098 

.000 

-  .038 

-  .103 

-  .044 
+  .055 

-  .087 

-  .294 

-  .344 
-.430 

-2.641 
-2.362 
-2.006 
-1.587 
-1.147 

-  .685 

-  .281 

-  .043 
.000 

+  .080 
+  .250 


k--=^ 


+a  01585 
+  .01680 
+  .01790 
+  .01765 
+  .01960 
+  .01135 
+  .00715 
+  .00135 
+  .00310 
+  .00715 

-  .01256 

-  .00392 

-  .00152 

-  .00260 
+  .00236 
+  .00896 

-  .00568 


—  .00200 

-  .00344 

-f  .01116 
+  .01424 
+  .01676 
+  .01760 
+  .01848 
+  .01616 
+  .00958 
+  .00172 
+  .00820 
+  .1 
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iva,n 


£8        66        74 

Fto.  i.'-^aUbraHon  curves 
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TABLB  6 
CoKrections  lor  Lack  of  nnifoaiiiiy  (In  Ftfts  per  MUlkn). 


latefvtBl 

20-01111  callbntisii 

»—-»-*- 

Tnte 

FInt             Stood             fine 

Seoond 
^pnsJiiuitlon 

ir«,i 

5-25 
25-45 
45-65 

65-85 
85-105 

15.27 
14.54 
22.49 
16.15 
24.78 

15.54 
14.26 
22.73 
16.63 
25.95 

15.06 

24.65 
5.28 

19.37 
15.72 

21.59 
3.53 

39.82 

15.21 

25.12 

5-105 

1 

93.23 

95.11 

No.  2 

5-25 
25-45 
45-65 
65-85 

85-105 

5.16 

3.74 

8.72 

21.31 

20.38 

5.10 

3.67 

8.71 

21.25 

19.85 

5.27 

19.72 

5-105 

1 

59.31 

58.58 

No.  3 

5-25 
25-45 
45-65 
65-85 
85-105 

15.84 
2.20 
3.46 
2.35 

22.02 

15.81 
2.20 
3.50 
2.31 

22.13 

15.58 

21.75 

5-105 

45.87 

45.95 

ir«,4 

5-25 
25-45 

45-65 
65-85 
85-105 

3.40 
20.98 
16.96 
13.96 
40.21 

3.42 
20.75 
16.76 
13.79 
39.91 

3.69 

.  39.71 

_      5-105 

1 

95.51 

94.63 

A  rapid  method  of  calibration  employed  at  the  National  Phys- 
ical Laboratory^  consisted  in  making  five  separate  series  of 
measurements  of  5-cm  threads.  Each  tube  was  provided  with  a 
reference  mark,  and  the  measurements  were  usually  made  over 
an  interval  10  to  15  cm  beyond  the  limits  selected  for  use. 

The  first  series  of  readings  consisted  in  the  linear  measurements 
(by  the  aid  of  a  simple  comparator)  of  a  thread  of  mercury,  ap- 
proximately 5  cm  in  length,  in  successive  5-cm  intervals.    The 


*  p.  B.  Smith,  "On  the  Constmctioa  of  101116  mercury  ■taadards  of  resistance,"  etc.    PhiL  Trans.,  A. 
V  pp.  66-67;  1904. 
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intervals  were  usually  designated  0-5,  5-10,  10-15,  ^te.  The 
second  series  consisted  in  detennixiing  the  thread  lengths  for  the 
positions  1-6,  6-1 1 » 1 1-16,  etc.,  and  similarly  for  the  third,  fourth, 
and  fifth  series,  approximately  six  hours  being  reqtiired  for  the 
five  series  of  measurements. 

The  caliber  factor  was  computed  from  each  series  of  measure- 
ments and  also  from  the  combined  data  of  the  entire  set  of  meas- 
urements. Separate  corrections  were  applied  for  conicality.  There 
is  no  data  given  as  to  the  order  of  agreement  of  the  caliber  factor 
as  separately  determined. 

A  preliminary  simple  calibration  of  each  of  the  four  Btueau  of 
Standards  tubes  was  made  in  order  to  determine  the  approximate 
magnitude  of  their  caliber  factors.  The  following  readings  on 
5-cm  threads  (made  with  the  aid  of  a  hand  reading  glass  only) 
together  with  the  computation  of  the  caliber  factors  of  each  tube 
are  given  in  Table  7. 

While  the  caliber  factors  of  tubes  No.  2  and  No.  3,  thus  deter- 
mined agree  very  closely  with  those  given  in  Table  6,  we  feel  that 
the  larger  discrepancies  shown  in  the  case  of  tubes  No.  i  and  No. 
4  have  justified  the  more  accurate  calibration  made.  Table  8  is 
a  summary  of  four  separate  calculations  of  the  caliber  factor  of 
each  tube  and  is  self-explanatory. 
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TABLE  7 


Observrntknial  Data  from  a  Sin^  Calibiatioa  of  the  4  B.  S.  TuIms  together  with  the 

Computation  of  Their  Caliber  Factors 


TabeNo.! 

Tabe  No.  2 

Inieml 

ThxMd  tongtb  in 
cmttnifltdn 

1 

T 

Thxood  longtb  In 

1 

• 

Down 

Up 

Mmn 

Down 

Up 

Mom 

S-  10 

5.01 
5.09 
5.03 
5.00 
5.04 
5.06 
5.01 
4.96 
5.03 
4.97 
4.95 
4.96 
4.99 
5.00 
5.08 
5.04 
5.00 
4.98 
4.91 
4.92 

5.00 

5.08 

5.02 

5.00 

5.04 

5.05 

5.02 

4.965 

5.03 

4.97 

4.93 

4.96 

4.99 

5.01 

5.07 

5.03 

5.01 

4.99 

4.91 

4.91 

5.005 
5.085 
5.025 
5.000 
5.040 
5.055 
5.015 
4.962 
5.030 
4.970 
4.940 
4.960 
4.990 
5.005 
5.075 
5.035 
5.005 
4.985 
4.910 
4.915 

0.1996002 
.1966568 
.1990050 
.2000000 

.1984127 
.1978239 
.1994018 
.2015316 
.1908072 
.2012077 
.2024291 
.2016129 
.2004008 
.1996002 
.1970443 
.1966097 
.1998002 
.2006018 

.2034588 

5.04 

5.01 

5.00 

5.00 

5.03 

5.03 

5.055 

5.06 

5.015 

5.045 

5.09 

5.02 

4.975 

4.96 

4.98 

5.02 

5.09 

5.10 

5.075 

5.08 

5.03 

5.015 

5.00 

5.00 

5.04 

5.04 

5.06 

5.05 

5.02 

5.04 

5.08 

5.02 

4.98 

4.95 

4.985 

5.02 

5.09 

5.10 

5.075 

5.075 

5.035 
5.012 
5.000 
5.000 
5.035 
5.035 
5.058 
5.055 
5.018 
5.042 
5.065 
5.020 
4.978 
4.965 
4.962 
5.020 
5.090 
5.100 
5.075 
5.078 

■  0.1966097 

10-  15 

.1995211 

15-  20 

.2000000 

20-  25 

.2000000 

25-  30 

.1986097 

30-  35 

.1906097 

35-  40 

.1977066 

40-  45 

.1978239 

45-50 

.1992826 

50-55 

.1963340 

55-  60 

.1966568 

60-65 

.1992032 

65-  70 

70-  75 

.2018163 

75-80 

.2007226 

80-85 

.1992032 

85-90 

.1964637 

90-95 

.1960784 

9S-100 

.1970443 

100-105 

.1969279 

100.007 

4.0000702 

100.679 

3.9734976 

1( 

)0.007X4.0000702    . 

400             ^^ 

.0000876 

Ij 

X).679X3.9734976    , 
400             -^ 

.0000598 

4o6 
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TABLE  7— Cootintied 


Tube  No.  3 

Tttbe  No.  4 

Intonral 

ThiMd  lanctli  in 

jij-jl1Iiii  ill  I  ■ 

1 

Tlinnd  longtb  In 
wwiHinotofi 

1 

Down 

Up 

Meui 

Down 

Up 

Mmn 

4.93 
•4.89 
4.87 
4.89 
4.90 
4.915 
4.91 
4.94 
4.93 
4.90 
4.945 
5.95 
4.94 
4.905 
4.95 
4.94 
4.99 
4.96 
4.985 
4.95 

4.91 

4.88 

4.86 

4.89 

4.90 

4.93 

4.91 

4.94 

4.93 

4.90 

4.93 

4.95 

4.94 

4.91 

4.95 

4.95 

4.985 

4.99 

4.99 

4.95 

4.920 
4.885 
4.865 
4.890 
4.900 
4.922 
4.910 
4.940 
4.930 
4.900 
4.938 
4.950 
4.940 
4.908 
4.950 
4i945 
4.988 
4.985 
4.988 
4.950 

0.2082520 
.2047083 
.2055498 
.2044990 
.2040816 
.2031694 
.2036660 

4.99 

4.97 

5.02 

4.98. 

5.04 

5.00 

5.03 

5.00 

5.04 

5.02 

5.03 

4.93 

4.99 

4.95 

4.95 

4.92 

4.91 

4.89 

4.89 

4.94 

5.00 

4.97 

5.01 

4.99 

5.04 

5.01 

5.04 

5.00 

5.03 

5.02 

5.03 

4.96 

5.00 

4.94 

4.955 

4.92 

4.92 

4.89 

4.89 

4.94 

4.995           O 

4.970 

5.015 

4.985 

5.040 

5.005 

5.035 

5.000 

5.035 

5.020 

5.030 

4.980 

4.995 

4.945 

4.952 

4.920 

4.915 

4.890 

4.890 

4.940 

5-  10.. 

10-15 

2012072 

15-20 

.1994018 

20.25 

> 2006018 

25-30 

.1984127 

80-35 

.1998002 

85-40 

.1986097 

.2024291 
.2028398 
.2040816 
.2025111 
.2030202 
.2024291 
.2037490 
.2020202 
.2022245 
.2004812 
.2006018 
.2004812 

40-  45 

1 2000000 

45-50 

.1986097 

50-55 

.1992082 

55-60 

.1988072 

60-65 

. 2008032 

6S-  70 

70-75 

.2022245 

75-80 

.2019386 

80-85 

.2082520 

85-90 

.2034588 

90-95 

.2044990 

95-100 

.2044990 

100-105 

.2024291 

96.604 

4.0568151 

99.557           4 

.0181581 

9 

8.604X4UIS68151    . 

0000455 

9 

9.557X4.0181581    ,  ,»«„.,«^ 

I 

400            "^* 

t 

TABLB8 
Calcolatod  Calib«r  Faclora,  5  to  105  cm  Sectioos 


How  calcnlatod 

TnboNo.1 

TaboNo.2 

TnlMNo.S 

TttlMNo.4 

^MUi  •J*  AiCMpRtlimo  on  5-fifli  tncMMs. ................ 

1.0000876 

1.0000931 
1.U00U951 

1.0000844 

1.0000598 

1.0000598 
1.0QOOS86 

1.0000539 

1.0000455 
1.0000439 

1.0000094 

nwn  Abtawliftid  csUbntlBn  u  iwdot  flnt  appmlwui* 
dn 

1.00009915 

VUu^M.      ■fill   ...J  1  1  ■    J ..*             '.                   -»                                  *               -- 

Miuuk  MHUofmoQ  cuiDnnHit  Mcona  opfWMnionon.... 
Viwn  msUvo  cfooB  mcUhi  of  4^ni  oocttono*  MoonA 

^PpMBlO**'"''*'    Cfl^VOO.  a. ..••>.  ax.  ..•.•.•...•••.  ........ 

1.000Q94i 
1.0000871 
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C.  DETERMINATION  OF  THE  APPROXIMATE  OHM  LENGTHS 

The"  approximate  ohm  length  of  each  tube  was  derived  from 
the  mean  of  three  determmations,  made  as  follows: 

The  tube  tmder  observation  was  first  cleaned  and  dried  in  the 
usual  maimer  and  the  micrometer  microscopes  set  very  nearly 
100  cm  apart.  A  thread  of  mercury  of  approximately  this 
length  was  then  introduced  and  observations  made  on  both  the 
base  and  tip  of  the  meniscus  at  each  end  of  the  coltimn  m  the  2.5 
to  102.5,  5  to  105,  and  7.5  to  107.5  cm  intervals  and  on  the  adja- 
cent graduations.  These  observations  were  then  repeated  in 
the  reverse  order.  The  thread  lengths  were  thus  referred  to  the 
graduations  and  the  micrometer  settings.  The  temperature  at 
each  end  of  the  tube  was  recorded  for  each  position  of  the  thread 
and  all  thread  lengths  reduced  to  a  common  temperature.  The 
mercury  was  then  drawn  out  and  carefully  weighed  and  the  ohm 
length  at  0°  C.  derived  from  the  following  formula,  after  applying 
suitable  temperature  corrections : 

-       (106.3)^  M 
•     1 4452 1    L 

The  resulting  lengths  in  centimeters  of  the  graduations,  after  cor- 
recting ior  the  terminal  bulbs  and  applying  the  caliber  corrections, 
are  given  in  Table  9. 

TABLB  9 
Appraiiiiitte  Ohm  Lengfhs 


TalM 

leii(th 

1 

cm 

9115 

96.U 

97.02 

100.66 

z 

3 

4 

D.  LOCATION  OP  CUTS 

Knowing  the  ohm  lengths  of  the  tubes,  the  locations  of  the  cuts 
were  so  chosen  that  the  terminal  planes  would  lie  where  the  cross 
section  of  the  bore  could  be  most  accurately  interpolated.  This 
was  done  in  each  case  by  selecting  two  points  on  the  cross-section 


4o8  Bulletin  of  the  Bureau  of  Standards  [Vd,  a 

crurve,  the  proper  distance  apart,  where  the  curvature  was  most 
free  from  irregularities. 

E.  CUTTING,  GRINDING,  AND  POLISHING 

The  tubes  were  cut  at  points  i  mm  outside  of  the  selected  points, 
to  allow  for  a  possible  irregular  fracture.  After  grinding  down  to 
approximately  the  right  points  they  were  tapered  for  the  end  bulbs 
and  cleaning  and  drying  connections,  the  tapers  being  the  same 
so  as  to  make  all  fittings  interchangeable.  The  ends  were  then 
given  an  optical  polish.  The  details  of  the  grinding  and  polishing 
are  as  follows:  .     , 

To  prevent  the  chipping  of  the  bore,  which  must  be  very  care- 
fully guarded  against  on  accotmt  of  its  possible  influence  on  the 
correction  for  the  terminal  bulbs,  the  ends  of  the  tube  were  plugged 
with  a  slightly  tapering  rod  of  the  same  kind  of  glass  set  in  with 
sealing  wax,  the  slight  heating  required  being  local. 

The  tube  was  mserted  in  a  holder  provided  with  a  number 
of  supports  to  prevent  flexure  of  the  tube.  This  holder,  consisting 
of  a  brass  tube,  was  clamped  vertically  between  two  sets  of  rollers, 
one  of  each  set  being  carried  by  springs  pressing  the  holder  against 
the  companion  rollers  mounted  directly  from  the  massive  frame 
of  the  apparatus.  The  lower  end  of  the  holder  was  supported  at 
one  end  of  a  lever,  to  the  other  end  of  which  weights  could  be 
applied  for  counterbalancing.  The  holder  was,  therefore,  free  to 
move  in  the  direction  of  the  axis  of  the  tube,  the  end  of  which  was 
pressed  lightly  upward  against  the  grinding  or  polishing  surface. 
This  had  a  bearing  surface  on  a  steel  ring,  mounted  from  the  frame 
and  capable  of  adjustment  so  as  to  be  at  right  angles  to  the  axis 
of  the  holder.  The  grinding  plate  was  of  brass  turned  plane  in  a 
lathe.  The  motion  in  grinding  was  irregular,  the  grinding  plate 
being  rotated,  and  any  lateral  motion  being  limited  by  a  ring 
(screwed  to  the  plate)  of  slightly  smaller  diameter  than  the  open- 
ing of  the  steel  ring.  The  polishing  plate  was  constructed  as 
shown  in  Fig.  2.  The  pitch  surface,  a,  about  0.5  mm  thick,  was 
applied  by  covering  the  central  metal  surface  with  the  melted 
material,  the  ring  limiting  the  motion  having  been  removed,  so 
that  by  pressing  the  plate  on  a  plane  glass  surface  a  plane  polish- 
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ing  surface  was  secured  in  the  same  plane  as  the  bearing,  surface 
of  the  tool. 

The  polishing  was  continued  until  the  surface  was  plane  to 
within  one-half  wave  length  (0.3  micron),  as  shown  by  the  inter- 
ference fringes  between  the  surface  and  an  optically  polished  glass 
plate  resting  on  the  same,  tight  from  a  helium  tube  being  employed 
for  testily.  Tests  were  also  made  which  showed  that  the  end 
surfaces  were  in  each  case  approximatdy  at  right  angles  to  the 
axis  of  the  tube. 

The  actual  location  of  the  cuts  with  reelect  to  the  graduations 
was  determined  as  follows:  llie  fixed  distance  between  the  two 
microscopes,  set  at  ap- 
proximateiy  12  cm 
apart,  was  determined 
by  taking  a  double  set 
of  observations  on  the 
graduations,  using  the 
micrometers.     Tlie  end 

Flo.  a.-'Politking  pUiU  uted  in  grinding  and  polish-    of  the    tube    was    then 

ingmdto/tvUi  brought  under  one  mi- 

croscope and  the  position  of  the  other  microscope  with  respect 
to  the  graduations  noted.  Repeated  observations  were  made  in 
each  case;  the  mean  values  obtained  and  referred  to  the  gradua- 
tions are  given  in  Table  10. 

TABLE  10 
Location  of  Ciils 


Tab* 

.^ 

lOO*^ 

L-fOi 

em 

cm 

cm 

II0.1.... 

S.97S 

un.ou 

».0T* 

Mfcl 

U.(07 

loe-m 

Ha.9 

10. 9M 

WT.W 

97.001 

4.9W 

m.tsi 

100.  TIB 

4IO 
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F.    CALCULATION   OF   THE   CALIBER   FACTORS   FOR    THE 

FINISHED  TUBES 

Having  determined  the  location  of  the^  terminal  planes,  the 
caliber  factors  for  the  finished  tubes  were  determined  from  the 
fommla 


i+C-=i  + 


n  +  a  +  fi 


^        n+a  +  /3  n  +  a-fjS 

The  values  of  a  and  /5  are  given  below: 


TABLE  11 


Tube 

a 

fi 

1 

o.5iao 

•5185 
•0020 
.0035 

0.0275 
.6485 
.4485 
.3475 

2 

8 

4 

In  order  to  make  the  effect  of  the  term 


2^fe-fa*a  +  /5Jfe^ 


neg- 


n  +  a-^-fi 

ligible,  corrections  were  applied  to  the  k's  in  Tables  2  to  5  which 
are  expressed  in  terms  of  the  mean  cross  sections  in  the  interval 
5-105,  to  refer  them  to  the  mean  cross  sections  of  the  finished 
tubes.    The  simplified  formula  (17)  becomes  as  shown  on  page  38 1 , 


n  +  a  +  ff 


n  +  a  +  fi 


The  caliber  factor  computed  by  the  above  formula  is  based  on 
the  assumption  that  the  resistance  of  the  tube  is  equal  to  the  sum 
of  the  resistances  of  the  separate  elements,  each  regarded  as 
cylinders.  As  a  further  approximation  they  may  be  taken  as 
uniformly  conical,  having  terminal  areas  given  by  the  cross- 
section  curve.  From  these  areas  a  correction  factor  for  conicality* 
expressing  the  mean  ratio  of  the  resistance  of  the  conical  to  the 


*  Smith,  Trans.  Roy.  Soc.,  204,  p.  40;  1904. 
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corresponding  cylindrical  elements  was  computed.    The  part  con- 
tributed by  each  element  is  given  by  the  very  approximate  formula 


R' 


i-f 


d? 


Ro  12 

in  which  d  denotes  the  ratio  of  the  terminal  cross  sections.  This 
correction  is  not  included  in  Tables  2  to  5  and  has  only  been  com- 
puted for  the  fijiished  tubes. 

A  sample  computation  of  the  caliber  factor  of  Tube  No.  i  is 
given  in  Table  12.  The  k*  and  k^  terms  are  taken  directly  from 
tables,  so  that,  as  will  be  seen,  the  computation  has  beea  very 
much  simplified. 

TABLE  12 
Caliber  Factor,  Tube  No.  1 


Itttoi?al 


5.97&-7 r 

7-9 

9-U 

U-13 

18-15 

15-17 

17-19 

19-21 

21-23 

2S-25 

25-27 

27-29 

29-81 

81-88 

83-85 

85^ 

87-89 

39-41 

41-48 

48-45 

45-47 

47-49 

4^-51 

51-58 

58-55 

55-57 

57-hM 

59-51 

61-«8 


+ 
+ 
+ 


+0.00280 

-  .00355 

-  0995 

-  1685 

-  1505 
~      0665 

-  0155 
0220 
0340 
0010 
0740 
1280 

oeso 

1095 
1065 
0675 
0130 
0125 
1095 
0395 
0570 
0530 
0220 
0620 
1145 
1355 
1060 
2145 
1060 


+ 
+ 
+ 


+ 
+ 
+ 
+ 


+ 
+ 

+ 
+ 

+ 
+ 
+ 


+0.00305 

-  0260 

-  0920 

-  1610 

-  1430 

-  -0990 

-  0060 
0295 
0415 
0065 
0665 
1205 
0775 
1020 
0990 
0600 
0205 
0200 
1170 
0470 
0495 
0455 
0295 
0695 
1220 
1430 
1155 
2220 
1155 


+ 
+ 
+ 
+ 


+ 
+ 
+ 
+ 
+ 
+ 
+ 


(4.8) 

7.6 

64.6 

827.6 

204.5 

84.6 

.6 

8.7 

17.2 

.7 

44.2 

145.2 

60.1 

104.0 

96.0 

86.0 

4.2 

4.0 

136.9 

22.1 

24.5 

20.7 

6.7 

60.1 

146.6 

204.5 

183.4 

492.8 

183.4 


(0.0) 

.0 

.6 

-5.9 

-2.9 

-  .2 
.0 
.0 

+  .1 
.0 

-  .8 

-  1.7 

-  .5 

-  1.1 

-  .9 

-  .2 
.0 
.0 

+  1.6 
+    .1 

-  .1 

-  .1 
.0 

+  .7 
+  1.6 
+  2.9 
+  1.5 
+10.9 
+  1.5 
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TABLE  12— Continued 


IuIm'vhL 


k«- 


•-■o 


k-=^ 


63-65 

65-67 

67-69 

6^71 

71-73 

73-75 

75-77 

77-79 

79-81 

81-83 

83-85 

85-«7 

87-89 

89-91 

91-^ 

93-95 

95-97 

97-99 

99-101 

101-101.055 


+0XK»55 
+  .00060 

+   0360 
+   0285 

-  0435 
"     0555 

-  1750 

-  1535 

-  1015 

-  0445 

-  0920 

-  0645 
0025 
0360 
0045 
0030 
1200 
1905 
1230 
0965 


+ 
+ 
■f 


■f 
+ 
+ 

+ 


+0.00430 

+  0135 

+  0435 

+  0360 

~  0360 

•  0480 

-  1675 

•  1460 

-  0940 

-  0870 

-  0845 

-  0570 
+  0100 
+  0435 

+  oiao 

•«-  0045 

-f  1275 

+ 
+ 
+ 


1305 
1040 


18.5 

1.8 

18.9 

13.0 

13.0 

23.0 

280.6 

213.2 

88.4 

13.7 

71.4 

S2.5 

LO 

18.9 

L4 

.2 

162.6 

882.0 

170.3 

(.8) 


1 
0 
1 
0 
0 
1 
-4.7 

-a.1 

8 

1 

6 
1 
0 
1 
0 
0 

+  2.1 

+  6. 

+  2 
( 


6 
2 

0) 


Length  of  tube 
Number  of  2  cm  sections 


Zife*  -  41 27.6~    2fe»  -  +  9.0* 


95.079  cm 
47.54 


C.=. ±127:6 9^0 — 86.82 «. 19 -86.63  miliionths 

47.54    47.54 

Table  13  gives  a  summary  of  the  data  obtained  for  the  four 
tubes.  The  part  contributed  by  the  fe*  term  is  very  small  and  it 
was  therefore  unnecessary  to  compute  the  next  term.  The  prob- 
able errors  of  the  caliber  factors  for  the  finished  tubes  were  not 
computed.  They  will  be  given,  for  the  interval  5-105  cm,  in  a 
separate  paper  on  *'  The  probable  error  in  the  determination  of  the 
caliber  factors  of  ohm  tubes,"  by  F.  A.  Wolff,  to  be  published  in 
this  Bulletin.  The  computed  probable  errors  found,  which  of 
course  do  not  take  into  account  the  irregularities  not  disclosed 
by  the  calibrations,  are  in  every  case  less  than  one  part  in  two 
million.  These  values  are  sufficiently  close,  since  the  lengths  of 
all  the  tubes  differed  but  a  few  centimeters  from  a  meter. 
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TABLE  13 

Caliber  Factor  for  Finished  Tubes 

[Cometions  In  parts  per  mfllkm.) 


Tube 

tttnn 

tttnn 

f     1,11  It  II 

torconl- 
oOity  of 

Caliber 
factor 

1+C 

1 

86.82 

64.63 
45.82 
94.31 

-.19 
-.02 
+.05 
-.30 

'  +2.62 
+1.32 
+0.86 
+1.86 

1. 00008925 

2 

1.00006593 

• 

3 

1.00004673 

4 

1.00009587 

G.  DETERMINATION  OF  Mo 

The  methods  available  for  the  determination  of  the  mass  of 
mercury  required  to  fill  the  tube  between  selected  points  may  be 
briefly  described  as  follows: 

First.  A  mass  of  mercury  approximately  equal  to  that  corre- 
sponding to  the  ohm  length  is  introduced  into  the  tube,  prefer- 
ably before  cutting,  in  the  form  of  a  continuous  column,  the  length 
of  which  is  determined  usually  in  a  number  of  positions  near  the 
points  selected  from  preliminary  measurements.  The  correction 
for  the  menisci,  computed  on  the  assumption  of  spehrical  botmding 
surfaces,  more  or  less  uncertain,  must  be  applied.  If  measure- 
ments are  not  made  at  o^,  errors  may  be  introduced  through  errors 
in  the  coefficients  of  thermal  expansion  emplo3red  for  reduction 
as  well  as  in  the  temperature  measurements. 

From  the  mass  of  the  column,  the  corrected  length  at  0°,  together 
with  the  relation  between  the  mean  cross  section  of  the  particular 
interval  to  that  of  the  finished  tube  as  given  by  the  calibration 
curve,  the  mass  of  mercury  required  to  fill  the  tube  between  the 
selected  points  may  be  calculated. 

Attempts  have  been  made  to  eliminate  the  meniscus  correc- 
tion by  flattening  the  menisci  •  by  means  of  ebonite  plugs  intro- 
duced into  the  capillary,  but  this  can  not  be  accomplished  to  a 
sufficient  degree  of  accuracy  for  the  precision  now  attainable  in 
ohm  work. 

•  Huchiiiioa  and  WUkcs.  PhU.  Mag.,  S8,  p.  17;  X889. 


414  Bulletin  of  the  Bureau  of  Standards  ivoi.  n 

Second.  This  method  coxisists  in  carefully  filling  the  tube,  clos- 
ing one  end  by  a  plane  stuf  ace  and  stroking  off  the  excess  mercury 
at  the  other  end.  As  first  carried  out,  the  tube  was  filled  in  a 
trough  of  mercury  and  then  the  mercury  contained  in  the  tube 
was  separated  from  the  rest  by  covering  the  ends  still  tmder  the 
merciuy  with  pieces  of  leather  fastened  to  the  fingers. 

This  method  was  perfected  at  the  Reichsanstalt,  and  at  the 
same  time  very  perfect  exhaustion  preliminary  to  filling  was 
provided  for.  The  desirability  of  such  exhaustion  would  seem 
apparent  in  view  of  what  is  known  of  the  condensation  of  moisture 
and  gases  on  glass,  for  even  though  the  adsorbed  material  is  not 
perfectly  removed  by  exhaustion  without  heatizig,  which  is  not 
permissible  on  account  of  thermal  hysteresis,  variations  in  the 
thickness  of  the  film  should  be  reduced  as  the  thickness  itself  is 
reduced. 

Third.  This  method,  devised  by  Smith  ^  at  the  National  Physical 
Laboratory,  is  a  modification  of  the  first  method,  and  consists  in 
rendering  the  meniscus  correction  negligible  and  at  the  same  time 
reducing  the  influence  of  errors  in  the  measurement  of  thread 
length  by  means  of  capillary  extensions  coupled  to  the  ends  of 
the  tube.  The  mass  of  mercury  required  to  fill  the  tube  is  equal 
to  that  required  to  fill  the  tube  plus  extensions  diminished  by  that 
required  to  fill  the  extensions  alone,  the  differences  in  the  read- 
ings of  the  capillaries  being  allowed  for. 

The  method  is,  therefore,  similar  in  principle  to  the  method 
here  employed  for  the  determination  of  the  lengths  of  the  finished 
tubes. 

Details  of  the  ReichsanstaU  Method. — ^The  mass  determinations 
employed  in  the  calculation  of  the  resistance  of  the  four  tubes 
were  all  made  by  the  Reichsanstalt  method. 

The  tube,  after  being  cleaned  and  <iried  in  the  usual  way,  was 
placed  in  an  inclined  rack,  the  lower  end  being  closed  by  a  plane 
glass  plate,  6,  Fig.  3,  clamped  to  it  by  means  of  a  hexagonal-headed 
steel  screw  with  an  intermediate  ball-and-socket  joint,  the  screw 
being  threaded  through  the  lower  part  of  a  steel  yoke,  which  was 
in  turn  screwed  to  a  steel  collar  cemented  to  the  tube  about  2}4 

T  Smith.  Nat.  Phys.  Lab.  Collected  Researches,  Vol.  V.  pp.  X49-X57;  1909. 
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Fig.  3. — Paris  used  in  ilie  determination  of  M„  by  Rcickianstalt  method,  a,  Stroking-off 
plain  in  Gimbai  nwur.ling.  b,  Plane-polished  plate  mounted  by  ball  and  socket  tit 
fleet  yoke,  uted  to  seal  lower  end  of  tabe,  c.  Tube  used  to  protect  b  from  ■water  of  ice 
bath 
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centimeters  from  the  end.    The  whole  was  made  secure  by  suitable 
lock  nuts  and  submerged  in  double-distilled  mercury,  c<mtained 
in  a  cylindrical  glass  reservoir  free  to  rotate  about  the  axis  of  the 
ohm  tube.    At  the  bottom  of  this  reservoir  was  a  fixed  steel  plate 
with  a  hexagonal  hole  to  engage  the  head  of  the  screw  carrying 
the  plane  polished  plate.    The  upper  end  of  the  tube  was  con- 
nected toaGeryk  pump  by  means  of  a  ground- 
glass  extension  and  a  mercury  seal.     After 
exhausting  the  tube  for  15  minutes  sufficient 
mercury  to  fill  it  was  admitted  by  rotating  the 
mercury  reservoir.     The  plate  was  then  re- 
clamped  to  the  end  of  the  tube  in  a  similar 


After  disconnecting  the  tube  from  the  pump 
and  removing  it  from  the  rack,  the  lower  end 
was  inclosed  in  a  glass  vessel,  c,  Fig.  3.  screwed 
to  the  upper  part  of  the  yoke.     To  exclude 
moisture,  this  was  then  dipped  in  liquid  rubber 
cement.     The  upper  end  of  the  tube  was  pro- 
tected by  a  small  ground-glass  cap.     The  filled 
tube  was  then  placed  vertically  within  a  spe- 
cially constructed  ice  bath.     This  bath.  Fig.  4, 
consisted  of  glass  tubes  1 10  cm  long  and  5  cm 
in  diameter,  provided  with  constrictions  near 
the  top  which  served  as  supports  for  split  rub- 
ber stoppers  fastened  to  the  ohm  tubes  to  hold 
them  in  position.     A  tube  was  fiUed  with  dis-   p,^  ^  _;^,  ^^^^  .^ 
tilled  water  to  within  i  or  2  cm  of  the  top,  and      in  th«  deierminaiion 
after  introducing  an  ohm  tube  a  layer  of  finely      of  M^by  th*  Rtkk- 
shaved  ice  was  added  and  the  tube  closed  with      '^'"'^'  •^'*^ 
a  ground-glass  cap.     Around  the  glass  tilbes  were  two  cylindrical 
copper  baths,  each  of  which  was  provided  with  a  separate  cover, 
so  that  the  inclosed  ohm  tube  could  be  completely  surrounded  with 
a  double  layer  of  ice  and  water.     The  outer  copper  wall  was  pro- 
tected by  a  layer  of  cork  placed  between  it  and  the  heavy  wooden 
box  and  cover  inclo^ng  the  whole. 

After  allowing  the  tube  to  remain  in  the  ice  bath  sufficiently 
long  to  come  to  temperature  eqtiilibrium,  the  top  was  uncovered 
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and  the  excess  of  mercury  removed  by  stroking  off  with  a  plane 
polished  glass  plate  in  a  gimbal  momiting,  a,  Pig.  3.  Condensation 
of  moistm-e  was  eliminated  by  directing  currents  of  dry,  cooled  air 
at  both  the  end  of  the  tube  and  the  plane  plate  for  a  few  seconds 
immediately  before  stroking  off.  Suitable  illumination  was  em- 
ployed, and  in  nearly  every  case  interference  fringes  could  be  seen 
during  the  stroking-off  process.  After  replacing  the  cap  the  tube 
was  removed  from  the  bath  and  allowed  to  come  to  room  tempera- 
ture before  transferring  the  mercury  to  a  porcelain  crucible. 

The  Weighings. — ^The  weighings  for  the  determination  of  Mo  were 
all  made  in  a  basement  room  without  windovsrs,  especially  fitted 
up  for  use  in  silver  voltameter  work,  in  which  connection  it  has 
been  more  fully  described.®  In  one  end  an  iimer  room  was  con- 
structed with  walls  of  hollow  terra-cotta  tiling  and  a  double  door 
and  small  double  windows  for  the  observing  telescopes,  and  with 
openings  for  the  rods  and  levers  operating  the  balances.  Tem- 
perature changes  within  the  room  were  therefore  found  to  be  very 
small,  even  from  day  to  day. 

The  weighings  were  made  on  a  200-gram  Stftckrath  balance,  so 
designed  that  the  transposition  of  load  and  weights,  as  well  as  the 
manipulation  of  multiple  riders  and  the  other  operations,  are 
accomplished  from  a  distance.  There  was,  therefore,  no  necessity 
of  the  observer  entering  the  inner  room  after  the  load  and  weights 
were  put  upon  the  balance  pans. 

Two  sets  of  weights  were  used,  one  a  set  of  one-piece  gold-plated 
brass  weights  ranging  from  i  to  50  grams,  made  by  Gurley,  and 
the  other  a  set  of  platinum  weights  ranging  from  o.oooi  to  i  g, 
made  by  Christian  Becker.  Both  sets  were  very  carefully  cali- 
brated in  the  weights  and  measures  division  of  the  Bureau  before 
and  after  making  the  series  of  weighings,  and  only  one  of  the 
brass  weights  used  was  found  to  have  changed  by  as  much  as  0.05 
mg,  the  remaining  ones  have  remained  constant  to  0.02  mg.  None 
of  the  platimmi  weights  changed  by  more  than  0.002  mg. 

The  method  of  double  weighings  was  used,  the  equilibritun 
points  being  determined  by  observing  on  the  image  of  a  scale 
reflected  by  a  mirror  on  the  balance  beam  and  a  fixed  right-angle 
prism.     The  sensibility  of  the  balance  was  determined  for  every 

*  The  Silver  Vdtaineter,  this  bulletin,  9.  p.  174;  X9Z3. 
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weighing  and  was  approximately  37-38  scale  divisions  per  milli- 
gram, so  that  in  view  of  the  constancy  of  the  temperatm-e  the 
weighings  may  be  considered  correct  to  o.oi  mg,  as  was  also  shown 
by  check  weighings  occasionally  made. 

The  mercmy  to  be  weighed  was  collected  in  porcelain  crucibles 
and  for  the  purpose  of  weighing  was  transferred  to  a  particular 
crucible,  the  weight  of  which  was  determined  before  and  after 
each  set. 

The  temperature,  relative  humidity,  and  barometric  pressure 
were  always  recorded-  and  corresponding  buoyancy  corrections 
applied. 

Six  fillings  for  each  of  the  four  ohm  tubes  were  first  made.  In 
Table  14  the  separate  values  of  M©,  the  deviations  from  the  mean 
value,  and  the  mean  probable  error  of  the  result  are  given. 

TABLE  14 
Results  of  Ifo  I>eteimliutloiis,  Relchsanstelt  Method 


Tube 

nmnc 

tnniitli0 
mMnin 

Ifo.  1 

1 
2 
3 

4 
5 

6 

11.574772 
825 
621 
799 

738 
712 

+0.028 
+  .081 
-  .123 

+  .055 
-  .006 
~  .032 

Metn 

11.574744 

±  .054 

Ho.  2 

1 
2 

3 

4 
5 
6 

11.864017 
3953 
3997 
3920 
4015 
3862 

+  .056 
-  .006 
+  .036 

-  .041 
+  .054 

—  .099 

Mmn..... 

11.863961 

±  .049 

Ho.  3 

1 
2 

3 

4 
5 
6 

12.042690 
818 
767 
670 
680 
664 

-.025 
+  .103 
+  .052 

-  .045 
-.035 

-  .051 

Mmii 

12.042715 

±  .052 

4i8 
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TiilM 

FflUng 

liffolnsniiui 

Devtadon 

tram  tlM 

mMnfai 

mffilgiami 

Ho.  4 

12.974942 
4976 
4838 

4922 
5027 
4994 

-  .008 

+  .026 

-  .112 

-  .028 
+  .077 
+  .044 

M«m 

12.974950 

±  .049 

Avenifo  d0vlatioa  from  sumui: 

Tabe  No.  1 ±4. 7  porta  p«r  mfflkn. 

Tnbo  No.  2 db4wl  porta  p«r mfflkn. 

Tube  No.  3 i:4.3portspor]iimioa. 

Tnbo  No.  4 ±3.9  porta  per  mlllloo. 

Pioboblo  enor  of  roonlt: 

Tube  No.  1 ±1.73mnniwit1w. 

Tube  No.  2 ±1.43mil]loolhs. 

Tube  No.  3 ±1.44  mlUlontbi. 

Tnbo  No.  4 ±1.40infflionth«. 

Supplementary  Fillings. — In  making  the  above  fillings  for  the 
determination  of  M^  only  slightly  more  mercury  than  required  to 
fill  it  was  admitted  into  the  tube.  In  filling  a  tube  for  electrical 
comparison  it  was,  however,  necessary  to  pass  enough  additional 
mercury  through  it  to  fill  one  of  the  end  bulbs.  The  fillings  for 
Mo  and  for  the  electrical  comparisons  were  thus  made  imder 
slightly  diflFerent  conditions,  and  to  test  the  effect,  if  any,  of  the 
swe^ing  action  upon  the  surface  film  produced  by  a  relatively 
large  volume  of  mercury  passing  through  the  tube,  six  subsequent 
fillings  for  mass  determination  were  made  on  tube  No.  3.  The 
upper  end  of  the  tube,  placed  in  the  inclined  rack,  was  connected 
to  a  bulb  approximately  4  cm  in  diameter,  which  was  in  turn 
coimected  to  the  Geryk  pump.  When  filling  the  tube  enough 
mercury  was  drawn  through  it  to  fill  this  bulb  also.  The  results 
of  six  determinations  by  this  method  are  given  in  Table  15.  As 
will  be  seen,  the  difference  fotmd  was  negligible. 
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SupptoniAiitery  PUllngg,  Tube  No.  3,  P.  T.  R.  Method 
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FIlHng 

gnuni 

Dsvlaiion 
fmn  mom 

In 
mUUfnuns 

1 

12.042585 
803 
711 
725 
766 
737 

-^.136 

2 

+  .082 

3 

~  .010 

4 

+  .004 

5 

+  .045 

6 

+  .016 

« 

MMn 

12.042721 

±  .049 

Avence  devfaiUoii  of  the  m«m->  ±4.1  parts  per  mlllkui. 
Pfobeble  enor  of  remit"  ±1.70  mllllimthe. 

Check  Determinations  of  M^  by  Smith's  Method. — ^The  Smith 
method  of  determining  M©,  as  previsously  stated,  involves  the 
two  operations  of  filling  the  extensions  alone  and  of  filling  the 
tube  with  the  extensions  attached,  the  difference  in  the  masses 
of  mercury  required  being  the  mass  contained  in  the  tube. 

Some  difiSiculty  was  experienced  with  this  method,  as  the  fillings 
frequently  showed  irregular  effects  when  submitted  to  reduced 
pressure,  even  when  made  after  very  perfect  exhaustion.  Most 
of  the  difficulty  was  elimixiated  by  modifications  of  the  form  of 
coupling  first  employed.  The  agreement  of  individual  results  in 
the  fillings  of  the  extensions  alone  is,  however,  not  as  good  as  that 
obtained  by  the  Reichsanstalt  method,  so  that  only  a  relatively 
few  check  fillings  were  made. 

The  first  form  of  coupling  used  was  of  the  ball-and-socket 
pattern  employed  by  Smith.*  In  the  present  case,  however,  they 
were  made  of  steel  with  the  sleeves  threaded  to  screw  onto  the 
steel  collars  cemented  to  the  tubes,  instead  of  being  secured  by 
small  set  screws  seated  in  dimples  grotmd  near  the  ends  of  the 
tube. 

The  coupling  was  provided  with  a  merctuy  seal  made  as  shown 
in  Fig.  5 ;  a  is  a  glass  cylinder  with  opening  d,  provided  with  a 
grotmd-glass  cap;  b  and  b  are  annular  disks  of  rubber,  while 

t  Smith.  Nat.  Phy.  Lab.  Collected  ReMarchca,  Vol.  V,  p.  isj;  1909. 
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c  and  c  axe  steel  cup-shaped  pieces  threaded  to  engage  the  collars 
of  the  tube  and  hold  the  rubber  disks  firmly  against  the  ends  of 
the  glass  seal. 

The  extensions  (Fig.  6)  'were  of  Jena  59™  glass  of  0.158  mm 
bore  for  the  greater  part  of  their  length,  but  terminating  in  a  bore 
of  very  approximately  the  same  size  as  that  of  the  ohm  tubes. 
Each  extension  was  graduated  in  millimeters  over  3  cm  of  the 
vertical  portion.  The  lower  ends  were  ground  to  the  same  taper 
as  that  of  the  ohm  tubes  to  permit  using  the  same  cleaning  and 
drying  fittings,  and  the  end  sections  were  ground  and  polished  to  a 
plane  surface.  The  upper  ends  were  tapered  and  ground  to  fit 
the  connecting  bulbs  a  and  b  as  shown,  while  c  and  d  are  further 
ground  glass  extensions  used  in  making  connections  to  the  exhaust 

pump.     Both  sides  of  a  and  b  axe 
provided  with  mercury  seals. 

The  coupled  extensions  were 
mounted  within  a  suitable  Dewar 
vessel  which  in  turn  rested  upon  a 
small  turntable.  This  arrangement 
made  it  possible  to  read  the  mercury 
^cs—Mercury  seal  for  steel  coup-  colxunns  from  Opposite  sides  thus 
Ung;  us^  in  iUurnUnaUon  of  M,  eliminating  the  effects  of  paiaUax. 

by  Smith  s  method  _      ^„.        ^^  i    j       _^ 

In  filling  the  coupled  extensions, 
the  bulbs  a  and  b  are  brought  into  place  and  the  extensions  c  and 
d  connected  to  the  pump,  bulb  a  being  completely  filled  with  mer- 
cury beforehand.  After  exhausting  15  minutes,  the  pressure  at 
c  is  momentarily  increased  enough  to  start  the  mercury  through 
the  capillary.  After  filling,  the  bulb  a  is  removed  and  extension  d 
coimected  to  the  house  vacuum  and  enough  mercury  withdrawn 
from  the  tube  to  bring  the  level  of  the  two  ends  of  the  thread 
within  the  graduated  portion  of  the  capillaries.  A  cathetometer 
was  used  in  making  the  observations,  simply  as  a  matter  of  con- 
venience, the  observing  telescope  turning  about  a  vertical  axis  so 
as  to  bring  into  view  either  end  of  the  mercury  column  as 
required. 
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Readings  were  taken  with  the  merctuy  column  alternately  under 
atmospheric  pressure  and  then  under  reduced  pressture  tmtil  a 
series  of  several  observations  were  made,  the  relative  positions  of 
the  ends  of  the  colunm  being  shifted  for  each  set  of  readings. 
The  last  two  observations  were  made  at  normal  pressture.  In 
many  cases,  when  imder  reduced  pressure,  the  mercury  rose  in  the 
the  extensions.  When  this  rise  was  appreciable  the  filling  was 
rejected  and  a  new  one  made.  The  true  mean  height  of  the  ends 
of  the  merctuy  thread  was  taken  as  the  mean  of  the  heights  at 
normal  pressure  in  the  two  positions.    After  completing  a  set 
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Flo.  6.—Okm  iubg  gxtentions  and  fitUngs;  used  in  deUrminaUon  of  M^  by  Smith's 

mstkod 

of  observations  the  mercury  was  drawn  oflF  into  a  clean  bulb  by 
aid  of  the  house  vacuum.  Weighings  were  made  in  the  same 
maimer  and  on  the  same  balance  as  were  the  fillings  made  by  the 
Reichsanstalt  method.  Thirteen  fillings  were  made  all  of  which 
were  reduced  to  correspond  to  a  definite  height  of  mercury  in  the 
capillaries.  The  correction  factors  were  determined  from  data 
obtained  by  a  careful  calibration  of  the  capillaries  (approximate 
cross  section  0.158  sq  mm)  before  sealing  them  onto  the  larger 
portions  of  the  extensions.  The  results  of  the  fillings  are  given 
in  Table  16. 
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TABLE  10 
FillingBofB 
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Amu*  darlaOim  ft«n  loeui— MUt  farti  p«  mUllan. 

Fillings  of  a  whole  tube  by  Smith's  method  were  first  made 

when  using  two  couplings  simitar  to  the  one  used  in  filling  the 

extensions.      These 

/*       g  Sf     proved    imsatisfac- 

~  ~      tory,  owing    to  fact 

that  the  introduction 

of    additional    joints 

multiplied  the  effect 

of  reduced  pressure  on 

C^  the  mercury  column. 

Flo.  J. —Univtrsal  steel  coupling  for  lube  and  axtention  In  many  caSCS  Sach 
or  for  «tenriow  alone;  used  •'»  Oe  det^TTnination  of  ^^  ^f  ^^  thread  rOSC 
M,  by  Smilh't  truDiod 

several  centimeters, 
the  original  mean  height  not  being  recovered  when  again  under 
normal  pressiu^.  A  universal  coupling  was  therefore  devised. 
This  is  shown  in  Fig.  7 ;  a  is  a  ring  to  which  are  fastened  the  two 
cylindrical  threaded  parts  6  and  c,  riveted  so  they  are  free  to 
move  in  planes  at  right  angles  to  each  other;  c  and  the  thin 
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double-threaded  cylinder  d  are  designed  to  engage  the  collars  of 
the  tubes  and  extensions;  d  also  engages  the  part  b  of  the  coup- 
ling and  is  provided  with  a  milled  head  and  a  lock  nut  e,  while 
/  and  g  are  additional  lock  nuts.  In  making  a  coupling,  the 
lock  nuts  /  and  g^  together  with  the  several  parts  of  the  seal, 
are  first  placed  in  their  proper  order  beyond  the  collars  of  the 
tube  and  extension;  c  is  then  screwed  onto  the  collar  of  the  ohm 
tube  until  the  end  of  the  tube  is  about  at  the  center  of  the 
ring  a.  The  lock  nut  g  is  then  made  fast;  d  is  made  to  engage  b 
and  the  collar  of  the  extension  at  the  same  time.  By  turning  d 
the  end  of  the  extension  is  brought  to  the  center  of  a  and  against 
the  end  of  the  tube.  The  lock  nuts  e  and  /  are  then  brought  into 
place,  after  which  the  seal  is  assembled. 

In  trjdng  out  these  new  couplings  the  same  difficulty  was  expe- 
rienced as  when  using  the  old  ones.  A  relatively  large  quantity 
of  air  appeared  to  be  trapped  about  the  ends  of  the  tube,  which 
caused  a  rise  of  the  ends  of  the  mercury  column  when  under 
reduced  pressure.  As  the  seating  of  the  face  of  the  tube  against 
that  of  an  extension  appeared  to  be  all  that  could  be  desired,  it 
was  thought  that  the  difficulty  lay  in  the  fact  that  the  metal  of 
the  coupling  was  too  close  to  the  joint  of  the  tubes  to  allow  of  the 
intimate  contact  of  the  mercury  with  the  glass  at  that  point. 
Couplings  of  the  same  design  but  of  larger  diameter  were  therefore 
made  and  were  used  with  greater  success.  Any  small  rise  of  the 
mercury  in  the  capillaries,  under  reduced  pressure,  was  succeeded 
by  the  columns  recovering  their  mean  height  when  again  tmder 
normal  pressure.  Fillings  were  made  in  the  same  ice  bath  used 
when  making  electrical  comparisons,  the  operations  being  the  same 
as  when  making  the  fillings  of  the  extensions.  Six  satisfactory 
fillings  were  made  of  tube  No.  3,  the  results  of  which  are  shown  in 
Table  17. 
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TABLS  17 
Check  Fillings,  Tube  No.  3,  Smith's  Method 
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Avenge  deviattoos  from  the  mem— 11.7  parts  per  minion*  tube  and  extenBlenB. 

Pzoliable  enor  el  re8iilt-«4.0  mfllinnfha. 

Probable  enor  of  retott.  tnbe  alone>*4.6  miniwiflia, 

A  comparison  of  the  determinatioxis  of  Mo  for  tube  No.  3,  as 
given  in  Tables  14  and  17,  shows  that  the  average  deviation  from 
the  mean  of  six  fillings  and  the  probable  errors  of  the  results  are 
greater  in  the  Smith  method  than  in  the  Reichsanstalt  method  of 
determination. 

Effect  of  Pressure  on  Filling. — ^A  calculation  was  made  of  the 
effect  of  internal  pressure  on  the  mass  of  mercury  contained  in 
an  ohm  tube  of  Jena  16™  glass  when  in  a  vertical  position.  In 
such  a  case  the  observed  Mo  would  be  too  large  by  approximately 
4.7  parts  per  million,  due  to  the  internal  pressure  alone.  This  is 
reduced  by  0.3  parts  per  million,  due  to  the  external  pressure 
exerted  by  the  surrounding  water  of  the  ice  bath,  making  the 
resultant  Mo  too  large  by  4.4  parts  per  million.  As  there  was  no 
complete  data  available  on  the  constants  of  Jena  59™^  tubing, 
such  as  that  used  in  the  present  investigation,  no  correction  for 
the  effect  of  pressure  was  applied  to  the  Mo  as  determined  by  the 
Reichsanstalt  method,  although  the  correction  is  probably  approxi- 
mately the  same.  In  the  investigations  at  the  Reichsanstalt  no 
correction  of  this  kind  was  applied. 

The  Effect  of  Capillary  Pressure  4n  Stroking  Off* — ^At  the  Reichs- 
anstalt, when  making  the  Mo  determinations,  both  a  plane  plate 
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and  one  with  a  small  groove  along  half  its  diameter  were  used  in 
stroking  off.  A  practically  uniform  difference  of  0.15  mg  in  the 
fillings  was  noted,  the  lower  values  being  found  with  the  use  of 
the  grooved  plate.  The  above  difference  corresponded  to  17.8, 
20.3,  and  17.8  parts  per  million,  respectively,  for  the  three  tubes 
XI,  XIV,  and  114.  No  allowance  was  made  for  capillary  pressure 
at  the  Bureau,  although  an  ungrooved  plate  was  used  throughout. 
However,  the  plate  received  some  accidental  scratches  upon  it 
through  usage.  An  error  in  stroking  off  of  o.  1 5  mg  would  make 
the  calculated  resistance  of  the  foiu*  tubes  too  small  by  approxi- 
mately 12.5  parts  per  million. 

The  resultant  effect  of  possible  slight  heating  in  stroking  off  is 
uncertain,  and  it  requires  excess  internal  pressure  to  fill  the  space 
around  the  periphery  of  the  capillary  with  merctuy.  These  effects 
should  be  further  investigated. 

Accuracy  of  Some  of  the  Fillings  Made  at  the  Reichsanstalt  and  at 
the  National  Physical  Laboratory, — ^At  the  Reichsanstalt  10  fillings 
were  made  of  each  of  the  i-ohm  tubes  XI  and  XIV,  and  six  fillings 
of  the  I -ohm  tube  114.  The  average  deviations  of  the  individual 
fillings  from  their  means,  as  calculated  from  available  data,**^  were 
±6.1,  ±11.6,  and  ±6.7  parts  per  million,  respectively,  the  mean 
average  deviation  for  the  3  tubes,  26  fillings,  being  ±8.1  parts  per 
million. 

At  the  National  Physical  I^aboratory  3  to  5  fillings  were  made 
on  each  of  1 1  tubes,  46  fillings  being  made  in  all.  The  measure- 
ments were  made  before  the  tubes  were  cut,  the  method  employed 
consisting  of  comparing  a  column  of  merctuy  (the  length  and 
position  of  which  very  nearly  coincided  with  the  x  and  y  limits 
as  derived  from  the  calibration)  directly  with  a  standard  meter.* 
The  mean  average  deviation  of  all  tubes,  as  calculated  from  data 
in  published  tables,"  was  ±8.1  parts  per  million.  Omitting  two 
tubes,  the  ohm  length  of  which  exceeded  i  meter  and  for  which 
the  length  measurements  were  less  accurate,  the  corresponding 
mean  average  deviation  for  the  9  tubes  was  ±6.4  parts  per 
million. 

u  Wifls.  Abh.  P.  T.  R.»  Vol.  7,  pp.  458  and  465;  1895;  Vol.  3,  pp.  150, 1900. 
u  Conected  RMearches,  N.  P.  t,.,  VoL  z.  pp.  170  ound  171. 
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H.  DETERMINATION  OF  U 

The  problem  of  determining  the  length  of  the  ohm  tubes  reduces 
practically  to  that  of  comparing  the  two  types  of  length  standards, 
the  usual  type  in  which  the  standard  length  is  given  by  the  dis- 
tance between  two  lines,  and  the  now  less  common  type  where  it 
is  given  as  the  distance  between  end  surfaces.  These  two  tjrpes 
of  standards  can  be  compared  by  various  methods  of  which  only 
three  were  considered. 

Direct  Sighting. — In  this  method  the  micrometer  settings  are 
made  on  some  point  on  the  outer  edges  of  the  plane  end  faces  of 
the  standard  and  then  compared  with  settings  made  on  a  line 
standard.  The  length  of  the  bore  in  the  case  of  the  ohm  tube 
would  be  given  by  the  average  of  values  obtained  with  the  tube 
orientated  in  various  positions.  This  method  may  be  modified 
by  sighting  on  the  edge  of  the  bore  instead  of  the  outer  edges  of 
the  end  faces,  being  more  direct  but  also  more  troublesome.  In 
some  ohm  tubes  previously  constructed  by  other  investigators 
the  end  faces  were  slightly  curved  to  facilitate  making  observa- 
tions on  the  bore. 

In  the  first  method  a  difficulty  arises  in  that  the  micrometer 
settings  are  made  on  points  identified  by  sharply  contrasting 
fields  of  illumination,  thus  introducing  the  possibility  of  a  personal 
error. 

In  sighting  directly  on  the  edge  of  the  bore  "  an  error  due  to 
a  displacement  of  the  image  would  in  general  result  from  a  dis- 
symmetry of  the  optical  system  of  the  observing  microscope,  since 
only  part  of  the  objective  is  used  in  forming  the  image,  the  other 
half  being  '*  stopped  "  by  the  tube,  while  in  making  settings  on  the 
line  standard  the  whole  of  the  objective  is  employed.  This  error 
is  not  in  any  sense  eliminated  by  giving  the  end  surfaces  a  small 
curvature. 

The  Optical  Method. — ^This  method  makes  use  of  the  property 
of  a  reflecting  plane  that  an  object  and  its  image  are  equidistant 
from  the  plane.  The  principle  is  utilized  by  bringing  a  fine  hair 
or  set  of  points  near  the  face  of  the  end  standard  and  setting  the 

u  This  may  be  greatly  facilitated  by  inserting  a  slightly  tapering  fdug  into  the  capillary,  the  sftfingi 
•' —  made  on  the  line  of  demarcation  between  the  tube  and  plug. 
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cross  wires  symmetrically  with  respect  to  the  object  and  image, 
thus  locating  the  plane.  Possibilities  of  error  due  to  diss3rmmetry 
of  the  optical  system  are  also  introduced  in  this  method  as  above 
described. 

The  Contact  Method. — ^A  modification  of  the  contact  method, 
devised  by  L.  A.  Fischer  of  this  Bureau  and  applied  by  him  with 
much  success  in  comparing  line  and  end  standards/'  when  adapted 
for  use  with  the  ohm  tubes,  was  found  so  satisfactory  that  it  was 
used  throughout. 

The  method  consists  in  applying  end  pieces  or  extensions  to 
the  end  faces  of  the  standard.  These  are  provided  with  ruled 
lines  upon  which  the  micrometer  settings  may  be  directly  made. 
This  reduces  the  end  standard  or  ohm  tube  to  a  line  standard  the 
length  of  which  is  eqtial  to  the  length  to  be  determined  plus  the 
added  length  due  to  the  extensions.  The  amotmt  added  can  be 
accurately  determined  by  directly  abut- 
ting the  contact  faces  of  the  extensions 
and  determining   the  distance  between 

the  lines.  FlO.  S.—End  of  tube  and  plaii- 

The  end  pieces  used  were  those  em-      num^iridium  end  piece;  u^ed 

t         J  1.      ir     T-^«     1-       •     ^1-  It-  tn   the  determtnatton  of  L^ 

ployed  by  Mr.  Fischer  m  the  work  above 

referred  to  and  were  constructed  as  shown  in  Fig.  8.  Each 
consisted  of  a  lug  of  platiniun-iriditmi  of  semicircular  cross  sec- 
tion, fastened  to  one  face  of  a  circular  plate  of  the  same  mate- 
rial 6.5  mm  in  diameter,  the  other  face  of  the  plate  serving  as  the 
contact  area.  The  surface  of  the  lug  bearing  the  rulings,  upon 
which  the  settings  were  made,  was  at  right  angles  to  the  plane  of 
the  disk  and  intersecting  it  along  a  diameter.  The  average  dis- 
tance of  the  ruling  from  the  stirface  of  the  end  standard  was 
approximately  0.8  nun,  thus  reducing  to  a  minimum  errors  caused 
by  any  lack  of  parallelism  of  the  end  surfaces. 

The  extensions  were  held  in  place,  as  shown  in  Fig.  9,  by  the 
pressure  of  a  flat  spiral  spring  exerted  through  a  small  cupped  brass 
lug  mounted  in  the  center  of  the  spring.  The  spring  was  carried 
on  an  arm  projecting  from  a  circular  nut  screwing  on  to  the  steel 
collar  of  the  tube.     This  nut  was  secured  by  a  jam  nut  which 

^  BiilL  Phil.  Soc.  (Waah.).  It.  Mx;  1898. 
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formed  part  of  a  casing  to  protect  the  ends  from  the  ice  and  water 
of  the  bath  in  which  the  comparisons  were  made.  This  consisted 
of  a  cylinder  of  brass  tubing  closed  at  one  end  and  threaded  at  the 
other.  The  threaded  portion  screwed  into  a  flange  of  the  jam 
nut  above  mentioned,  thus  inclosing  the  end  of  the  tube.  The 
lines  on  the  extensions  were  viewed  through  a  tube  of  smaller 
diameter  fastened  at  right  angles  to  the  side  of  the  brass  cylinder, 
long  enough  to  project  well  above  the  water  level  of  the  comparing 

bath. 

Method  of  Mounting  the  Tubes. — In  order  to  correct  for  the 
very  slight  residual  curvature  of  the  tubes,  they  were  mounted  in 
accurately  aligned  V-shaped  supports,  against  which  they  were 

firmly  held  by  the  pres- 
siu-e  of  springs.  The  sup- 
ports were  clamped  to  one 
of  the  two  adjustable  T- 
shaped  bars  of  the  com- 
parator box,  provided  for 
the  support  of  standards 
under  comparison,  and 
were  about  ii  cm  apart 
except  in  case  of  the  end 
supports,  which  were  ad- 

Fio.  9. — Mounting  for  end  piece  and  casing;  used  juStcd  tO  accommodate 
to  protect  the  ends  from  ice  and  water  of  the  com^  ^^  ^^^^  ^^^  meaSUre- 
paring  bath  * 

ment. 
The  Comparison  Standard. — ^The  comparison  standard  em- 
ployed was  an  Invar  bar  of  H  section,  known  as  meter  39.  This, 
together  with  a  companion  bar  belonging  to  the  University  of 
Wisconsin,  was  purchased  from  the  Soci^t^  Genevoise  in  January, 
1903.  The  ruled  surface  has  a  high  polish,  and  the  lines  are  very 
fine  and  sharp.  The  bar  was  ruled  throughout  its  length  to  milli- 
meters, the  terminating  millimeters,  which  lay  outside  of  the 
o  and  100  cm  marks,  being  further  subdivided  to  tenth  milli- 
meters. In  order  to  determine  the  length  of  tube  No.  4,, which 
slightly  exceeded  the  length  of  the  graduated  portion,  an  addi- 
tional line  was  ruled  on  the  bar  by  R.  Y.  Femer,  of  this  Bureau. 
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The  bar  was  calibrated  and  its  length  carefully  determined 
when  received.  As  changes  with  time  have  been  observed  in 
other  nickel-steel  standards,  including  the  one  purchased  by  the 
University  of  Wisconan,  the  length  was  redetermined  by  compari- 
son with  platinum-iridiimi  national  prototype 
meter  No,  21,  after  the  completion  of  the 
measurements  on  the  ohm  tubes.  The  old 
calibration  was  used  in  determining  the  value 
of  the  subintervals  used  in  the  ohm  tube  com- 
parisons and  corrected  for  the  new  value  of 
length  found.  The  previous  calibration  did 
not  include  the  terminating  millimeters,  neces- 
sitating the  determination  of  the  values  of 
the  interval  ioo.o-ioo.i  cm  and  its  subdi- 
visions. This,  together  with  the  determina- 
tions of  the  additional  interval  required  for 
tube  No.  4,  will  be  described  below.  In  order 
to  protect  the  lines  upon  which  observations 
were  made  from  the  ice  and  water  of  the  com- 
paring bath,  a  small  brass  tube,  Fig.  10,  was 
held  vertically  over  the  rulings  by  a  brass 
plate  through  which  it  passed.  This  plate 
fitted  over  the  top  of  the  bar  and  held  the 
lower  end  of  the  tube  close  to  the  surface  of 
the  graduations,  the  top  of  the  tube  extending 
above  the  water  line.  Before  putting  this 
device  in  place  the  lower  end  of  the  tube  was 
supplied  with  an  extension  of  soft  wax,  which, 
when  the  tube  was  in  place,  filled  the  gap 
between  the  tube  end  and  the  ruled  surface. 
By  perfecting  this  wax  seal  by  means  of  a  hot 
wire,  the  water  was  effectively  prevented  from  entering.  Dxa- 
ing  observations,  as  is  customary,  the  bar  rested  on  two  supports 
placed  at  the  23  and  77  cm  points. 

The  comparator  employed  was  the  precision  comparator.  Fig. 
II,  of  the  Bureau,  designed  by  L.  A.  Fischer.  As  this  is  to  be 
described  in  detail  at  some  future  date,  a  brief  outline  only  will 
be  given  here. 


10.  10.  —  Braa  tub* 
movnitd  on  mtler  bar 
to  protict  lines  under 
obstTvaUon  from  ice 
and  -water  of  the  com- 
paring bath 
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The  micrometers  of  the  comparator  are  mounted  on  heavy- 
plates  which  are  clamped  to  a  beam  supported  at  either  end  by 
concrete  piers,  having  separate  fotmdations.  One  end  only  of  the 
beam  is  attached  to  its  supporting  pier,  the  other  end  resting 
freely  on  a  plate  set  in  the  top  of  the  other  pier.  The  metal  parts, 
including  the  micrometer  screws,  are  composed  of  nickel  steel. 

The  standards  tmder  comparison  were  mounted  on  two  inde- 
pendent parallel  supports  provided  with  means  for  horizontal  and 
vertical  adjustments  at  either  end.  These  supports  were  carried 
in  the  heavy  metal  inner  compartment  of  a  double  brass  box 
which  rested  on  an  open  frame  on  the  floor  of  the  outer  box,  the 
latter  being  provided  with  leveling  screws  resting  on  the  compa- 
rator carriage.  The  carriage  ran  on  two  rails  motmted  on  a  pier 
having  an  independent  fotmdation.  Its  movement  was  perpen- 
dicular to  the  length  of  the  standards,  so  that  they  could  be 
brought  successively  beneath  the  micrometers  by  a  slight  shifting 
back  and  forth  of  the  carriage,  course  and  fine  adjustment  being 
provided.  The  inner  and  outer  boxes  were  provided  with  lids 
through  which  apertures  were  cut  for  observations  and  to  admit 
the  keys  which  operated  the  various  adjustments  of  the  mount- 
ings. These  lids,  however,  were  used  only  in  the  comparisons  of 
meter  21  and  meter  39,  made  in  air  and  at  room  temperature. 

The  Illumination. — ^The  illumination  for  each  microscope  was 
sectu-ed  by  the  light  reflected  from  an  incandescent  lamp  by  a 
small  totally  reflecting  prism.  The  latter  was  immediately  be- 
neath the  observing  microscope,  covering  one-half  the  field,  and 
was  carried  on  an  arm  extending  from  a  sleeve  on  the  microscope 
tube. 

The  sleeve  could  be  rotated,  and  adjustments  were  provided  for 
placing  the  prism  in  any  desired  position. 

Preparation  of  the  Ohm  Tubes  and  Their  Comparison  with  Length 
Standards. — ^The  extensions  were  applied  to  the  carefully  cleaned 
ends  of  the  ohm  tube  in  the  following  manner:  With  the  holders 
screwed  on  the  collars  of  the  tube,  the  distance  of  the  spring  from 
the  end  faces  was  adjusted  so  that  a  small  pressure  would  be  applied 
to  the  end  pieces  when  in  position.  The  tube  was  then  placed  in 
the  mounting  employed  in  its  calibration  and  rotated  into  the 


'T  nsed  in  Iks  delermitialton  of  the  lenglhs  of  Ike  tubfS 
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position  in  which  it  was  to  be  compared.  After  a  careful  inspec- 
tion of  the  tube  ends  and  extensions  for  lint  and  dust  particles, 
the  extensions,  which  were  handled  throughout  by  small  forceps, 
were  applied  to  the  tube.  They  were  then  centered  by  eye,  the 
operation  being  greatly  facilitated  by  illumination  from  the  oppo- 
site end  of  the  tube  leaving  a  bright  annulus  aroimd  the  extension. 
The  ruled  surfaces  of  the  extensions  were  then  nmde  parallel  by 
means  of  two  paper  targets  placed  on  a  line  parallel  to  the  axis  of 
the  tube,  the  proper  orientation  being  determined  by  the  targets, 
and  their  images  being  in  line  with  the  centers  of  the  respective 
extensions.  The  adjustments  were  repeated  when  necessary  until 
satisfactory  in  all  particulars.  The  protecting  boxes  were  next 
attached,  wax  being  applied  to  the  threads  to  insure  waterproofing 
and  the  tube  then  placed  in  the  moimting  previously  described. 

The  surface  of  the  standard  was  prepared  for  observation  by 
cleaning  with  benzene  to  remove  traces  of  wax  and  oil  that  might 
have  heen  left  from  a  previous  comparison  and  in  order  to  give  the 
ruled  siuface  uniform  treatment. 

The  approximate  lengths  of  the  tubes  and  extensions  were  sepa- 
rately obtained.  The  combined  length  was  compared  with  an 
interval  on  the  meter  bar  determined  by  the  distance  between  one 
of  the  millimeter  divisions  toward  the  zero  end  and. one  of  the 
lines  of  the  subdivided  millimeter  at  the  lOo-cm  end.  In  this  way 
the  difference  read  on  the  micrometers  was  reduced  to  a  minimum. 
The  protecting  tubes  were  then  placed  over  the  lines  selected  and 
the  bar  was  placed  on  its  supports  in  the  comparator  box. 

After  spacing  the  microscopes  the  surface  of  the  bar  was  adjusted 
to  be  perpendicular  to  the  axes  by  means  of  the  leveling  screws  on 
the  outer  comparator  box,  the  illumination  in  this  position  being 
a  maximum.  With  the  bar  properly  orientated  it  was  approxi- 
mately adjusted  for  observations.  The  tubes  and  meter  bar  were 
compared  at  o^  C,  maintained  by  immersing  them  in  a  mixture  of 
ice  and  water.  Pine  ice  was  placed  directly  about  the  tube  and 
bar,  being  heaped  to  a  height  of  several  centimeters,  except  where 
it  would  have  interfered  with  the  observations  and  adjustments, 
while  coarser  ice  was  carefully  packed  in  the  space  between  the 
sides  and  bottoms  of  the  inner  and  outer  boxes.    The  water  level 
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was  xnamtained  at  a  height  of  several  centimeters  above  the 
standard.  The  ice  was  replenished  as  needed,  and  the  excess  of 
water  was  drained  off  from  time  to  time. 

In  order  to  insure  certainty  in  the  temperatm^,  an  interval  of  at 
least  15  minutes  was  allowed  to  elapse  after  completing  the  icing 
before  the  observations  were  begun. 

There  was  a  tendency  for  atmospheric  moisture  to  condense 
upon  the  surfaces  imder  observation,  thus  obscuring  the  lines. 
This  was  effectively  disposed  of  by  blowing  a  current  of  dried  air 
against  the  surfaces,  after  which  they  would  remain  clear  for  a 
considerable  time. 

The  final  adjustments  were  made  after  the  icing  was  completed. 
The  microscopes  were  spaced  so  that  the  distance  between  them 
was  approximately  the  average  of  the  two  intervals  compared. 
The  standard  and  tube  were  then  put  in  alignment  so  that  the 
center  of  the  lines  came  in  the  center  of  the  microscope  field. 

In  order  to  use  the  micrometers  to  the  best  advantage  the  bars 
were  adjusted  endwise  imtil  in  passing  from  an  observation  on  the 
tube  to  an  observation  on  the  bar  the  readings  would  shift  from 
one  side  to  about  an  equal  distance  on  the  other  side  of  the  center 
of  the  microscope  field. 

The  focusing  was  done  by  raising  or  lowering  the  support  of  the 
standard  under  observation  by  means  of  the  adjusting  screws 
provided.  The  proper  focus  was  obtained  when  the  parallax, 
produced  by  oscillating  the  sleeve  upon  which  the  illuminating 
prism  was  motmted,  was  a  minimum.  Though  this  had  a  natural 
tendency  to  distiu"b  the  microscopes  the  results  derived  indicated 
that  this  effect  was  negligible. 

The  microscopes  were  focused  preceding  each  group  of  four 
simultaneous  observations,  the  two  observers  interchanging  posi- 
tions for  the  last  two  readings.  The  comparator  carriage  was 
then  shifted,  bringing  the  other  standard  in  position,  the  micro- 
scopes were  focused,  and  readings  taken  as  before,  the  observers 
coming  back  to  their  original  position  for  the  last  two  readings. 
A  comparison  consisted  of  the  average  of  three  groups  of  observa- 
tions on  the  ohm  tube  alternated  with  two  groups  on  meter  39. 

The  difference  between  the  two  standards  was  obtained  from 
the  average  of  a  set  of  six  comparisons.     Alternate  sets  were  made 
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with  the  initial  positions  of  the  observers  interchanged,  in  order 
to  eliminate  as  far  as  possible  personal  errors  in  focusing  and 
setting. 

The  results  indicated  that  the  personal  error  was  quite  small, 
the  mean  difference  of  the  means  of  alternate  comparisons  not 
exceeding  one-tenth  micron.  Comparisons  were  made  in  four 
positions  of  the  tube  about  its  axis  90®  apart,  necessitating  dis- 
mounting the  tube,  recleaning  the  contact  surfaces,  resetting  the 
extensions,  and  remounting  the  tube. 

The  final  length  was  taken  as  the  mean  of  values  obtained  for 
the  four  positions. 

The  length  of  meter  39  was  determined  following  the  work  on 
the  ohm  tubes.  This  was  done  by  comparisons  made  with  Na- 
tional Prototype  meter  No.  21.  The  comparisons  were  made  at 
temperatures  of  20®  C  and  o®  C  in  the  same  general  manner  as 
above  described.  The  measurements  at  the  higher  temperature 
were  made  in  order  to  check  the  temperature  coefficient  upon 
which  the  caUbration  depended.  The  comparisons  at  o®  C  were 
made  in  two  positions,  meter  21  being  turned  end  for  end  in  the 
last  half  of  the  observations,  and  included  16  sets  of  observations. 
In  the  observations  on  the  bar  at  the  higher  temperature  the 
general  routine  in  such  work  was  followed,  the  bars  being  com- 
pared in  eight  relative  positions,  one  being  duplicated.  Foiu* 
observations  were  taken  for  each  position  and,  in  order  to  mini- 
mize temperature  errors,  several  hours  were  allowed  to  elapse 
after  placing  the  bars  in  position  before  observations  were  made. 
The  comparisons  therefore  extended  over  several  days. 

The  results  showed  that  an  appreciable  change,  amounting  to 
approximately  5  microns,  had  taken  place  in  the  total  length  of 
the  bar  since  its  original  calibration  in  January,  1903.  There 
was  also  fotmd  a  slightly  different  temperature  coefficient,  corre- 
sponding to  a  relative  change  of  approximately  i  yi  microns  for 
a  range  of  20®  C.  Changes  of  a  similar  character  had  been  pre- 
viously observed  at  the  Bureau  in  case  of  the  nickel-steel  meter 
submitted  for  verification  by  the  University  of  Wisconsin.  The 
corrections  of  the  graduations  employed  were  recomputed  on 
the  assumption  that  the  observed  change  in  length  was  uniformly 
distributed  throughout  the  bar. 
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The  comparisons  for  the  determinations  of  the  values  of  the 
intervals  —0.9  to  0.0  cm  and  loo.o  to  100.  i  cm,  the  subdivisions 
of  the  latter,  together  with  the  check  comparisons  on  the  exten- 
sions, were  made  at  room  temperature  on  a  Geneva  Society  divid- 
ing engine.  The  objects  to  be  compared  were  aligned  on  the 
carriage  of  the  dividing  engine,  the  microscopes  being  adjusted 
so  that  the  left-hand  lines  of  the  intervals  compared  came  near 
the  center  of  the  field.  Two  micrometer  readings  were  taken  and 
the  carriage  was  then  shifted,  bringing  the  right-hand  lines  into 
the  center  of  the  field.  Four  readings  were  then  taken  on  each 
of  the  lines  and  the  carriage  again  shifted  to  the  left-hand  lines, 
two  readings  being  taken  in  this  last  position.  In  this  manner 
the  differences  read  on  the  micrometers  were  small,  and  errors 
due  to  progressive  changes  were  also  reduced.  The  standard 
intervals  used  were  selected  intervals  on  nickel-steel  dedineter 
No.  24. 

The  interval  —0.9  to  0.0  cm  was  determined  by  comparisons 
with  intervals  0.0  to  0.9  cm  and  o.i  to  i.o  cm  of  decimeter  No.  24 
and  the  results  reduced  to  o®  C. 

The  value  of  the  interval  loo.o  to  loo.i  cm  was  obtained  by 
comparisons  with  the  first  9-mm  intervals  of  decimeter  No.  24, 
the  result  also  being  reduced  to  o®  C. 

The  abbreviated  method  used  in  the  calibration  of  the  ohm 
tubes  was  employed  in  the  subcalibration  of  this  interval.  In 
this  the  0.4  mm,  the  0.5  nun,  and  the  0.6  mm  intervals  were  each 
intercompared  by  the  aid  of  the  corresponding  fixed  intervals 
selected  on  the  subdivided  millimeter  of  decimeter  No.  24.  From 
the  data  thus  obtained  and  the  length  at  o®  C  of  the  whole  inter- 
val the  corrections  of  the  subdivisions  were  computed. 

The  correction  for  the  extensions  was  frequently  checked  by 
meastirements  made  on  the  dividing  engine  at  room  temperature. 
The  results  agreed  within  the  limits  set  by  the  errors  of  observa- 
tion. It  was  foimd  that  the  interval  was  tmaffected  by  a  sUght 
relative  displacement  of  the  two  abutting  faces. 

Correction  for  the  Extensions. — ^To  eliminate  errors  due  to  the 
variation  in  the  appearance  of  the  lines  as  viewed  through  dif- 
ferent microscopes  and  under  different  illiunination,   the  final 
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correction  for  the  extensions  was  determined  on  the  precision 
comparator  in  order  to  secure  the  same  conditions  which  obtained 
in  the  measurement  of  the  ohm  tubes.  The  same  general  plan 
employed  in  the  comparisons  above  described  was  adopted. 
The  extensions  and  standard  scale  were  mounted  on  either  end 
of  the  same  support  in  the  comparator  box,  the  shifting  being 
accomplished  by  the  aid  of  the  adjustment  provided  for  moving 
the  support  longitudinally.  The  comparison  intervals  selected 
were  the  five  2-mm  intervals  constituting  the  first  centimeter  of 
decimeter  No.  24. 

In  the  determination  of  the  correction  for  the  extensions  it  was 
highly  important  to  include  an  optical  constant,  due  to  the 
proximity  of  the  lines  to  the  end  plates  in  the  same  manner  as  it 
occurred  in  use  with  the  tubes.  This  was  realized  by  shifting  the 
support  so  that  the  settings  on  the  extensions  always  came  in  the 
central  r^on  of  the  field,  the  difference  being  taken  up  on  the 
other  micrometer.  The  final  value  was  obtained  from  observa- 
tions made  in  the  manner  previously  described  with  the  position 
of  extensions  and  standard  interchanged  for  half  the  readings. 

The  micrometer  constants  were  redetermined,  following  the 
work  on  the  tubes,  by  comparisons  made  with  the  half  millimeters 
of  the  subdivided  millimeters  of  decimeters  No.  24  and  Na  43, 
one  scale  being  placed  beneath  each  microscope.  Observations 
were  made  simultaneously  on  both  microscopes,  observers  chang- 
ing positions  in  the  same  order  as  in  the  length  comparisons. 
After  a  series  of  observations  the  decimeters  were  interchanged 
and  readings  taken  as  before.  The  constants  were  thus  deter- 
mined under  conditions  obtaining  in  the  comparisons  of  the  ohm 
tubes  and  extensions. 

Summary  of  Results,  Length  Measurements, — ^The  results  obtained 
in  the  length  measurements  are  shown  in  Tables  18  to  23,  which 
also  give  the  component  and  resultant  probable  errors,  calculated 
from  the  observational  data  and  from  the  probable  errors  of  the 
comparison  standards. 

The  probable  error  of  the  National  Prototype  meter  No.  2 1  was 
asstuned  to  be  0.20  /i,  which  is  regarded  as  a  liberal  allowance. 
The  probable  error  of  the  recomparison  of  meters  39  and  21  at 
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o°  C  was  0.15  fi.  The  probable  error  in  the  meter  interval  of 
meter  39  was  therefore  taken  as  0.25  fi,  and  this  was  prorated 
according  to  the  length  of  the  subinterval  employed. 

As  no  probable  errors  had  been  assigned  to  the  corrections  of 
decimeters  24  and  43,  calibrated  at  the  International  Btireau, 
liberal  values  were  assumed. 

No  recalibration  of  the  subdivisions  of  meter  39  was  made,  the 
corrections  employed  being  derived  from  the  calibration  made  in 
1903,  from  which  the  probable  errors  of  the  graduations  were  also 
derived.  On  tubes  i,  2,  and  3  the  probable  error  in  the  determi- 
nation and  subcalibration  of  the  interval  loo.o  to  100.  i  cm  is 
also  involved.  Tube  No.  4  includes  the  probable  error  in  the 
determination  of  the  interval  —0.9  to  0.0  cm.  Owing  to  the 
small  differences  between  the  measured  lengths  of  the  tubes  and 
extensions  and  the  comparison  intervals  the  error  due  to  the 
tmcertainty  in  the  micrometer  values  is  sensible  only  in  the  con- 
stant for  the  extensions  and  in  the  measurements  on  tube  No.  4. 
In  the  latter  case  the  difference  happened  to  be  very  approximately 
equal  to  that  dealt  with  in  the  determination  of  the  constant  for 
the  extensions,  and  consequently  no  error  due  to  the  micrometer 
value  is  introduced  in  the  length  of  the  tube  itself. 

In  the  following  table  are  given  the  computed  probable  errors 
contributed  by  the  comparison  standard'for  each  of  the  fotir  tubes: 

TABLB  18 
PkolMible  Errors  of  Comparisoii  Intorvils 


Tnba  1 

Tnba  2 

Tubes 

Ttoba4 

Ondtiatton  at  0  cm  end  of  meter  S9 

1* 

a  17 

.04 
.24 

.30 

ass 

.06 
.24 
.42 

aso 

.00 
.24 
.39 

P' 

ai5 

Oradaattoo  at  100  cm  and  of  matar  39 

.00 

Bfiw  af  oiator  39a •.••••••••••••••••••••••.»••••••.••••••.•■■••• 

.25 

.29 

In  Tables  19  to  23  are  given  the  set  means  and  final  values 
obtained  in  the  determination  of  the  correction  for  the  extensions 
and  of  the  corrected  lengths  of  the  tubes.  In  these  tables  the 
component  and  resultant  probable  errors  are  also  given. 
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TABLB  19 
SinBimgy  of  Lm^th  Moftsurooioiits 


Value  of  ConBUfcia  tor 
Sit:  VahMstO* 

1 1629. 01 1> 

2 ; 1629.09  m 

3 1629. 31 1> 

4 1629.49  m 

Mma 1629.22  m 

Aveng*  deviation  from  mean. ±(L\ZpL 

Pzobabto  eixOT  of  obaarvalton  of  mean. ±0.07  m 

Pzobabto  anor  of  carractton,  liicliidliif  piobabla  eixer  of  caniparlien  acala  and  mioamatar  value 

(tnbaa  1,  2,  and  3) ±ai5M 

Piebabia  enar  of  corracUon,  inftHidhig  prtbable  enar  of  cempailtan  acala  (tnbeNa.  4) ±0.14m 

TABLB  20 
Tttbo  No.  ly  DifEemic68  Motstmd  by  MicnniMtor 

Tpbe+Brtanaiane— Camuailaonlnlaival 


^  OtMerved 

Pwlttan*  dlflerancaa 

I -2.82  m 

2 -2.68  m 

3 -3.43  m 

4 -3.17  m 

ICaan —3.02  m 

Avenge  devlatton  tram  mean ±Ql28m 

Probable  eixar  af  mean. ±0.12m 

CampaxlsQn interval,  meter  39 4^8— lOaOS  cm 

Cerractlon  at  4^  cm —  4^98  m 

at  100.05  cm -49.64  m 

to  interval  4.8  cm  to  100.05  cm —44.66  m 

camvarlson  interval 95. 245534  cm  ita  30  m 

Cofrecttona  tor  eitanatoni —    .162922  cm  ±a  15  m' 

ICicremetrlcally  meaanred  difference —    .  000302  cm  ±0l  12  m 

length  at  0*C 95. 082310  cm  dbOi  36  m 
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TABLE  21 

Tube  No.  2y  DifEeraices  Measuied  by  Micrametar 

l^ib6+Bit8infcio>—CflBipiiwtt  XntoivKl 

Paritfon:  dlffi 

1 -18.92 1> 

2 -ia40M 

3 -18.70  m 

4 -ia45M 

Mma -18.62  m 

Avenife  dsvlattai  from  the  maan :!:  0i19m 

PnlMble  error  of  meaa. ±  0.08^ 

CampulMD  lotemdv  metar  39 3.6  cm— 100l03  cm 

Conactlon  at  3.6  cm —  3.95  m 

Conactlon  at  100.03  cm —50.24  m 

Correction  to  interval  3.6  cm  ta  100.03  cm —46.29  m 

Cenectod  comparlaon  JntMval 9&  425371  cm±a42M 

Cociectioaa  for  eztenalons. —    .162922  cm±ai5M 

literametrkally meaaured difference i. —    .001862  cm±0LQ8M 

Coneded  length  at  0*C 9&260587  cm±a45M 

TABLB  22 
Tube  No.  3,  Differences  Measured  by  Micrometer 

Tube+Bitenalon— Compaxlaoa  bterval 


jrUBiuon.  fiiiiwiBUcaa 

1 -62.03  m 

2 ^ -62.53  M 

3 * —62.07  m 

4 -63.25  m 

Mean.....« -62.47  m 

Avenge  deviation  from  the  mean ±  a42M 

Probable  ecrar  of  mean. db  0.19  m 

Cemparlaen  interval,  meter  39 2.9— 10aO7  cm 

Corcectlon  at  2.9  cm —  4w30m 

at  100.07 cm -5a32M 

to  interval  2.9  cm  to  100.07  cm —46k  02  m 

Corrected  compariaon  interval 97.165398  cmj:a39M 

Ceirectlona  tor  eitenainina. —   .  162922  cm±a  IS  m 

MlciometrlcaUy meaaured difference —    .006247  cm±ai9M 

Corrected  length  at  0*C 96.996229  cm±a  46  m 
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TABLB23 
Tube  No.  4|  Diftennces  measured  by  Micrometer 

XulW'j-BMiiwwlMM   OfliiipMilBou  utonfu 

Obsyd 
yjirtWfii*  dlffumcM 

1 -369.63  m 

2 -371.70  m 

3 —371.73  m 

4 -37L25M 

Mean —371.06  m 

Aveng*  davlation  from  tbe  mMn db  0l72|i 

PzolMbte  enor  of  meuL ±  a33M 

Compulian  Intenal,  nMter  39 — 0.9— loaoan 

Cocnetion  at  »(U>  cm +0011.  Sin 

Cofxectton  at  lOOU)  cm — Sai9|i 

Cofxectton  to  intaival  — 0.9  cm  to  100.0  cm —0062.00  m 

CooBCtod  compailioii  interval loa  893800  cm±a29|i 

Gouactioii  tor aztensloos. ^     .  162922  om±0L  10 m 

Ificrametrioidly  mMsoxed  dlflemioe —     .  037108  cm±Oi  33  m 

Conactod  tengUi  at  0* lOa  693770  cm±a  45  m 

Discussion  of  Results,  Length  Measurements, — ^From  the  above 

tables  it  will  appear  that  the  probable  error  of  the  final  length  in 

no  case  exceeds  0.50/i.     Moreover,  except  in  the  case  of  tube  No.  4, 

the  magnitude  of  the  probable  error  is  largely  determined  by  the 

probable  error  of  the  comparison  interval.     It  must  be  pointed  out 

that  the  errors  of  comparison  include  errors  due  to  variation  in 

mounting  the  extensions,  to  lack  of  parallelism  of  the  end  faces  of 

the  tubes,  and  to  variations  in  curvature  of  the  tube  between  the 

supports  when  mounted  in  the  four  different  positions.    The  error 

due  to  the  curvature  of  a  tube  into  a  circular  arc  is  given  to  a 

8  A' 
very  high  degree  of  approximation  for  any  practical  case  by—  ^» 

3  " 

h  denoting  the  height  of  the  arc  above  the  chord  and  /  the  length 

of  the  cord.  With  10  supports,  1 1  cm  apart,  the  error  due  to  an 
elevation  of  o.i  mm  of  the  middle  point  would  correspond  to  an 
error  of  2.2  parts  per  million  in  the  length  of  a  section.  Since 
there  were  nine  sections,  the  variation  in  the  average  curvature 
would  determine  the  error  of  the  result,  but  close  agreement  of  the 
values  obtained  for  the  four  positions  in  which  the  tubes  were 
measured  indicates  that  this  source  of  error  must  have  been  quite 
small,  particularly  since  the  tubes  had  been  straightened  as  pre- 
viously mentioned  and  the  slight  residual  curvature  further  reduced 
by  the  mounting  in  which  they  were  measured. 
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L  TERMINAL  BULBS 

The  terminal  bulbs  were  constructed  as  shown  m  Fig.  12.  They 
were  made  spherical,  and  very  approximately  4  cm  internal 
diameter.  At  one  end  of  and  on  a  line  with  a  horizontal  diameter 
of  the  bulb,  a  ground-glass  extension  was  provided  for  the  seating 
of  the  tapered  end  of  the  ohm  tube.  This  extension  was  made 
by  sealing  on  a  short  piece  of  thick-walled  tubing  with  the  outer 


FtG.  za. — Type  of  terminal  bulb  (exhaust  end),  forming  part  of  a  completed  mercurial 

resistance  standard 

half  of  its  length  enlarged  so  as  to  form  part  of  a  mercury  seal. 
The  grinding  was  then  very  carefully  done,  so  that  when  completed 
the  taper  and  diameter  permitted  the  end  of  the  seated  tube  to 
be  flush  with  and  to  practically  form  part  of  the  inner  surface  of 
the  bulb.  To  the  upper  side  of  the  seal  portion  of  this  extension 
was  fused  a  short  tube,  provided  with  a  ground-glass  cap,  serving 
for  the  introduction  of  mercury. 
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Diametrically  opposite  the  above  opening  to  the  bulb,  a  piece 
of  capillary  tubing  with  a  bore  somewhat  larger  than  that  of  the 
ohm  tube  was  fused  on.  The  central  portion  of  this  capillary  was 
enlarged  to  provide  for  the  current  terminal.  Beyond  the 
enlargement,  the  capillary  terminated  in  a  tube  of  larger  bore 
bent  vertically  upward  to  serve  as  an  exhausting  or  filling  tube. 
The  potential  terminal  was  attached  to  the  bulb  at  the  upper  end 
of  a  vertical  diameter. 

The  current  and  potential  terminals  were  made  by  sealing  in 
short  platintun  wires  pointed  at  the  inner  ends  and  carrying 
conical  copper  lugs  at  the  outer  ends.  Care  was  taken  in  sealing 
in  these  terminals  to  preserve  the  spherical  contour  of  the  bulbs. 
They  were  protected  from  the  water  of  the  ice  bath  by  glass  tubing 
of  about  4-mm  internal  diameter,  and  of  sufficient  length  to  extend 
well  above  the  surface  of  the  bath.  These  protecting  tubes  were 
sealed  onto  the  bulbs  and  were  slightly,  enlarged  about  the  copper 
lugs. 

The  above  figure  shows  a  bulb  provided  with  an  exhaust  tube 
terminating  in  a  groimd  seat  and  mercury  seal  for  the  connection 
to  the  exhaust  pump.  The  companion  bulb  to  the  above  is  pro- 
vided with  a  filling  tube  consisting  of  a  thick-walled  capillary,  or 
a  tube  with  a  number  of  constrictions,  bent  downward  for  a  few 
centimeters  at  the  top  and  drawn  out  to  a  fine  point  before 
exhausting. 

A  distinct  advantage  of  the  type  of  bulb  described  lies  in  the 
fact  that  there  is  but  one  glass  joint  and  this  is  protected  by  a 
mercury  seal. 

The  resistance  contributed  by  the  terminal  bulbs  was  calculated 
on  the  assumption  that  the  length  of  the  mercury  coltunn  is 
increased  at  each  end  by  eight-tenths  of  the  radius. 

The  corresponding  resistance  is,  therefore,  given  by  the  formula : 


T?    j1i?  ^    /o.Sfi    o.8rA 


7rio63\ri      r,/ 
ri  and  r,  being  expressed  in  millimeters, 

18423*»— 16 ^9 
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The  mean  cross  sections  of  the  finished  tubes  are  given  by  the 
Lo  and  Mq  tabulations  above,  together  with  the  density  of  mer- 
cury, which  is  taken  as  13.5956  at  0°  C. 

The  calibration  data  and  the  caliber  and  cross  section  curves 
were,  however,  all  referred  to  the  interval  5  cm  to  105  cm,  so  that 
it  was  necessary  to  first  determine  the  mean  cross  section  in  the 
above  interval  and  from  this  the  mean  cross  section  at  the  ends. 

The  data  employed  in  these  calculations  are  given  in  Table  24. 

TABLE  24 
Data  for  the  Calculation  of  the  Correction  for  the  Terminal  Btilbs 


Tnbe  No.  1 

Tube  No.  2 

Tube  No.  3 

Tube  No.  4 

Caliber  correction  at  lower  end  (nun) 

+a042 
-  .675 

.999246 

1.00302 

1.00968 
.895992 

.896067 
.898773 
.904741 

.0008943 

+0.050 
-  .363 

.999571 

1.00334 

.96978 
.906531 

.906920 
.909949 
.897652 

.0008933 

+a274 
-  .048 

.MnlOOy 

1.00648 

.99675 
.913211 

.913514 
.919434 
.912372 

.0008873 

dbaooo 

+  .010 

Caliber  correction  at  usoer  end  (mm) 

Ratio  of  mean  croaa  section  of  flnlafaed  tnbe  to 
mean  croea  section  5  cm-ios  cm .............. 

LOOOOlO 

Ratio  of  cross  section  at  lower  end  to  mean  cross 
section  5  cm-105  cm 

L 00196 

Ratio  of  cross  section  at  upper  end  to  mean  cross 
section  5  cm-105  cm 

L00297 

Mean  cross  section  of  flnlsbed  tnbe  (SQ  mm) 

Mean  cross  section  in  inteival  5  cm-105  cm 

(an  nun) 

.947774 
.947765 

Cross  section  at  lower  end  (ao  mm) 

.949623 

Cross  section  at  nooer  end  (ao  mm) 

.950580 

Correction  for  terminal  bulbs  in  International 
ohms ,.... ,,,^,-, 

.0006712 

The  above  values  of  the  corrections  for  the  terminal  bulbs  are 
correct  to  coooooi  ohm  as  estimated  by  the  accuracy  of  the  cali- 
bration data,  which,  however,  do  not  include  irregularities  within 
the  subsections  into  which  the  tube  is  divided.  The  uncertainty 
arising  therefrom,  however,  is  believed  to  be  small. 

J.  THEORETICAL  RESISTANCES  OF  THE  FINISHED  TUBES 

The  theoretical  resistances  of  the  finished  tubes  can  now  be 
computed  from  the  measured  lengths,  the  mass  of  mercury 
required  to  fill  the  tubes  and  the  corrections  for  the  observed 
variations  in  cross  section  and  for  the  terminal  bulbs. 

These  fundamental  constants  together  with  the  calculated 
resistances  are  summarized  in  Table  25. 


F^ 


Wolff, 
Briggs 
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TABLB  25 
Theoretical  Reeistances  of  Finished  Tubes 


1*0  itt  ctfitlinotefB.. 

ICo  in  sniiti 

Caliber  tector 

BMtohmf  at  0*C  ol  tube  proper 

CeriecUoM  tor  tennlnal  tmlbg  In  faitemattonal 
obnie ...................................... . 

Total  reelrience  to  tatemettonaJ  ohma 


Tube  No.  1 

TtobeNo.2 

Tube  No.  3 

95.082310 

96.260589 

9& 996229 

IL  574744 

IL  863961 

12.042715 

1.0000892 

1.0000659 

1.0000467 

.9990593 

•  99vMIB2 

.9992404 

.0006943 

.0008933 

.0008873 

.9999536 

.9998815 

1.0001277 

Tube  No.  4 

loa  693770 
12.974950 
1.0000959 
.9995525 

.0006712 
1.0004237 


To  the  above  values  certain  corrections  are  still  to  be  applied, 
but  owing  to  the  absence  of  reliable  data  for  their  calculation, 
they  have  merely  been  discussed  (p.  456). 

E.  THE  ELECTRICAL  MEASITREMENTS 

The  electrical  comparisons  of  the  ohm  tubes  with  auxiliary  wire 
standards  were  all  made  by  a  modification  of  the  Thomson  bridge 
method. 

The  wire  standards  were  five  in  nimiber  and  were  of  the  small 
t3T)e  previously  described,"  the  cases  being  filled  with  oil  and 
hermetically  sealed  to  eliminate  changes  in  resistance  due  to  vari- 
ations in  atmospheric  humidity.  Two  of  them,  Nos.  3939  and 
3940,  were  constructed  by  Otto  Wolff  in  accordance  with  specifi- 
cations furnished,  while  the  others  were  constructed  at  the  Biu-eau. 

The  comparisons  were  made  by  substitution  (see  Fig.  13),  each 
standard  being  in  turn  substituted  in  the  same  bridge  arm,  5,  the 
auxiliary  standard,  /?,  in  the  opposite  arm  being  an  open  i-ohm 
Wolff  coil,  readjusted  to  have  a  resistance  approximately  o.  1 2  per 
cent  higher  than  its  nominal  value,  so  that  the  shunt  required  for 
balancing  the  bridge  would  always  be  on  the  auxiliary  standard, 
and  so  that  it  would  be  unnecessary  to  employ  shimts  of  very  high 
value. 

The  wire  standards,  together  with  a  100:100  ohm  main  ratio 
coil  and  a  10:10  ohm  auxiliary  ratio  coil,  were  contained  in  a  well- 
stirred,  thermostatically  controlled,  and  electrically  heated  oil 
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bath.  In  the  comparisons  they  were  connected  in  the  desired 
maxiner  by  copper  blocks  mounted  on  suitably  stands  and  pro- 
vided with  mercury  cups,  with  the  exception  that  the  connection 
bridged  over  by  the  auxiliary  ratio  arms  consisted  of  a  short 
No.  ID  copper  wire,  L,  the  ends  dipping  into  the  mercury  cups, 


Fig.  13. — Diagram  of  connections  employed  in  making  intercomparisons  of  mercurial  and 

wire  standards 

serving  as  potential  terminals  of  the  standards.  When  not  in  use 
the  five  reference  standards  were  mounted  on  a  metal  stand,  so  as 
to  be  always  completely  surrounded  by  oil.  The  ratio  coils  were 
selected  so  as  to  obtain  a  very  exact  equality  between  the  main 
and  auxiliary  ratios,  thus  eliminating  any  necessity  of  balancing 
the  auxiliary  arms.    The  main  and  auxiliary  ratios  were  within  one 
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millionth  of  each  other  and  diflFered  from  unity  by  but  13  parts  in 
I  000000. 

As  before  stated,  the  bridge  was  balanced  by  adjusting  the 
shunt  on  the  auxiliary  comparison  standard,  /?,. until  the  galvan- 
ometer, G,  permanently  connected  to  the  bridge,  gave  no  deflection 
on  reversal  of  the  test  current.  G  is  a  special  high  sensitivity 
moving  coil  galvajnometer  and  was  employed  throughout.  Its 
external  critical  resistance  is  approximately  50  ohms,  and  the 
deflection  obtained  for  a  difference  in  balance  of  one  hundred  parts 
per  miUion  amounted  to  50  or  60  mm,  with  the  test  current  of 
0.035  ampere  employed,  so  that  compari- 
sons could  be  easily  made  to  within  a  few 
parts  in  10  million. 

The  battery  coimections  were  normally 
applied  to  the  potential  terminals,  adja- 
cent to  the  main  ratio  arms,  of  the  aux- 
iliary and  reference  standards  under  com- 
parison. By  the  aid  of  a  mercury  com- 
mutator, C,  the  coimections  could  be 
shifted  to  the  terminals  of  the  main  ratio 
coil,  ajnd  the  correction  for  the  inequality 
of  the  connecting  resistances  from  the 
latter  to  the  standards  could  be  inter- 
polated from  the  deflection  resulting  on  reversing  the  com- 
mutator. Since  the  resistances  in  the  main  ratio  arms  were 
approximately  100  ohms  and  the  coimecting  resistances  were 
themselves  small,  the  correction  never  exceeded  a  few  parts  in  10 
million. 

Computation  of  the  Results. — In  a  simple  bridge,  Fig.  14,  let  r^ 
and  r,  denote  the  resistances  of  the  main  ratio  arms ;  R  that  of  the 
auxiliary  standard;  5i,  ^2,  etc.,  that  of  the  standards  to  be  com- 
pared; and  ^1,  ^3,  etc.,  that  of  the  respective  shtmts  applied  to  R 
to  produce  a  balance. 

Then 


Fig.  14. — Diagram  of  simple 
bridge  with  shunt 


_^t 


{  s^R  \ 
\R+sJ 


or 
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m  ^3 


44^  Bulletin  of  the  Bureau  of  Standards  [Voi.  n 

As  the  direct  calculation  by  the  above  f ormtda  is  quite  labori- 
ous, and  as  only  the  relative  values  of  the  standards  under  com- 
parison are  required,  the  computation  was  simplified  by  expressing 
the  results  in  terms  of  the  decrease  in  the  resistance  of  the  auxiliary 
standard  produced  by  the  balancing  shunt. 

The  above  formula  may  be  written: 


^^"^) 


or 


5=-^/?-.^ 


Let  i?=-(i  +a)  Rf^snds^mRo 
Then 

R^       i+2a+«*p 


R+s      i+m+or 

i-f2or-fa'    Rq 


a       i+m 
I  +m 

The  error  due  to  neglecting  a*  in  the  munerator  and  —r —  in 

I  Tilt 

the  denominator  is  represented  by 

V  I  +W/  I  +111 

and  is  readily  shown  to  be  negligible  in  all  practical  cases. 
Hence 

The  first  term  of  the  expression  which  is  denoted  by  K  is  constant, 
and  its  exact  value  is  not  required  to  obtain  the  relative  values 
of  standards  substituted  in  the  arm  5.    Moreover,  since  the  sec- 

ond  term,  denoted  by  Z?,  is  a  correction  term,  —  may  be  put  equal 

to  the  nominal  ratio  in  estimating  its  balance.    In  the  special 

case  here  dealt  with  /?©  is  equal  to  i  ohm  and  —  differs  only  very 

slightly  from  unity,  so  that  D  =(  — — h  — ^  V    The  first  part  is 
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given  directly  by  reciprocal  tables,  and  the  second  part  is  so 
small  that  it  can  be  asstuned  constant  for  a  particular  standard, 
the  slight  differences  in  m  found  in  different  comparisons  produc- 
ing negligible  effects.  Disregarding  the  second  term  entirely 
would,  however,  have  produced  a  maximum  error  only  slightly 
exceeding  i  part  in  i  million  even  in  the  comparison  of  the  mer- 
cury standards. 

The  results  of  a  series  of  comparisons  made  in  the  maimer  above 
described  may  be  written 

... 

Hence,  assuming  the  value  of  one  of  the  coils,  or  the  mean  value 
of  a  number  of  them,  K  is  obtained.  This  value  of  K,  substituted 
in  the  observational  equations,  gives  the  value  of  all  standards 
substituted  in  the  given  bridge  arm  on  the  particular  basis  to 
which  the  assumed  values  are  referred  (in  this  case  the  mean  of 
the  5  coils  employed).  The  differences  between  the  values  thus 
computed  and  the  assumed  values  of  the  separate  coils,  found 
from  day  to  day  and  tabulated  bdow,  gives  a  measure  both  of  the 
accuracy  of  the  observations  and  of  the  relative  constancy  of  the 
coils. 
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TABLE  26 

Relative  Constancy  of  -Wire  Standards  During  their  Intercomparison  with  the 

Merctuy  Standards 


Date 


1911 

Febmaiy  10 

Februuy  13 

Fdbnuuy  14 

Febmaiy  15 

Febmaiy  16 

Febraaiy  18 

Febmaiy  21 

Febraaiy  23 

Febmaiy  24 

Febraaiy  25 

Febraaiy  27 

Febraaiy  28 

March  1 

Maich2 

March  3 

March  4 

March  6 

March  8 

March  9 

March  16 

March  17 

March  18 

March  20 


No.  3 

No.? 

No.  8 

No.  3939 

No.  3940 

sn 

m 

m 

m 

m 

+0.8 

-a  2 

-0.6 

+L3 

+a4 

+1.0 

-  .3 

— 

.8 

.0 

+  .4 

+  .9 

-  .6 

— 

.4 

.0 

.0 

+  .7 

-  .9 

— 

.4 

.0 

+  .7 

+  .6 

-  .6 

— 

.6 

+ 

.5 

+  .4 

+  .8 

-  .4 

— 

.4 

— 

.1 

+  .5 

+  .9 

-  .8 

— 

.7 

+ 

.1 

+  .5 

+1.0 

-  .6 

— 

.5 

+ 

.1 

+  .3 

+1.0 

-  .2 

— 

.6 

— 

.2 

.0 

+1.0 

-  .2 

— 

.6 

— 

.3 

+  .1 

+  .8 

.0 

— 

.9 

— 

.4 

+  .4 

+L0 

-  .2 

— 

.6 

— 

.4 

-  .1 

+  1.0 

-  .3 

— 

.8 

+  . 

.4 

.0 

+1.0 

-  .1 

—  , 

.8 

—  . 

1 

+  .1 

+1.0 

-  .4 

—  , 

8 

—  , 

1 

+  .2 

+  .8 

-  .2 

—  . 

.8 

— 

.2 

+  .5 

+  .8 

-  .2 

—  . 

8 

—  . 

.2 

+  .5 

+1.0 

-  .2 

—  . 

.8 

—  . 

.1 

+  .3 

+1.0 

-  .1 

—  , 

7 

—  . 

1 

-  .1 

+1.1 

.0 

—  . 

7 

—  , 

1 

-  .1 

+  1.2 

-  .1 

—  , 

7 

—  , 

2 

-.3 

+1.1 

-  .1 

—  , 

.7 

—  , 

1 

-  .1 

+1.0 

-  .3 

—  , 

4 

—  . 

1 

+  .1 

Table  27  gives  the  temperature  coefficients  (in  the  general 
formula  R^  =/?35{  i  +a  (/  —  25 )  — jS  (/  —  25)* })  as  well  as  the  values  of 
the  wire  standards  used  in  the  intercomparisons,  and  covers  the 
period  from  December  i,  1910,  to  Jime  14,  1912.  The  first  five 
standards  were  used  in  the  191 1  measurements.  Two  supple- 
mentary series  of  measurements  were  made  in  191 2,  in  which  coils 
Nos.  3939  and  3940  were  replaced  by  Nos.  4  and  15. 
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TABLE  27 
One  Ohm  Wire  Standards 

[Excess  in  mflllaaths  oyer  nominal  value  in  tatemational  ohms] 


CeU 

<K 

fi 

Decl, 
1910 

Feb.  17, 
1911 

Mar.  11, 
1911 

Jan.  11, 
1912 

Mar.  1, 

1912 

May  4, 
1912 

Jme  14, 
1912 

3 

+ia8 

+  9.2 

+  9.2 

+13.0 

'+13.1 

-.48 
-.49 
-.50 
-.46 
-.45 

+  63 
+  65 
+  70 
+  99 
+  98 

+  63 
+  64 
+  70 
+  99 
+  97.5 

+  63.5 
+  65 
+  69.5 
+  99 
+  99 

+  6&5 
+  65.5 

+  69 
+  97.5 

+  9a5 

+  66.5 

+  64.5 
+  68 
+  99 
+100 

+  66,5 
+  64 
+  6&5 
+  99 
+101 

+  68 

7 

+  65.5 

8 

+  68 

3939 

+100 

9940 

+101 

Meim 

+  79.0 

78.7 

+  79.2 

+  79.4 

+  79.6 

+  79.8 

+  8a5 

4 

+  8.2 
+  6.0 

-.46 
-.50 

+  31 
+153 

+  31 
+1.S15 

+  3L5 
+158 

+  29.5 
+167.5 

+  28 
+166.5 

+  28 
+168.5 

+  2&5 

15 

+168 

As  stated  above,  the  close  equality  of  the  ratios  of  the  main  and 
auxiliary  arms  of  the  bridge  and  the  relatively  low  resistance  of 
the  coimecting  link  between  the  two  standards  eliminated  any 
error  due  to  the  link.  The  correction 
arising  from  the  inequality  of  the  con- 
necting resistances  in  the  main  ratio 
arms  was  calculated  from  the  deflec- 
tion produced  by  shifting  the  battery 
connections  as  described  above,  a 
double  deflection  of  5  mm  correspond- 
ing to  a  correction  of  one  part  in  ten 
million.   The  observed  deflection  rarely   ^g.  is— Dtagram  of  simpu  bridge 

exceeded  3  mm.  "^'^  connecting  resistances 

The  considerably  larger  inequalities  met  with  in  the  measure- 
ments of  the  mercury  standards  made  it  desirable  to  introduce 
compensating  resistances  in  the  opposite  arms  of  the  bridge. 

The  following  discussion  relates  to  the  principles  governing  the 
method  of  adjusting  the  compensating  resistances,  so  as  to  eliminate 
the  correction  involved,  or  to  reduce  it  to  such  a  small  value  that  it 
can  be  computed  with  adequate  accuracy: 

Consider  a  simple  Wheatstone  bridge  as  shown  in  Fig.  15,  in 
which  5  is  the  standard  to  be  measured,  R  the  standard  in  terms  of 
which  it  is  to  be  expressed,  r  and  r'  ratio  arms,  and  a  and  a'  con- 
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necting  resistances,  one  or  both  adjustable,  between  the  ratio 
arms  and  the  standards  under  comparison. 

Let  5  -w  i?  (i  -hx) 
r  "uR 

r'^mnR  (i+a) 
a  '^cR 
a'^mc^  R 

Then  if  the  bridge  be  balanced  (by  preliminary  adjustment 

of  one  of  the  connecting  resistances)  with  the  battery  applied 

at  B'  B' 

S-^a'    r' 

R+a  ""r 
Substituting 

m  R  (i  +x)  +mc'  R    mnR  (i+a) 
R+cR  "         fiR 

Prom  this  it  follows  that 

X— a  +  (i  +a)  c—cf 

Next  shift  the  battery  coxmections  from  B^  B^  to  BB  and 
rebalance  the  bridge  by  adjustment  of  R  to  R',  keeping  the  con- 
necting resistances  a  and  a^  unchanged  and 

let  i?'-i?(i+/J) 
Then 

5     r'+a' 

R'"  r+a 
or, 

tnRji  +y)     mnR{i  +«)  +mc^R 

RU+P)  ^  nR+cR 

« 

On  simplification  we  obtain, 

(i-fa)c-c' 


i+%-(i+i9)(i+a)-(i+i9) 


n+c 


In  the  first  position  of  the  battery  connections,  the  error  due  to 
ignoring  the  connecting  resistances  would  have  made  x  too  small 
by  (i  +a)c'-c^;  in  the  second  position  the  value  found  for  x  would 

have  been  too  large  by  (i  -hfi)- -^ •    The  ratio  of  the  second 

to  the  first  of  these  quantities  is  "-r^* 
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From  the  above  relations  the  following  conclusions  can  be 
drawn: 

(i)  If  the  connecting  resistances  are  entirely  compensated, 

x^a,  (i  +a)c=c'  and  ^—0. 

That  is, 

S     r'    a'        .  ^  . 

In  this  case  the  bridge  is  in  balance  for  both  positions  of  the 
battery  coimections  without  adjusting  R.  Moreover,  it  is  the 
only  condition  under  which  the  coimecting  resistances  are  com- 
pletely eliminated,  as  could  have  been  seen  directly  from  Fig.  15, 
by  supposing  the  battery  and  galvanometer  connections  inter- 
changed, there  being  in  the  above  case  no  differences  in  potential 
between  the  pairs  of  terminals  B'B'  and  BB. 

(2)  The  ratio  ^>  designated  by  n,  must  be  greater  than  unity  in 

order  that  the  error  due  to  the  connecting  resistance  may  be 
reduced  by  rebalancing  in  the  manner  described.  That  is,  the 
battery  coimections,  when  adjusting  the  bridge  balance  by  varying 
one  of  the  coxmecting  resistances,  must  be  applied  so  that  the 
resistances  a  and  a'  are  included  in  the  arms  of  lower  resistance. 
In  other  words,  the  coimecting  resistances  are  adjusted  in  such  a 
manner  as  to  make  the  ratio  of  the  connecting  resistances  approxi* 
mate  the  ratio  of  the  bridge  arms  having  the  higher  resistance. 
They  can  not,  by  the  above  process,  be  adjusted  to  the  ratio  of  the 
arms  of  lower  resistance. 

(3)  The  original  error,  due  to  the  presence  of  the  coimecting 
resistances  remaining  after  the  adjustment  of  one  of  them  to  bal- 
ance the  bridge  with  the  battery  applied  at  B^B\  is  determined 
solely  by  the  difference  x—a^  the  relative  difference  in  balance  if 
there  be  no  connecting  resistances.  Rebalancing  by  adjustment 
of  R  (or  5)  with  the  battery  applied  at  BB,  the  above  error  is 

reduced  in  the  ratio  — r^>  or  since  B  and  c  are  generally  small  in 

n-vc  "^ 

comparison,  respectively,  with  unity  and  n,  the  error  is  virtually 

reduced  in  the  ratio— 

n 
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(4)  The  repetition  of  the  above  process,  first  rebalancing  with 
the  battery  at  B'B',  by  adjustment  of  a  or  a',  and  then  again  re- 
balancing with  the  battery  at  BB  by  adjustment  of  i?,  will  each 

time  reduce  the  error  in  the  approximate  ratio  — 

(5)  In  the  special  case  in  which  n-i,  the  error  in  x  in  the  two 

I  +j8 
positions  of  the  battery  will  be  («— a)  and -~(x— «)•  That  is, 

they  will  be  approximately  of  the  same  magnitude  but  of  opposite 
signs  if  p  and  c  are  small  in  comparisons  with  imity.  For  n  =  i, 
the  method  of  eliminating  the  connecting  resistances  therefore  fails. 

(6)  When  n>  10,  the  steps  need  only  be  repeated  a  very  few 
times  to  eliminate  the  connecting  resistances  entirely,  since  (%— a) 
rarely  exceeds  o.ooi.  Moreover,  in  the  preliminary  adjustments 
the  balance  need  not  be  exact,  so  that  the  final  adjustment  is 
quickly  attained. 

To  apply  these  conclusions  to  the  case  of  the  Thomson  bridge, 
it  need  only  be  remembered  that  the  Thomson  bridge  is  equivalent 

to  a  simple  bridge  having  arms  R  +K  --r~>*  ^^^  S-\-K  -3—/'  ^^Z- 

16,  where  K  is  the  resistance  between  the  points  bridged  by  the 
auxiliary  ratio  arms,  and  ^  and  s'  are  the  total  resistances  m 
the  auxiliary  ratio  arms. 

The  cormecting  resistances  a  and  a'  must  in  the  first  instance 
be  adjusted,  so  as  to  have  the  same  ratio  as  r  and  r',  no  choice 
being  left,  as  the  ratio  arms  are  larger  than  the  resistances  imder 
comparison  in  practically  all  cases  where  the  Thomson  bridge  is 
employed. 

The  procedure  employed  in  the  comparison  of  the  mercury 
and  wire  standards  was  briefly  as  follows: 

The  wire  standard,  5*  (Fig.  13),  was  replaced  by  the  mercury 
standard,  cojmections  to  the  bridge  being  made  through  the 
leads  as  shown.  The  auxiliary  i-ohm  standard  R  was  shifted 
to  the  position  as  indicated  by  the  dotted  lines  and  connected 
to  the  ratio  arms  by  the  adjustable  low  resistances  ^'  6  and  b'  con- 
sisting of  movable  amalgamated  copper  rods  in  porcelain  tubes 
containing  mercury. 

u  Fhys.  Rev.,  S2,  p.  6x4,  Z9xx:  88,  p.  2x5,  X9xx. 
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A  rough  balance  of  the  bridge,  with  the  link  L'  in,  was  first  made 
by  adjusting  the  shunt  on  /?,  the  battery  being  applied  at  BB, 
The  battery  connections  were  next  shifted  *•  to  B^  B'  by  means 
of  the  commutator  C,  and  the  bridge  rebalanced  by  adjustment 
of  the  mercury  resistance  6.  With  the  battery  again  in  the  normal 
position  and  the  link  U  out,  a  balance  was  obtained  by  adjusting 
b\  .  The  above  operations  were  repeated  and  the  final  balance 
obtained  by  adjusting  the  shunt.  After  the  approximate  value 
of  the  resistance  of  a  tube  and  its 
corresponding  approximate  balancing 
shunt  had  once  been  determined 
subsequent  measurements  could  very 
quickly  be  made. 

Preparation  of  the  Tubes  for  Elec- 
trical Measurements, — ^Two  tubes  are 
made  ready  for  electrical  measure- 
ments at  the  same  time.  After  clean- 
ing and  drjong  them  in  the  usual  way 
(this  is  always  done  before  making  a 
new  filling)  they  are  mounted  on 
either  side  of  a  nickel-plated  steel 
beam  in  carefully  aligned  V-grooved 
supports  and  clamped  with  suitable 
spring  clips.  The  terminal  bulbs  are 
then  seated,  being  adjusted  so  that   ^o^i^--^^^ of  the  Thomson 

/  •  .1        bridge,    vnih    connecUng.  resist* 

the  extensions    are    m    a    vertical      ^,^^ 
plane.    The  bulbs  are  prevented  from 

rotating  by  means  of  hard-rubber  strips  made  to  slip  over  the 
protecting  tubes  of  the  potential  terminals  and  secured  to  uprights 
attached  to  the  supporting  beam.  Under  the  center  of  each  bulb 
is  a  vertical  screw  carrying  horizontally  a  flat  metal  disk  about 
2  cm  in  diameter  which  is  adjusted  to  support  the  bulb.  A 
further  support  is  provided  between  the  bulb  proper  and  the 
smaller  bulb  of  the  current  terminal.  This  support  consists  of  a 
rectangular  piece  of  copper  with  a  V-notch  at  the  upper  end 


^  This  bttUetin,  8,  p.  585;  1912. 
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and  with  its  lower  end  slotted  so  that  the  support  xnay  be  adjusted 
to  its  proper  height  and  held  in  place  by  a  screw. 

The  mercury  seals  are  next  made  secure  by  means  of  soft- 
rubber  washers  snugly  fitting  the  ohm  tubes  and  clamped  against 
the  face  of  the  glass  portion  of  the  seal  by  screws  through  annular 
hard-rubber  disks  placed  on  the  tubes  and  engaging  slotted 
disks,  also  of  hard  rubber,  slipped  over  the  outlet  of  the  bulbs 
just  behind  the  enlargement  forming  part  of  the  seal.  The 
seals  are  filled  with  mercury  and  the  proper  seating  of  the  tubes 
tested  by  partial  evacuation  of  the  tubes  and  bulbs.  If  satis- 
factory, the  seals  are  capped  and  coated  with  celloidin  to  make 
them  waterproof. 

Preparatory  to  filling,  a  tube  is  connected  to  a  Geryk  pump 
and  exhausted  15  minutes,  the  resulting  observed  pressure  in 
most  cases  being  less  than  o.oi  mm  of  mercury.  It  is  filled  by 
breaking  the  sealed  and  drawn-out  end  of  the  filling  tube  imder 
ptu«  mercury  twice  distilled  in  a  Hulett  still.  The  greater  por- 
tion of  the  mercury  is  next  removed  from  the  upright  portions 
of  the  filling  and  exhaust  tubes  and  the  final  height  of  the  mer- 
cury in  each  above  the  level  of  the  ohm  tubes  recorded.  Mercury 
is  also  introduced  into  the  protecting  tubes  of  the  current  and 
potential  terminals.  The  filled  tubes  (see  Fig.  17)  are  next 
removed  to  the  ice  bath  and  "  iced  up "  preparatory  to  the  elec- 
trical measurements. 

The  ice  bath  consists  of  a  rectangular  copper  tank  (Fig.  18) 
128  cm  long,  22  cm  wide,  and  16  cm  deep,  supported  within  a 
wooden  tank  with  a  clearance  of  about  6  cm  aU  around.  The 
inner  tank  is  of  double-walled,  nickel-plated  copper  with  inter- 
mediate air  space  of  0.6  cm.  The  outer  tank  is  lined  with  nickel- 
plated  copper  sheeting  and  has  the  comers  at  the  bottom  rounded 
to  facilitate  its  proper  filling  with  ice.  The  outer  tank  is  also 
provided  with  a  drain  pipe  and  a  water  gage. 

Finely  chipped,  pure  plate  ice,  made  from  distilled  water,  was 
used,  care  being  taken  to  keep  it  free  from  contamination  at  all 
times.  The  ice  was  carefully  packed  about  the  tubes  and  ter- 
minal bulbs  and  extended  to  within  i  or  2  centimeters  of  the  top 
of  the  terminal  tubes.     The  outer  bath  was  well  packed  with 
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coarser  ice,  and  both  tanks  were  filled  to  the  top  with  distilled 
water.  The  resistance  of  the  water  in  the  inner  bath  was  deter- 
mined in  nearly  every  case  after  the  completion  of  the  electrical 
measm-ements  and  averaged  3300  ohms.  That  of  distilled  water 
averaged  5500  ohms  in  the  same  apparatus.  In  one  instance  the 
measm-ed  resistance  was  abnormally  low,  300  ohms,  in  which  case 
the  bath  was  cleaned  and  reiced  and  the  electrical  measurements 
repeated.  With  this  one  exception  there  was  no  cause  for  a  rejec- 
tion of  the  ice,  the  conductivity  of  the  water  being  considerably 
less  than  that  corre- 
sponding to  a  con- 
centration of  NaCl, 
which  would  aflfect 
the  melting  point  by 


Top  T^efK 


lA)rifftUjdinaL  Section 


o.ooi^C. 

Insulation  Resis- 
tance,— ^The  insula- 
tion resistance  of  the 
inclosed  column  of 
mercury  was  meas- 
ured in  practically 
every  case,  and  was 
fotmd  in  most  in- 
stances to  exceed  ^g.  18. — ice  bath  for  mercury  units  under  electrical  conp- 
nr%  Tni*fynhTn<5  Th^  parison;  also  used  in  the  deierminaUon  of  Mq  by  Smith's 
-  °       .     *  method 

few  exceptions  were 

among  the  first  fillings,  where  no  attempt  was  made  to  protect 

the  mercury  seals  from  the  water  by  coating  them  with  celloidin. 

The  Connecting  Leads. — ^Flexible  stranded  copper  wire  leads, 
cotton  covered  and  3  tnm  in  diameter,  were  used  for  making  elec- 
trical connections  to  the  bridge.  These  leads  terminate  in  well 
amalgamated  No.  8  single  copper  wires,  dipping  into  the  mercury 
of  the  current  and  potential  tubes.  The  height  of  the  mercury 
in  these  tubes  was  so  adjusted  that  with  the  leads  in  place  the 
mercury  was  but  slightly  below  the  level  of  the  ice.  Heat  con- 
duction through  the  terminals  into  the  end  bulbs  was  thereby 
eliminated  even  when  using  the  heavy  conductors. 
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Dtiring  the  electrical  measurements  one  of  these  terminals  was 
several  times  heated  in  mercury  at  90^  C.  and  quickly  placed  in 
the  potential  terminal  tube.  The  effect  was  principally  thermo- 
electric, and  the  normal  resistance  was  recovered  within  two  or 
three  minutes.  No  measurements  were  ever  made  after  inserting 
the  terminals  until  the  galvanometer  zero  was  steady,  the  usual 
time  of  waiting  being  from  5  to  10  minutes. 

Effect  of  Test  Current. — ^The  effect  of  the  test  current  of  0.035 
ampere  employed  was  fotmd  to  be  inappreciable.  A  current  of 
0.88  ampere  steadily  applied  gave  a  resultant  change  in  resistance 
of  238  millionths,  corresponding  to  a  change  of  approximately 
300  parts  per  million  per  watt.  The  effect  produced  became  con- 
stant within  five  minutes  and  the  resistance  returned  to  its  original 
value  within  two  minutes  after  opening  the  circuit.  The  current 
employed  in  the  measurements  corresponded  to  a  load  of  0.0012 
watts,  and  therefore  would  correspond  to  a  heating  effect  of  but 
four  parts  in  ten  million.  The  experiments  made  also  give  a 
measure  of  the  rapidity  with  which  thermal  equilibrium  is  estab- 
lished when  the  tube  is  placed  in  the  ice  bath.  However,  no 
electrical  measurements  were  made  without  waiting  at  least 
half  an  hour  after  icing.  Measurements  occasionally  repeated  for 
various  means  confirm  the  above  conclusions. 

Effect  of  Pressure  on  Resistance. — ^The  effect  of  the  pressure  on 
the  conductivity  of  the  mercury  within  the  tube,  due  to  the  head 
in  the  filling  and  exhaust  tubes,  was  necessarily  very  sma.ll,  since 
the  head  in  all  cases  was  less  than  6  cm.  The  change  in  resistance 
per  unit  resistance  per  atmosphere  (internal  and  external  pressure) 
of  a  column  of  mercury  tmder  pressure  in  ordinary  glass  as  deter- 
mined by  A.  De  F.  Palmer,"  is  approximately  33  parts  per  million. 
In  tube  No.  i  a  decrease  in  resistance  of  but  3.7  parts  per  million 
was  fotmd  for  an  increase  in  head  of  15.6  cm  of  mercury,  corre- 
sponding to  a  change  of  1.4  parts  per  million  for  a  head  of  6  cm. 

Effect  of  Curvature  on  Electrical  Resistance. — ^A  calculation  was 
made  to  ascertain  the  influence  of  impressed  curvature  on  the 
electrical  resistance  of  an  ohm  tube  on  the  assumption  that  the 
length  of  the  axis  remains  tmchanged  and  that  the  shape  of  the 

^'  Axnericm  Jr.  Sd.  (4),  4;  p.  z;  1897. 
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cross  section  remains  the  same.    The  calculated  resistance  of  the 
flexed  tube  was  found  to  be 


R. 


1  + 


A\h)'^Ah)\ 


in  which  R^  represents  the  resistance  of  the  unflexed  tube,  a  the 
radius  of  the  bore,  and  h  the  radius  of  curvature.  It  is  apparent 
that  there  can  be  no  appreciable  effect  due  to  this  cause. 

L.  RESULTS  OF  ELECTRICAL  COMPARISONS 

In  the  electrical  comparisons,  readings  were  made,  first  on  each 
of  two  tubes,  then  on  the  five  wire  coils  with  which  they  were 
compared,  after  which  the  readings  on  the  tubes  were  repeated. 
The  average  difference  between  the  first  and  last  readings  on  the 
tubes  (62  pairs  in  all)  was  less  than  0.8  part  per  million. 

The  results  of  electrical  comparisons  of  the  ohm  tubes  with  the 
wire  standards  in  191 1  are  shown  in  Table  28.    Seven  fillings  were 

TABLE  28 
ResollB  of  Blectrlcal  MMsufeiiieiits,  1911 

tThe  otMerred  minus  the  olnihtfrt  value  in  Intetmitiomil  ohmil 


Tube  No.  1 

TttlMNo.2 

Tatelfo.3 

Tiibelfo.4 

imtaif 

Mffefenoo 

in 
flUHImthB 

A 

Mffefenoo 

in 
nUHImthB 

A 

Diftaraooe 
in 

A 

Diftaraooe 
in 

A 

-27.8 
-28.0 
-28.2 
-31.4 
-28.4 
-33.4 
-21.4 

+0.6 
+  .4 
+  .2 
-3.0 
.0 
-5.0 
+7.0 

-27.0 
-34.8 
-84.0 
-28.7 
-35.8 
-38.6 
-28.5 

+5.5 
-2.3 
-1.5 
+3.8 
-3.3 
-6.1 
+4.0 

-17.7 
-19.2 
-18.1 
-20.0 
-21.4 
-22.0 
-18.4 

+1.8 
+  .3 
+1.4 
-  .5 
-1.9 
-2.5 
+1.1 

-14.4 
-16.4 
-16.6 
-25.6 
-24.1 
-26.8 
-26.3 

+7.1 

+5.1 

+4.9 

—4.1 

—2.6 

-5.3 

—4.8 

Mi«n... 

-28.4 

±2.3 

-32.5 

±3.8 

-19.5 

±1.4 

-21.5 

±4.8 

PMbeble  enoc  el  niMns 

TttlMlfo.1 ±a95 

Tube  No.  2 ±L12 

TttlMNo.3 - ±a42 

T11I16N0.4 ±L38 

18423^—16 10 
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made  of  each  tube,  and  the  values  tabulated  are  diflferences  in 
international  ohms  of  the  observed  and  calculated  values.  The 
As  represent  the  deviation  of  the  individual  measurements  from 
their  mean.  The  average  deviation  from  the  mean  and  the  prob- 
able error  of  the  mean  are  also  given.  The  calculated  or  theo- 
retical resistances  of  the  tubes  have  been  given  in  Table  2  5 ,  page  443. 
The  following  table  shows  the  mean  results  for  the  four  tubes. 
The  average  deviation  was  5  millionths,  a  very  satisfactory 
agreement. 

TABLE  29 
'Summary  of  Electrical  MeasurementSy  19U 

[Obsenred  minus  calculated  resistance  in  international  ohms) 


* 

Tube 

DiflOTBDCa 

in 

MMn«l 
teven 
fllUngi 

A 

1 , 

-28.4 
-32.5 

-19.5 
-21.5 

-2.9 

2 

—7.0 

3 

+6.0 

4 

+4.0 

Mmn ...r^. 

-25.5 

±5.0 

Discussion  of  Results. — ^Table  29  shows  that  the  international 
ohm,  as  defined  by  the  fom*  tubes,  was  fomid  in  191 1  to  be  25.5 
millionths  smaller  than  the  international  ohm  as  represented  by 
the  manganin  coils  of  the  Bureau.  These  coils  maintain  the  unit 
agreed  upon  in  the  19 10  international  investigation,  by  inter- 
comparison  of  the  coils  of  England,  Prance,  Germany,  and  the 
United  States."  The  "  1910  ohm"  thus  agreed  upon  represented 
the  international  ohm  as  closely  as  it  was  known  at  that  time. 
The  **  1910  ohm"  was  so  selected  as  to  represent  the  mean  of  the 
English  and  German  mercury  ohm  tubes,  as  no  other  cotmtries 
had  suitable  ohm  tubes  at  that  time. 

According  to  the  comparisons  made  in  the  19 10  investigation, 
the  international  ohm,  as  represented  by  the  German  ohm  tubes, 

^*  Report  to  the  International  Committee  on  Electrical  Units  and  Standards  (issued  by  the  Bureau 
of  standards,  Jan.  z,  X9xa),  pp.  8a,  303. 
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was  10  millionths  larger  than  that  represented  by  the  English  ohm 
tubes.  The  first,  therefore,  differed  by  +  5  millionths  and  the  second 
by  —5  millionths  from  the  "  1910  ohm,"  It  follows  that  the  in- 
ternational ohm  as  represented  by  the  Bureau  of  Standards  ohm 
tubes  in  191 1  was  30.5  millionths  smaller  than  the  unit  defined  by 
the  German  tubes  and  20.5  millionths  smaller  than  the  unit  defined 
by  the  English  tubes. 

PART  m.  SUPPLEMENTARY  MEASUREMENTS 

In  July,  191 2,  two  additional  electrical  comparisons  of  each  of 
the  four  Bureau  of  Standards  tubes  were  made.  As  the  observed 
resistance  of  each  tube  minus  its  calculated  resistance  was  greater 
than  foimd  in  191 1  (see  Tables  29  and  33),  a  third  series  of  com- 
parisons was  made  in  November  and  December,  1912,  which,  in 
general,  confirmed  the  results  of  the  Jtdy  series. 

Redeterminations  of  the  Mo  and  Lo  of  each  tube  were  therefore 
made  early  in  1 913  and  the  theoretical  resistances  recalculated. 
All  measurements  were  made  in  the  same  way  as  those  of  1910  to 
19H,  with  the  exception  that  in  the  redetermination  of  Lo  read- 
ings were  made  on  but  two  positions  of  each  tube  with  a  smaller 
ntunber  of  readings  for  each  position,  and  hence  with  a  corre- 
spondingly larger  probable  error.  The  work  involved  a  recalibra- 
tion  of  the  weights  employed  and  a  recomparison  of  meters  39 
and  22  at  o^  C.  The  results  are  summarized  in  the  following 
tables. 

Tables  30,  31,  and  32  show  that  the  average  change  in  L©,  Mo, 
and  the  calculated  Ro  for  all  fotu-  tubes  was  i.i,  9.4,  and  8.2  parts 
per  million,  respectively. 

Table  34  shows  that  the  international  ohm  as  defined  by  the 
four  tubes  in  December,  191 2,  was  12.5  millionths  smaller  than 
the  international  ohm  as  represented  by  the  manganin  coils  of 
the  Bureau  at  that  time.  The  ohm  tubes  and  the  manganin  coils 
of  the  Btureau  have  thus  .come  into  better  agreement  since  191 1, 
when  the  difference  was  25.5  millionths.  It  would  appear  that 
the  manganin  coils  changed  in  such  a  way  that  the  imit  which 
they  define  decreased  by  13  millionths.  That  the  change  may 
actually  be  attributed  to  the  manganin  coils  rather  than  to  the 
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ohm  tubes  was  indicated  by  comparisons  made  with  the  standards 
in  other  national  laboratories.  Coils  were  sent  by  the  Bureau  to 
England  and  Germany  in  191 1  and  1912  and  measured  in  terms 
of  the  manganin  standards  of  the  National  Physical  Laboratory 
and  the  Reichsanstalt,  respectively.  According  to  the  former  the 
unit  defined  by  the  Bureau  manganin  coils  decreased  9  millionths, 
and  according  to  the  latter  5  millionths  during  the  interval. 

TABLE  30 
Radetonnined  Lo»  1913 


Tote 

bin  MB- 

1^,1911. 
inynli 

1 

91062S00 

96.260476 
96.996315 

loaeassM 

+2.00 

2 

— L17 

3 

+0.89 

4.., 

4-0.  SI 

A           ebon 

L14 

TABLE  31 
Redetennined  B^  1913 


IMt 

raiifli 

'SSA 

Af«nn 

dAftattan 

fnmmMm 

to  pUtB 

psrmJIliHi 

Piobifate 

tmrof 

nmtilii 

flilIllMI 

i^^iy 

1I^1911« 
In  pulB 

1 

7 
7 
7 
7 

IL  574870 
IL  804101 
12.042745 
12.975108 

±2.19 
±SL17 
±8157 

±2.77 

±a9i 
±a95 

±L07 

±a9o 

+10l89 

2 

+1L80 

3 

+  ^49 

4 

+12.21 

Mms 

±2.92 

±a96 

+  9l36 
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T0be 

Sofai  Inter" 

nattaial 

oHuna 

Calcolated 

Ro.1913, 

Ro.1911. 

in  pulB 

permOttoo 

1 

a9999467 
a  9996674 
1.0001270 
L 0004127 

—  6.88 

2 

—14.13 

3 

—  a71 

4 

—11.20 

^rr^  ^^^ 

8.23 

TABLE  33 
Ob8«r?ed  R^— Calcukted  Ro  in  Intenuitional  Ohms,  Series  2,  July,  1912 

priic  calcolated  Ro  was  pcwated  on  the  anwimption  that  the  M*  and  the  Lo  dumged  unifonnaDy  between 

the  two  detenmnatioos] 


Tube 

Obaerved 
ftakwiated 

Ro  falMfftS 

Iter  miiHm 

A 

^  W_                        

1 

2 
2 
2 
2 

-13.7 
-11.8 
-12.7 
+  SLO 

—  4^9 

2 

—  Z.0 

3 

—  3^9 

4 

+1L8 

Mean ..... 

-  6.8 

±  5.9 

TABLE  34 

Observed  Ro— CalcoUited  Ro  in  Inlenistionsl  Ohms,  Series  3,  November  end  De- 
cember, 1912 


(Calcolated  R«from  19x3 


oCMoandU 


Tnbe 

ynusga 

Obaerved 
calculated 

Ro  UMfftS 

Mf  iniitliin 

A 

1 

4 
5 

4 
4 

-19.5 
-8.6 
-19L7 
-  2.1 

—  7.0 

2 

+  3^9 

3 

—  7.2 

4 

+ia4 

Mean 

-12.5 

±7.1 
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The  unit  defined  by  the  manganin  coils  of  the  Bureau,  therefore, 
decreased  by  7  millionths  in  terms  of  the  mean  of  the  English  and 
German  manganin  standards,  and  decreased  by  13  millionths  in 
terms  of  the  mercury  tubes  of  the  Bureau.  This  rather  good 
agreement  is  partly  accidental,  since  the  mean  change  of  13  mil- 
lionths is  an  average  for  the  four  tubes  of  changes  ranging  from  o 
to  24  millionths,  as  may  be  seen  from  the  following  table: 

TABLE  35 


Observed  Ro— Calculated  R^y  in  Parts  per  Million 

Tube 

1911 

Deomiber, 

1912 

A 

1 

-28.4 
-32.5 
-19.5 
-2L5 

-19.5 

-  8.6 
-19.7 

-  2.1 

-  8.9 
-23.9 
+  0.2 
-19.4 

+  4.1 

2 

-ia9 

3 

+13.2 

4 

-  6.4 

Mmii..... 

-25.5 

-12.5 

-lao 

+  &6 

m 

The  mean  deviation  of  8.6  millionths  is  a  rough  measure  of  the 
accuracy  of  reproduction  of  the  mercury  unit  at  different  times, 
using  the  same  tubes. 

COMPAIUSON  OF  OHM  TUBES  OF  SEVERAL  COUNTRIES 

A  comparison  of  the  mercury  ohm  tubes  of  the  various  national 
laboratories  was  made  in  191 3  by  means  of  measurements  upon  a 
number  of  manganin  coils.  The  English  National  Physical  Labo- 
ratory sent  coils  to  the  Laboratoire  Central  d'Electricit^  of  France, 
the  Reichsanstalt  of  Germany,  the  Bureau  of  Measures  and  Weights 
of  Russia,  and  to  the  Bureau  of  Standards.  Each  laboratory 
made  measurements  upon  the  coils  and  gave  data  by  which  the 
results  could  be  expressed  in  terms  of  the  mercury  ohm  tubes  of 
the  laboratory.  The  values  given  at  that  time  by  this  Bureau 
were  in  terms  of  the  mercury  ohm  measurements  of  July,  191 2. 
In  the  following  table  these  have  been  changed  to  correspond  with 
the  latest  mercury  ohm  measurements,  those  of  December,  191 2. 
Mercury  ohm  tubes  have  also  been  set  up  in  the  Electrotechnical 
Laboratory  at  Tokyo,  Japan,^'  and  compared  with  tubes  supplied 

^  Proc.  Math.-Phys.  Soc.  Tokyo,  7,  p.  346;  19x4.    Science  Abstncts,  17*  No.  1890;  19x4- 
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by  the  National  Physical  Laboratory  of  England.  The  unit  de- 
fined by  the  Japanese  tubes  was  found  to  be  8  millionths  smaller 
than  the  unit  defined  by  these  English  tubes.  Assuming  (i)  that 
these  Eniglish  tubes  give  the  same  mean  tmit  as  the  tubes  kept  in 
the  National  Physical  Laboratory,  and  (2)  that  the  Japanese 
laboratory  takes  the  mean  of  both  sets  of  tubes  to  be  the  mercury 
resistance  unit  of  Japan,  it  follows  that  the  Japanese  mercury  unit 
is  4  millionths  smaller  than  the  English  mercury  unit.  The  first 
of  these  assumptions  is  probably  not  exact,  but  the  result  can  not 
be  far  wrong. 

TABLE  36 
Comparisoa  of  Units  Defined  by  Ohm  Tabes  in  1913 


Cwiulty 


Sni^isd...... 

Gemumy 

J«PMi 

RtiMia 

United  SUtM. 


BCoicisiy  mlt 

of  ooontiy 
niliiiui  nMcofy 
unit  of  UnltQd 


Mimonthi 

+10 
+28 
+6 
+5 
0 


New  tubes  have  been  set  up  in  France,  but  the  results  have  not 
yet  become  available. 

As  has  been  stated  above,  the  unit  defined  by  the  ohm  tubes  of 
this  Bureau  in  191 1  was  20.5  millionths  smaller  than  the  unit 
defined  by  the  ohm  tubes  set  up  in  England  prior  to  1910.  The 
EngUsh  mercury  unit  used  in  Table  36  is  that  defined  by  a  set  of 
new  tubes.  It  would  appear  that  the  new  English  tubes  gave 
a  unit  10.5  millionths  smaller  than  the  old.  This  is  corroborated 
by  an  estimate  given  by  the  National  Physical  Laboratory,  viz, 
the  (Lew  tubes  define  a  unit  1 1  millionths  smaller  than  the  old. 

Table  36  shows  that  the  mercury  unit  of  the  Bureau  of  Stand- 
ards was  28  millionths  smaller  than  the  German  mercury  unit  in 
19 1 3.  This  is  a  good  agreement  with  the  difference  of  30.5  mil- 
lionths found  in  1911 . 
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In  conclusion,  the  mercury  ohm  tubes  of  the  various  countries 
have  been  f otmd  to  exhibit  a  very  satisfactory  agreement 

The  authors  wish  to  acknowledge  the  valuable  assistance  given 
them  by  Dr.  J.  H.  Ddlinger,  Dr.  F.  Wenner,  and  other  members 
of  the  staff. 

Washington,  January  i,  1915. 


NOTE  ON  THE  RESISTANCE  OF  RADIOTELEGRAPHIC 

ANTENNAS  • 


By  L.  W.  Ausdn. 


According  to  the  theory  the  portion  of  the  resistance  of  an 
earthed  antenna  due  to  its  radiation  is  ^ 

i?,— l60T*^ 

which  is  approximately  1600  ri 

Where  h  is  the  height  from  the  earth  to  the  center  of  capacity  of 
the  antenna  and  X  the  wave  length,  assuming  that  the  earth  below 
the  antenna  is  a  good  conductor  like  salt  water.  As  a  matter 
of  fact,  in  most  land  stations  the  effective  height  is  less  than  the 
actual  height  and  in  many  cases  not  more  than  one-half  of  it.  In 
all  antennas,  however,  radiation  resistance  must,  according  to  the 
theory,  decrease  as  the  wave  length  increases  and  in  accordance 
with  the  square  law. 

It  was  first  noted  by  C.  Fischer'  that  in  certain  cases  the  resist- 
ance '  of  antennas  increased  as  the  period  was  increased  by  intro- 
ducing inductance.  Fischer  believed  that  this  indicated  an 
increase  of  radiation  with  wave  length. 

The  whole  coturse  of  the  phenomenon  has  been  studied  by  the 
United  States  Naval  Radio  Laboratory  and  the  results  published.^ 

Fig.  I  shows  the  resistance  curve  of  the  antenna  used  by  the 
naval  laboratory  at  the  Bureau  of  Standards  and  that  of  the 
U.  S.  S.  Maine.  The  first  is  typical  of  a  land  station  with  poor 
ground  conditions,  the  ctuve  falling  rapidly  as  the  true  radiation 
resistance  drops  with  increasing  wave  length  and  then  rising 

>  Zctineck  Lehrbudi  d.  diahtkiMn  Telegnphie,  1913.  p.  aoa. 

*Fh7B.  Zat,  X9XZ,  p.  295* 

'Ircaviac  out  of  •ooount  the  reristaaoe  of  the  indiictaaoe  coUt. 

*  Proc.  Wash.  Acifd.  It  p.  9»  X9zi  '•  vkd  this  Bulletin,  ^t  p.  65,  i^za;  Scientific  Paper  No.  189. 
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again  in  a  straight  line  as  the  wave  length  is  further  increased. 
The  curve  for  the  Maine  shows  the  same  drop  at  the  shorter  wave 
lengths  followed  by  a  rise  which  is  very  slight.  Fig.  2  shows  the 
antenna  resistance  of  the  high  power  station  at  Arlington,  Va., 
with  the  towers  grounded.  Here  there  is  almost  no  rise  as  the 
wave  length  is  increased,  showing  how  perfect  ground  conditions 
can  be  made  by  the  use  of  an  extensive  network  of  ground  wires. 

Up  to  the  present  there  has  been  no  satisfactory  explanation 
of  the  rise  of  the  antenna  resistance  curve,  although  it  seems  cer- 
tain that  it  has  something  to  do  with  the  ground.  Experiments 
by  H.  True  *  show,  however,  that  the  groimd  resistance,  as  indi- 
cated by  fall  of  potential  methods,  is  greater  at  short  than  at  long 
wave  lengths.  If,  however,  we  consider  the  ground  as  a  dielectric 
rather  than  as  a  conductor  and  consider  it  as  a  portion  of  the 
total  dielectric  lying  between  the  antenna,  regarded  as  the  upper 
plate  of  a  condenser,  and  the  groimd  water,  regarded  as  the  lower 
plate,  we  reach  a  very  probable  explanation  of  the  peculiar  form 
of  many  antetma  resistance  ciu-ves.  For  it  is  well  known  that  the 
equivalent  resistance  of  an  imperfect  dielectric  increases  as  the 
wave  length  is  increased. 

As  an  example  •  of  experiments  showing  this,  the  equivalent 
resistance  of  a  certain  glass  condenser  of  approximately  0.002  mf 
capacity  measured  in  the  Naval  Radio  Laboratory  is  shown  in 
Fig.  3.  The  equivalent  resistance  of  the  condenser  at  the  various 
wave  lengths  is  determined  by  placing  it  in  a  circuit  acted  upon 
by  a  buzzer-excited  wave  meter.  The  current  in  the  circuit  con- 
taining the  condenser  is  measured  by  means  of  a  thermoelement. 
The  condenser  under  test  is  then  replaced  by  a  variable  air  con- 
denser adjusted  to  the  same  capacity  in  series  with  which  resist- 
ance is  introduced  until  the  thermoelement  indicates  the  same 
high  frequency  current  as  in  the  case  of  the  glass  conden^r. 
The  series  resistance  then  represents  the  equivalent  resistance  of 
the  glass  condenser.  Fig.  3  shows  that  the  equivalent  resistance 
of  the  glass  condenser  increases  in  direct  proportion  to  the  wave 
length,  just  as  does  the  resistance  of  the  antetma  at  the  Bureau 
of  Standards  beyond  1500  meters. 

*  Jahrbttcfa  d.  drahtlosen  Telegraphie,  Tt  p.  zas.  19x2. 
*Proc.  of  the  Inst,  of  Radio  Bngineer,  I»  p.  35, 19x3. 
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The  rise  in  the  resistance  curve  of  the  Maine,  as  shown  in  Fig. 
I ,  is  probably  due  to  the  fact  that  the  measurements  were  made 
with  the  ship  in  dock,  as  it  is  impossible  to  use  sufficiently  sensi- 
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Fig.  3 

tive  galvanometers  under  other  circumstances.  With  the  ship 
in  dock,  of  course,  a  considerable  portion  of  the  field  passes 
through  poor  dielectric  material  before  reaching  the  water. 

U.  S.  NaVAI^  RADIOTBI.EGRAPHIC  LABORATORY, 

Washington,  February  13,  191 5. 


A  METHOD  OF  MEASURING  EARTH  RESISTIVITY 


By  Frank  Wenner 
1.  INTRODUCTIOlff 

A  knowledge  of  earth  resistivity  ^  (or  specific  resistance)  may 
be  of  value  in  determining  something  of  the  composition  of  earth, 
such  for  example,  as  moisture  content,  whether  it  contains  oil,  ore 
of  high  conductivity,  etc.,  or  in  the  calculation  or  mitigation 
of  damages  to  pipe  systems  by  electrolysis  caused  by  the  return 
current  of  street-railway  systems.  For  some  of  these  or  other 
reasons  we  may  wish  to  determine  the  resistivity  of  limited  por- 
tions of  the  earth. 

For  those  cases  in  which  we  desire  the  resistivity  of  a  fairly 
large  portion  of  earth,  extending  to  a  considerable  depth,  or 
where  there  are  reasons  why  we  should  not  disturb  the  portion  of 
earth  to  be  measured,  the  following  method  is  suggested:  Four 
holes  are  made  in  the  earth  approximately  uniformly  spaced  in 
a  straight  line.  The  diameter  of  the  holes  is  not  more  than  lo 
per  cent  of  the  distance  between  them,  and  all  extend  to  approxi- 
mately the  same  depth,  which  is  usually  that  at  which  we  are 
most  concerned  with  the  resistivity.  In  each  hole  is  placed  an 
electrode,  which  makes  electrical  contact  with  the  earth  only 
near  the  bottom,  as  shown  in  Fig.  i . 

This  constitutes  a  four-terminal  conductor'  the  resistance  of 
which  depends  upon  the  distance  between  the  electrodes  and  the 

>  Here  we  aie  concerned  with  the  vohime  redstivhy,  which  is  the  resistance  of  a  portion  of  a  conductor 
having  unit  length  and  unit  cross  section.  It  is  usually  expressed  as  the  resistance  in  ohms  of  a  oentisieter 
cube. 

*  A  f our-tenninal  conductor  is  a  conductor  provided  with  two  terminals  to  whsdi  currect  leads  may  be 
connected  and  two  tenninals  to  which  potential  leads  may  be  connected.  The  resistance  of  such  a  con- 
ductor is  the  difference  in  potential  between  the  potential  tenmnab  divided  by  the  current  entering  and 
leaving  through  the  current  tenninals.  For  a  more  complete  discussion  of  the  (our-terminal  conductor 
see  this  Bulletm,  8,  p.  360*  xgza.  R^mnt  No.  i8z. 
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resistivity,  mainly  in  a  region  whose  linear  dimensions  are  of  the 
same  order  as  the  distance  between  the  outside  electrodes,  but 
does  not  depend  appreciably  upon  the  size  of  the  electrodes  nor 
the  kind  of  electrical  connection  they  make  with  the  earth. 

Therefore,  if  the  depth  of  the  holes,  the  distance  between  them, 
and  the  resistance  (using  i  and  4  as  current  and  2  and  3  as  poten- 
tial terminals,  or  2  and  3  as  current  and  i  and  4  as  potential 
terminals)  are  measured,  we  have  data  from  which  the  eflfective 
resistivity  in  the  vicinity  can  be  calculated. 


(I) 


Fio.  I. — Diagram  showing  four  electrodes  in  earth  constituting  four-terminal 

conductor  as  used  in  measuring  earth  resistivity 

In  case  a  is  the  distance  between  the  holes  (i  to  2,  2  to  3,  and 
3  to  4) ,  6  the  depth  of  the  holes,  p  the  resistivity,  and  R  the  meas- 
ured resistance,  then 

47raR ^iraR 

,       2a  2a       ^    n 

Va*  +  46'     V4^*  +  4^' 

where  n  has  a  value  between  i  and  2  depending  upon  the  ratio  of 
(6  to  a)  the  depth  of  the  electrodes  to  the  distance  between  them. 
Where  6=«a,  n«=i.i87;  6«2a,  n  =  i.o38;  and  6=40,  n  =  i.oo3. 
In  case  b  is  large  in  comparison  with  a, 

p=4irai?  (2) 

and  in  case  b  is  small  in  comparison  with  a, 

p  =  27ra  R  (3) 
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If  the  holes  are  not  in  a  straight  line,  or  are  not  of  a  uniform 
depth  or  spacing,  the  resistivity  is  easily  calculated  when  the 
depth  of  each  of  the  holes  and  the  distances  of  each  from  each  of 
the  other  three  are  known. 

2.  DERIVATION  OF  EQUATIONS 

To  derive  equation  (i)  and  the  more  general  relation  we  may 
proceed  as  follows : 

Referring  to  Fig.  2,  which  is  intended  to  represent  a  part  of  an 
infinite  conductor  of  uniform  resistivity,  let  a  unit  current  enter 


\ 


^ 


/ 


/ 


Fio.  3. — Diagram  used  in  showing  the  relation  between  the  resistivity,  resist^ 
ance,  and  distances  between  terminals  in  an  infinite  conductor 

at  the  point  designated  i .  This  current  flows  radially  away  from 
I  and  at  a  distance  r  its  density  is  i/4irr*.  This  follows  from 
the  fact  that  at  any  distance  r  from  i  the  current  density  is  uni- 
form over  the  surface  of  a  sphere  whose  center  is  at  i  and  whose 
area  is  4irr*.  Since  the  potential  gradient  is  the  current-density 
times  the  resistivity, 

^^ P_  U) 

ir    4^»  ^^^ 

where  e  is  the  potential  at  the  distance  r  from  i . 

To  get  the  drop  in  potential,  e'—e"  between  two  points  distant 
r'  and  r"  from  i  we  must  integrate  the  potential  gradient  from 


r'  to  r 


r"  or 


e'-e" 


4T 


(5) 
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If  ex  is  the  drop  in  potential  between  the  points  2  and  3,  dis- 
tant a  and  aa  from  i,  caused  by  unit  current  flowing  radially  from 
I,  equation  (5)  gives 

P 


Sva 


(6) 


Also  if  Cy  represents  the  drop  in  potential  between  2  and  3  caused 
by  unit  current  flowing  radially  toward  4 

(7) 


8ira 


If  tmit  cturent  enters  the  conductor  at  i  and  leaves  at  4,  the 
current  density  at  any  point*  is  the  vector  sum  of  the  current 
density  resulting  from  unit  current  flowing  radially  from  i  and 
unit  current  flowing  radially  toward  4.  Likewise,  the  potential 
difference  between  any  two  points  is  that  which  results  from  unit 
current  flowing  radially  from  i  plus  that  which  results  from  imit 
current  flowing  radially  toward  4. 

Therefore  the  difference  in  potential  between  2  and  3  caused  by 
unit  current  entering  the  conductor  at  i  and  leaving  at  4  is 

Since  the  difference  in  potential  for  unit  current,  using  i  and  4  as 
current  terminals  and  2  and  3  as  potential  terminals,  is  the 
resistance  R, 

R  is  the  resistance  of  the  earth  between  the  equipotential 
surfaces  on  which  the  potential  electrodes  are  placed.  It  is 
equal  to  the  resistance  of  a  cylinder  of  the  earth  of  radius  2a 
and  length  a. 

However,  in  the  measurement  of  earth  resistivity,  unless  the 
distance  between  the  electrodes  is  small  in  comparison  with  their 
distance  below  the  surface,  we  can  hot  asstune  that  we  have  an 
infinite  conductor,  so  equation  (9)  does  not  apply. 

Referring  to  Fig.  3,  which  again  represents  a  part  of  an  infinite 
conductor,  if  we  let  ei  be  the  drop  in  potential  between  the  points 

*  The  current  distritmtioa  and  equipotential  suilaces  are  the  same  as  the  "lines  of  focoe"  and  eqtiipo* 
tcntial  soif aces  in  the  field  about  two  spheres  with  equal  opposite  charges. 
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2  and  3,  caused  by  tmit  current  entering  the  conductor  at  i,  from 
equation  (5)  we  have 

(10) 


4ir 


[---1 


Likewise,  if  we  designate  the  drop  in  potential  between  2  and  3, 
caused  by  unit  current  leaving  at  4,  by  e^;  that  caused  by  unit 


Flo.  3. — Diagram  used  in  showing  relation  between  the  resistivity,  resistance ,  and 
distances  between  terminals  or  electrodes  in  a  semiinfinite  conductor 

current  entering  at  5,  by  e^\  and  that  caused  by  unit  current 
leaving  at  6,  by  e^\  we  have 

4'L»'«     »'oJ 


(II) 


Now,  if  a  current  /  enters  at  i  and  leaves  at  4  and  at  the  same 
time  an  equal  cturent  enters  at  5  and  leaves  at  6^  the  drop  in 
potential,  £,  between  2  and  3  is  /  {e^+e^+e^+e^  or 


A^Xjlt       ♦'18       ''48       ''tt       ^M       ^M       ^M       ^«J 


(12) 


18423"— 16 11 
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In  the  derivation  of  this  equation  it  has  been  assumed  that 
I J  2,  3,  4,  5,  and  6  represent  points.  However,  the  equation  can 
be  used  without  appreciable  error  where  i,  2,  3,  4,  5,  and  6  repre- 
sent metallic  electrodes  or  terminals  in  a  conductor  of  relatively 
high  resistivity,  providing  the  dimensions  of  the  electrodes  are 
small  in  comparison  with  the  distances  between  them. 

If  5  and  6  are  so  located  that  we  caa  choose  a  plane  (repre- 
sented by  the  line  m  n  of  Fig.  3)  through  the  conductor,  such 
that  the  lines  connecting  i  and  5  and  4  and  6  are  normal  to  and 
bisected  by  it,  it  will  be  evident,  on  account  of  the  sjmunetrical 
arrangement,  that  no  current  passes  through  this  plane.  There- 
fore we  may  remove  that  part  of  the  conductor  on  one  side  of 
the  plane  without  disturbing  conditions  on  the  other  side.  That 
is,  the  equation  applies  to  a  semi-infinite  conductor  having  four 
terminals,  providing  we  consider  that  the  current  terminals  have 
images  and  we  take  into  consideration  the  distances  of  the  poten- 
tial terminals  both  from  the  current  terminals  and  their  images. 
This,  however,  does  not  require  that  the  potential  terminals  be 
in  the  same  plane  as  the  current  terminals  and  their  images,  as 
shown  in  the  Fig.  3. 

Since  the  drop  in  potential  E  between  2  and  3  divided  by  the 
current  /  entering  at  i  and  leaving  at  4  is  the  resistance  R,  it 
follows  from  equation  (12)  that 

4^1*^12        ^13        ^8        ^a        U2        Ut        ^M        ^^A  ^    ^^ 

It  will,  therefore,  be  evident  that  the  equation  gives  the  rela- 
tion between  the  resistivity,  resistance,  depth,  and  distance 
between  small  electrodes  in  the  earth,  as  shown  in  Fig.  i,  or  in 
the  more  general  case  where  the  electrodes  are  not  in  a  straight  line. 

If  the  electrodes  are  all  at  a  uniform  depth  b  and  at  a  uniform 
distance  apart  a  in  a  straight  line,  then  ru=a,  ri,  =  2a,  r^=a^ 

r43"=2a,   fga  =  V4^  +  ^*»   ^68  =  V4^^^-4^>    ^e8  =  V4^'+^%    and    re,= 
V4&'  +  4a'.    Therefore, 


R 


±V^_± 


;?  =  ^h^--H. 


47rLa      a     ^a^+^b^     V4^'  +  4^ 
which,  when  solved  for  p,  gives  equation  (i). 


1]  (H) 
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In  the  derivation  of  these  equations  we  have  assumed  a  uniform 
resistivity.  If  the  resistivity  is  not  uniform,  a  solution  (except 
in  special  cases)  is  not  possible.  However,  the  measured  resist- 
ance, and  consequently  the  value  found  for  the  resistivity,  using 
the  equations,  depends  mainly  on  the  resistivity  of  the  portion 
of  earth  between  the  inner  electrodes  having  a  cross  section  equal 
to  the  square  of  half  the  distance  between  the  outer  electrodes. 

3.  MEASUREMENT  OF  THE  RESISTANCE 

Since  the  electrodes  are  small,  the  resistance  between  the 
current  electrodes  and  earth,  or  between  any  of  the  electrodes  and 
earth,  is  large  in  comparison  with  the  resistance  R  of  the  four- 
terminal  conductor,  and  usually  not  very  constant.  Also,  since 
earth  acts  as  an  electrolyte  there  is,  in  general,  an  electromotive 
force  in  any  circuit  containing  two  of  the  electrodes  and  polari- 
zation at  any  electrode  through  which  appreciable  current  passes, 
even  though  the  current  may  be  alternating.  For  these  reasons 
none  of  the  usual  methods  for  measuring  the  resistance  of  a  four- 
terminal  conductor,  such  as  the  Thomson  bridge  and  Matthiessen 
and  Hockin  bridge  methods,  seem  to  meet  the  conditions  very  well. 

Fortimately  there  is,  in  general,  no  need  to  measure  the  resist- 
ance to  a  high  accuracy.  There  is,  therefore,  no  reason  why  we 
may  not  use  an  ammeter  for  measuring  the  current  and  a  volt- 
meter for  measuring  the  resulting  difference  in  potential  between 
the  potential  terminals,  providing  the  voltmeter  is  so  used  that 
its  readings  are  not  affected  by  the  high  resistance  between  each 
of  these  terminals  and  earth. 

The  potentiometer  arrangement  shown  in  Fig.  4  (using  alter- 
nating current  to  obviate  the  more  serious  difficulties  which 
might  arise  on  account  of  polarization  with  direct  current)  seems 
to  meet  conditions  fairly  well.  The  cmrent  terminals  or  electrodes 
are  connected  to  a  source  of  alternating  voltage  of  suitable  value 
(50  to  1 50  volts  for  electrodes  about  3  or  4  cm  in  diameter  and  30 
to  50  cm  apart).  Across  the  line  is  coxmected  a  transformer 
stepping  down,  usually  to  one-tenth  or  one-twentieth  of  the 
voltage  across  the  current  terminals.  The  low-voltage  side  of 
the  transformer  is  coimected  to  the  ends  of  a  slide  wire,  one  end 
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Pio.  4. — Diagram  showing  arrangement  for  m^uuring  four-terminal  earth  resist- 

once  by  potentiometer-voUmeter-ammeter  method 
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of  which  is  also  connected  to  one  of  the  potential  terminals.  The 
other  potential  terminal  is  connected  through  a  vibration  gal- 
vanometer ^  (tuned  to  the  frequency  of  the  test  current)  to  the 
adjustable  contact  on  the  slide  wire.  An  ammeter  is  coimected 
into  a  lead  to  one  of  the  current  terminals  and  a  voltmeter  across 
the  ends  of  the  slide  wire,  or,  if  the  ratio  of  the  transformer  is 
known  when  connected  to  the  terminals  of  the  slide  wire,  the 
voltmeter  may  be  connected  across  the  line.  If  the  resistance 
per  division  of  the  slide  wire  is  known,  we  may  use  an  ammeter 
in  series  with  it  instead  of  the  voltmeter. 

On  account  of  phase  displacement  resulting  from  polarization 
at  the  current  electrodes,  a  variable  inductance  (or  inductance 
with  variable  resistance  in  parallel)  is  coimected  into  one  of  the 
leads  so  that  the  test  current  may  be  brought  in  phase  with  the 
voltage  of  the  low  side  of  the  transformer.  This  is  one  of  the 
conditions  necessary  for  a  zero  current  through  the  galvanometer. 
The  other  condition  is  that  the  magnitude  of  the  ri  drop  in  that 
part  of  the  slide  wire  between  the  adjustable  contact  and  the  end 
connected  to  one  of  the  potential  terminals  be  equal  to  the  voltage 
drop  across  the  potential  terminals. 

If,  then,  adjustments'  are  made  so  that  no  current  flows 
through  the  galvanometer,  and  the  position  of  the  sliding  contact, 
the  value  of  the  test  current,  and  the  voltage  across  (or  current 
in)  the  slide  wire  are  read,  we  have  data  from  which  the  resist- 
ance R  is  readily  calculated. 

Prom  the  measured  resistance  and  the  depth  and  distance 
between  electrodes  the  effective  resistivity  may  be  calctilated  as 
explained  above.  The  restilt  obtained  depends  mainly  upon  the 
resistivity  near  and  between  the  iimer  or  potential  electrodes, 
and  very  little  upon  the  resistivity  at  distances  from  them  equal 
to  or  more  than  the  distance  between  the  outer  or  ciurent  elec- 
trodes, providing  the  four  electrodes  are  approximately  uniformly 
spaced. 

*  If  altenuting  cnrrent  of  from  joo  to  looo  cycles  is  available,  a  telephooe  receiver  could  be  used  to 
advantage  in  place  of  the  vibration  galvanometer. 

*  As  the  accuracy  reouired  is  not  high  it  is  not  necessary  to  take  special  precautioosinregaxd  to  induced 
currents,  distributed  capadty,  etc 
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4.  USE  OF  THE  METHOD 

The  method  has  been  tried  out  by  the  author  using  approxi- 
mately the  arrangement  shown  in  Fig.  4.  It  has  also  been  used 
by  McCoUmn  and  Logan  in  their  investigation  of  earth  resistivity, 
the  results  of  which,  it  is  expected,  will  be  published  soon  in  one 
of  the  Bureau 's  Technological  Papers. 

In  a  particular  measurement  the  electrodes  were  placed  at  a 
depth  of  approximately  125  cm  and  so  spaced  that  (referring  to 
Fig.  3)  ^u""25,  ri3-58,  r^a^ai,  and  r„«64  cm.  This  gives  251 
cm  for  r,,  and  r„,  and  255  cm  for  r^  and  fe,.  These  values  sub- 
stituted in  equation  (14)  give 

R^-TL  .0397  or  P-316  R 

The  measured  value  of  R,  the  mean  of  several  ratios  of  potential 
difference  to  current,  was  found  to  be  25.3,  which  give  8000  for  p, 
the  resistivity  expressed  as  the  mean  resistance  in  ohms  of  a  cen- 
timeter cube. 

So  far  the  method  has  been  used  only  for  determining  resistiv- 
ities in  a  region  a  few  meters  or  less  in  radius  and  very  close  to 
the  smface.  To  measure  the  effective  resistance  of  a  much  larger 
portion  of  earth,  extending  to  a  considerable  depth,  the  electrodes 
would  be  placed  much  farther  apart.  By  using  large  electrodes 
a  considerable  distance  apart,  a  large  test  current  and  a  very 
sensitive  detector  (either  of  the  vibration  galvanometer  or  the 
separately  excited  dynamometer  type)  it  should  be  possible  to 
get  some  idea  of  the  effective  resistivity  from  the  surface  to  a 
considerable  depth,  even  though  the  electrodes  are  placed  prac- 
tically on  the  surface.  The  result  obtained  wotdd  depend  to  a 
considerable  extent  upon  the  resistivity  of  a  surface  layer  should 
it  be  low,  as  is  usually  the  case.  The  effect  of  the  surface  layer 
cotdd  be  estimated  roughly  from  the  results  obtained  from  meas- 
urements with  the  electrodes  closer  together,  and  thus  some  idea 
obtained  as  to  the  resistivity  at  different  depths.  Such  a  measure- 
ment might  be  of  assistance  in  locating  deposits  of  ore  of  high 
conductivity. 

Washington,  Jui.y  15,  1915. 


A  NEW  RELATION  DERIVED  FROM  PLANCK'S  LAW 


By  Paul  D.  Foote,  Anutant 

Of  the  many  possible  relations  which  may  be  derived  from  the 
radiation  law  of  Planck  only  a  few  have  received  any  attention. 
The  most  important  of  these  are  the  two  displacement  laws  of 
Wien ;  Xmax*  =  constant  and  /max*"*  =  constant.  Salpeter  *  has 
defined  a  function  of  X  and  0  as  follows : 

i7(X,0) -^^ 


p 


dk 


where  Jx  is  the  intensity  of  radiation  at  absolute  temperature  0 
and  wave  length  X  as  determined  by  Planck's  law.    The  functions 

^  — 0  and  •^—  0  have  roots,  the  former  expression  giving  }iJ9  — 

constant  =  2910  micron  degrees  for  C,«i4  450  micron  degrees, 
i.  e.,  identical  with  Wien's  displacement  law,  and  the  latter 
expression  X^niax  =  3686  micron  degrees  for  the  same  value  of  C,. 

It  is  evident  that  any  number  of  displacement  laws  may  be 
derived  from  the  Planck  equation.*  Thus,  X'0  =  constant  where 
X'  may  refer  to  any  kind  of  corresponding  points  on  the  energy 
curves  at  various  temperatures,  for  example,  the  point  of  inflec- 
tion on  each  side  of  the  maximum  ordinate,  etc.  The  present 
paper  concerns  the  relation  that  the  product  of  the  absolute  tem- 
perature and  the  X — component  of  the  center  of  gravity  of  the 
spectral  energy  ctu^e  is  a  constant.  The  utility  of  this  relation 
is  also  briefly  considered. 

Let 

(i)        /x  =  CiX-»(e'>^-i)''  =  Planck'sLaw 

Xc = the  X  —  component  of  the  center  of  gravity 
of  the  curve  Jx  versus  X. 

>  Salpeter,  Phys.  Z.,  1ft,  pp.  Tfir-T^s;  1914. 

>  See  Bttckinfl^uun  and  DdHnger,  BnrcMi  of  Staodarda  Sdcntific  Paper  No.  i6s,  p.  405. 
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Then  by  the  definition  of  center  of  gravity 


(2) 


y»oo 

Jo    -^""^ 


c. 

Put  ^ = "xjj .    Equation  (2)  becomes : 


(3) 


V/o 


C    I     ^V-l)-d^ 


e 


05 


lY^dx 


Expanding  (e*—  i)-*  by  division  each  term  in  both  numerator 
and  denominator  takes  the  gamma  function  form,  and  by  the 
relation: 

--i.     1^1     r(n) 

C      X       =■— rz— 


X 


equation  (3)  may  be  expressed  as  follows : 


(4) 


whence 


(5) 


>       CA^2»^3'^ 

J  r(3) 

-  "(-i*J.- 

.  .)  r(4) 

K  =  0.37021  -^ 

Equation  (5)  is  the  new  relation  derived  from  Planck's  law. 
Thus,  for  Cj=  14450,  Xc?  =  5350  micron  deg. 

The  displacement  law  for  the  center  of  gravity  holds,  of  course, 
for  the  entire  family  of  curves  (i)  X  versus  /;  (2)  X  versus  //X; 
(3)  X  versus  //X',  etc.     This  is  illustrated  as  follows: 


Displacement  law 

X^w-  .3702iC,/<? 

Xe«=    .26094C,/0 

X.W=   .2O385C,/0 
X,<»)=   .i68i5CJtf 


Center  of  gravity  Xc  of 

curve 

fromo 

to  00 

(6) 

/ 

VS. 

X 

(7) 

/A 

VS. 

X 

(8) 

7A' 

vs. 

X 

(9) 

7/x* 

vs. 

X 

(10)      7/X"  vs.  X 


r(**») 


X„<">  = 


r(»f«) 


^^ 
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Utility  of  the  Above  Relations. — ^The  obvious  use  to  which  any 
of  the  above  equations  might  be  put  is  the  determination  of  the 
important  constant  C,  from  experimental  observation  on  /  and 
X.  The  observations  in  general  cover  a  range  from  X  =  .5/i  to  X  =  6 
to  20/*  while  the  curves  extend  to  infinity.  The  center  of  gravity 
of  a  finite  portion  of  the  curve  (equation  (6))  say  from  X  =  o  to 
X  =  X'  can  be  determined  with  a  mechanical  integrator  such  as  the 
Amsler  integrator  No.  i .  But  the  center  of  gravity  X'c  of  this 
portion  of  the  curve  will  not  in  general  be  near  enough  to  the 
center  of  gravity  Xc  of  the  complete  energy  curve,  to  permit  its 
use  in  equations  (5)  or  (6)  for  the  determination  of  Cj.  The  fol- 
lowing relation,  however,  holds  for  the  center  of  gravity  of  a  finite 

C 
portion  of  the  curve  from  X  =  o  to  X  =  X'  where  P=^y^ 


^2  Jp ^2 


(II)        Vo-^'^Soo ff(P) 


J  00 
jc8  (e»- 


lY^x 


Equation  (11)  is  readily  integrable  and  a  curve  of  /  (/>)  ver- 
sus p  was   constructed.     By  use  of  this   plot  the  expression 


x; 


0  \  ye ) 


can  be  solved  for  C,  by  successive  approximation.  The  solution 
can  be  computed  in  less  than  five  minutes.  The  actual  value  of 
this  method  of  obtaining  C^  depends  upon  the  accuracy  with 
which  X'c  can  be  determined.  Consider  a  curve  extending  from 
o  to  1 1 /i  for  a  temperature  of  1 800*^  abs.  The  center  of  gravity  of 
this  portion  of  the  curve  will  lie  around  2.8/i.  The  reading  of 
the  integrator  is  good  to  about  .2  per  cent  of  the  total  range  of 
wave  lengths,  ii/x,  i.  e.,  to  ±  .02/i  .  Thus  X'c  can  be  deter- 
mined to  about  ±  I  per  cent  and  hence,  C,  may  be  computed  to 
this  accuracy,  neglecting  any  consideration  of  errors  in  0,  etc., 
since  we  are  considering  only  mathematical  precision.  The  method 
accordingly,  although  probably  accurate  enough  for  most  radio- 
metric data,  and  possessing  the  advantage  of  being  very  simple 
and  rapid,  does  not  afford  as  satisfactory  a  means  of  computing 
C,  as  the  laborious  Paschen  method  or  similar  methods  based  on 
the  determination  of  Xmax- 
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The  present  brief  note  was  written,  not  with  the  primary  ob- 
ject of  suggesting  a  new  method  for  the  determination  of  the  con- 
stant C,,  but  for  the  purpose  of  calling  attention  to  a  new  and  in- 
teresting displacement  law  following  directly  from  the  Planck 
spectral  distribution  equation. 

Washington,  August  17,  1915. 
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^CENTER  OF  GRAVITY"  AND  "EFFECTIVE  WAVE 
LENGTH  ••  OF  TRANSMISSION  OF  PYROMETER  COLOR 
SCREENS.  AND  THE  EXTRAPOLATION  OF  THE  HIGH 
TEMPERATURE  SCALE 


By  Paul  D.  Foote,  Anittant  Physicist 


Some  lo  years  ago  Waidner  and  Burgess  ^  called  attention  to 
the  shift  in  eflFective  wave  length  of  the  color  screens  used  with 
optical  pyrometers,  when  the  temperature  of  the  source  sighted 
upon  changes.  Pirani'  has  contributed  two  papers  upon  this 
subject,  and  very  recently  a  paper  by  Hyde,  Cady,  and  Forsjrthe  • 
has  appeared. 

Formerly  it  has  been  assumed  that  the  effective  wave  length  is 
the  so-called  "  center  of  gravity  "  of  the  Imninosity  ciurve.  Hyde, 
Cady,  and  Fors3rthe  have  given  a  new  definition  of  the  mean 
effective  wave  length  between  any  two  temperattu*es,  which 
has  a  real  physical  basis.  They  have  defined  the  effective  wave 
length  of  tiie  glass  used  between  these  two  temperatures  as  that 
wave  length  for  which  the  ratio  of  the  two  radiation  intensities 
corresponding  to  the  two  temperatures  exactly  equals  the  ratio 
of  the  integral  luminosities  through  the  screen  for  the  same  two 
temperatures. 

In  the  following  paragraphs  the  difference  between  the  center 
of  gravity  and  the  true  effective  wave  length  is  discussed  and  a 
very  simple  and  accturate  method  is  derived  for  obtaining  the  true 
effective  wave  length. 

^  W-tddner  and  Burgess,  this  Bulletm,  8,  p.  175;  1907. 

*  M.  ▼  Pirani  Verh.  d.  Phys.  Gcs.,  16,  i>p.  836-38;  19x3;  17,  pp,  47-6a;  19x5. 

*  Hyde,  Cady,  and  Porsythe,  Phys.  R.,  6,  pp.  70^  74;  Z9X5:  •!«>  Astrophys,  J.,  42,  pp.  994-304;  19x5. 
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Let  J\  =Ci  X-*  e-3=»Wien's  law. 

T  =  /  (X)  =  transmission  of  color  screen. 
V  =  ^  (X)  =  visibility. 

T  and  V  are  functions  of  X  only,  but  the  analytical  forms  of  the 
functions,  at  least  in  the  case  of  T »/  (X) ,  are  unknown.  Consider 
two  temperatures,  0^  and  0,. 

[iore,  /^-c,X-«e-/^ 
^^^  jforfl,  /,-qX-»^-«/^ 

(2)  JJL^e^^'*    ^f 

Since  X  may  have  any  arbitrary  value  from  o  to  00  the  ratio 
/1/7,  may  have  any  chosen  value  by  properly  choosing  X.  Let 
Z^ « luminosity  at  temperature  0^  and  L, —luminosity  at  tem- 
perature 0,. 

^  -rJ'rVdK  ^fj  (X,  e,)  T  (X)  F  (X)  rfX 

L,-/r/(x.Oa)r(x)F(x)rfx 

^^^  ^^^"■/:7(X,»3)TFrfX 

Li  and  Z^,  and  hence  the  ratio  Li/L,,  can  be  determined  by 
graphical  integration.  Let  the  ratio  be  any  definite  number.  It 
is  possible  to  choose  X  in  (2)  such  that  Ji/Jt'^Li/L^  Call  this 
value  of  X  »Xl.    Substituting  in  (2) : 

(4)  mean  Xl - , — %^^  /'^r*  (natural  logarithms) . 

log  L^  -  log  L2 

This  is  the  definition,  expressed  analytically,  of  the  mean 
eflFective  wave  length  over  a  given  temperattu^  range,  proposed 
by  Hyde,  Cady,  and  Forsythe.  Instead  of  referring  the  eflFective 
wave  length  to  a  given  temperature  range  it  may  be  referred  to 
a  definite  temperature  by  letting  the  two  temperatures  approach 
one  another.  Let  6^  and  $2  approach  0  as  a  limit.  The  right 
term  of  (4)  is  indeterminate  but  can  be  evaluated  by  the  ordinary 
rule  of  L'Hospital,  observing  in  the  diflEerentiation  of  the  denomi- 
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,  TVJd\  where  only  /  is  a  function  of  6.    Then 
for  the  limit  01—$,— 6  the  following  value  of  Xi,  is  obtained: 


(5)  >!.= 


r  TV  J  d\ 


This  is  the  true  effective  wave  length  of  the  glass  for  a  tempera- 
ture 0.    Define  the  wave  length  corresponding  to  the  line  which 

bisects  the  area  of  r^TVJd\  as  X,;  that  is,  .the  axis  of  the  center 

ojE  gravity  of  the  luminosity  curve,  so  chosen  that  J,  TVJd\  = 

2^*TVJd\.    Then  by  definition  of  the  center  of  gravity : 

^^^  ^^  r.Tvjd\ 

Having  drawn  the  luminosity  curve  on  any  arbitrary  scale  what- 
ever, paying  no  attention  to  actual  values  of  the  scale  of  ordinates 
(L),  only  relative  values  of  L  needing  consideration,  \  can  be 
determined  with  a  planimeter  having  two  indicating  dials,  one  of 
area  and  the  other  of  moments,  such  as  the  Amsler  integrator 
No.  I .  Smprising  accuracy  is  obtainable  in  measuring  \,  This 
is  evident  when  one  considers  that  the  luminosity  curve  for  a 
good  red  glass  extends  only  from  about  X =0.600  to  0.750M. 
Since  all  errors  are  actually  based  on  the  difference  of  these  two 
wave  lengths,  a  low  precision  in  the  determination  of  the  center 
of  gravity  as  far  as  the  curve  is  concerned  still  means  a  very 
high  precision  in  the  determination  of  the  absolute  value  of  Xg. 
Four  or  five  significant  figtu'es  are  obtainable. 

The  method  of  dertermining  Xl  suggested  by  Hyde  involves 
the  log  ratio  of  the  areas  of  two  luminosity  curves,  and  when  Xl 
is  expressed  by  equation  (5)  its  determination  requires  the  ratio 
of  the  areas  of  two  curves.  In  general,  the  area  of  luminosity 
curves  can  not  be  measured  by  a  planimeter  with  an  accuracy 
much  better  than  0.5  per  cent,  and  since  a  direct  mathematical 
integration  is  impossible  because  T=/(X),  certainly,  and  V=/(X), 
possibly,  are  not  expressible  by  any  exact  usable  equation,  it  is 
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evident  that  great  precision  is  not  readily  possible  in  the  deter- 
mination of  Xl  by  such  a  method — ^probably  not  better  than  three 
significant  figures  when  great  care  is  taken. 

Inspection  of  equation  (5),  however,  shows  a  very  ciuious 
relation.  Suppose  that  instead  of  plotting  X  versus  JTV  as 
ordinates,  the  ordinary  luminosity  curve,  we  plot  JVT/\  as 
ordinates.  The  line  of  the  center  of  gravity  of  this  curve  is  given 
by  the  following  expression : 


TVJdk 
(7)  X  (center  gravity)  = 


which  is  identical  with  (5) . 

Therefore,  the  true  eflFective  wave  length  of  the  pyrometer 
glass  is  the  wave  length  corresponding  to  the  center  of  gravity 
of  the  curve  /(X)  ^JVTfk  versus  X,  i.  e.,  the  Ituninosity  at  any 
wave  length  divided  by  the  wave  length.  The  true  value  of  Xl 
is  slightly  different  from  the  value  of  X,.  The  center  of  gravity 
of  the  curve  JVTfK  versus  X  can  be  determined  with  great  accuracy 
so  that  a  ciu^e  of  Xl  =/(tf)  may  be  easily  obtained  by  this  method. 
Whether  such  high  mathematical  accuracy  is  of  value  is  a  point 
open  to  question  since  the  transmission  of  the  glass  can  not  be 
measured  extremely  accurately  and  visibility  curves  appear  very 
diflFerent  for  different  observers.  But  in  the  case  of  the  trans- 
mission, absolute  values  are  not  required,  merely  the  form  of  the 
curve  needs  to  be  known.  And  in  the  case  of  the  visibility,  only 
a  short  range  of  the  ciuve  is  important,  and  over  this  range  the 
slopes  of  the  visibility  ciuves  of  various  observers  are  in  good 
agreement. 

The  fact  that  the  effective  wave  length  of  a  red  pyrometer 
screen  is  altered  by  change  of  temperature  of  the  somx:e  sighted 
upon  is  accordingly  well  recognized,  but  the  effect  which  this 
shift  may  have  upon  the  accuracy  of  temperatture  measurements 
has  never  been  considered.  The  present  paper  concerns  the  type 
of  pyrometer,  such  as  the  Holbom-Kurlbaum  instrument,  in 


Foou]  Pyrometer  Glasses  487 

which  red  glass  screens  are  used  in  the  ocular  for  producing  as 
monochromatic  illumination  as  possible.  This  instrument  may 
be  calibrated  at  the  so-called  fixed  points  of  the  temperature 
scale.  On  accotmt  of  deterioration  of  the  filament  of  the  standard 
lamp,  the  maximum  temperature  at  which  the  lamp  can  be  safely 
operated  is  not  greater  than  1400*^  C  and  in  general  1300*^  C. 
Two  methods  are  used  for  measuring  temperatures  above  this 
range.  One  involves  decreasing  the  intensity  of  the  source  by 
means  of  neutral  absorption  glasses  and  the  other  by  use  of  a 
sector  disk.  The  effective  wave  length  in  either  system  shifts 
toward  the  green  with  increasing  temperatture.  The  best  "neu- 
tral" absorption  glasses  are  far  from  being  neutral.^  The  trans- 
mission coefficient  of  the  best  glass  obtainable  is  low  in  the  blue, 
green,  and  yellow,  and  increases  very  rapidly  in  the  red,  with  a 
maximum  transmission  in  the  early  infra-red. 

When  strictly  monochromatic  radiation  of  wave  length  X  is 
used  the  following  relation  is  obtained  from  Wien's  law,  where  0  = 
true  absolute  temperattire  of  the  source,  S=»  observed  absolute 
temperature  when  the  sector  or  screen  of  transmission  T  is  used 
in  front  of  the  source,  and  c,  =>  14  500  micron  degrees. 

(8)  ^_J_?^.^ 

^  ^  d    S    Cjloge 

The  factor  X  log  T/c,  log  ^  is  a  constant  ='i4.  When  the  above 
equation  is  applied  for  radiation  which  is  not  strictly  monochro- 
matic i4  is  no  longer  a  constant  as  generally  assumed  but  is  a 
function  of  0,  because  when  a  sector  disk  is  employed,  X,  the 
effective  wave  length  of  the  red  glass  screen  is  a  function  of  0,  and 
when  an  absorption  glass  is  used,  the  value  of  log  T  changes 
rapidly  with  variations  in  0.  Experimentally,  the  quantity  A  is 
determined  by  sighting  upon  a  sotirce  at  constant  temperature  and 
measuring  0  and  S.  But  such  a  calibration  can  be  made  over  a 
very  Innited  temperature  range  only,  because  the  maxnnum 
value  of  0  is  determined  by  the  highest  temperature  at  which  it 

*  Dr.  Nutting  has  infomud  me  tluit  he  has  succeeded  in  produdnc  strictly  neutral  absorptioa  screens 
from  dye  materials.    These  screens  should  prove  of  great  value  for  use  with  optical  pyrometers. 
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is  safe  to  operate  the  p3nx)meter  lamp,  and  the  minimtim  value  is 
determined  by  5,  which  rapidly  becomes  so  low  that  no  accuracy 
is  possible  in  matching  the  pyrometer  filament  against  the  source. 
The  allowable  range  in  0  by  this  method  for  a  transmission  factor 
much  less  than  i  per  cent  is  not  greater  than  200^  C.  Another 
method  of  obtaining  A  directly  can  be  used.  This  consists  in 
sightmg  upon  a  black  body  immersed  in  a  metal  or  other  material 
at  its  melting  point.  The  temperature  of  the  melting  point  is  0 
and  the  apparent  or  measured  temperature  is  5.  Suitable  mate- 
rials having  high  melting  points  which  are  known  with  sufficient 
accuracy  to  justify  their  use  as  fixed  points  are  platinum,  palla- 
dium, and  possibly  dibpside.  The  construction  of  a  black  body 
to  operate  at  the  temperatures  of  the  melting  point  of  platinum 
and  palladium  is  extremely  difficult. 

The  highest  fixed  temperature  which  the  Bureau  has  found  con- 
venient to  use  in  standardizing  absorption  glasses  is  the  diopside 
melting  point.  The  method  of  obtaining  a  black  body  at  this 
temperature  has  been  described  elsewhere.*  However,  whether 
the  platinum,  palladium,  or  the  diopside  melting  point  is  used  as 
the  highest  working  temperature,  the  range  of  temperature  over 
which  an  absorption  glass  can  be  calibrated  is  too  small  to  deter- 
mine how  the  quantity  A  varies  with  d. 

Two  types  of  glass  have  been  considered,  one  the  Jena  red 
transmission  screen  2745,  and  the  other  the  best  obtainable  black 
screen,  Jena  F  3815  with  the  laboratory  reference  number  4248B. 
A  slightly  better  red  filter  is  the  Jena  F  4512,  but  the  difference 
between  this  and  Jena  2745  is  not  great  enough  to  change  mate- 
rially the  conclusions  obtained  with  the  somewhat  poorer  glass. 
The  monochromatic  transmission  coefficients  through  a  portion 
of  the  visible  spectrum  were  carefully  measured  with  a  silver  strip 
cube  spectrophotometer  and  a  Brodhun  adjustable  sector  disk. 
The  observations  are  represented  graphically  in  Fig.  i.  The 
accuracy  obtained  with  the  low  transmission  black  glass  was 
possible  only  after  eliminating  stray  light  in  the  spectrophotometer 
system.  For  this  reason  the  silver  strip  cube  was  found  very 
much  superior  to  the  ordinary  Luromer-Brodhun  or  Martens- 

*  Eanolt,  this  BuDctiii.  10«  p.  5;  19x4. 
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Kdnig  spectrophotometer.  In  order  to  apply  equation  (5)  to  the 
determination  of  the  effective  wave  length  of  the  pjnrometer  S3rs* 
tem  when  (a)  one  red  glass  and  (b)  two  red  glasses  were  used  in 
the  ocular,  the  value  of  Jx  was  computed  from  Wien's  law  for  the 
absolute  temperatures  1000,  1200,  1400,  1600,  1800,  2000,  2500, 
3000,  3500.    The  factors  for  the  visibility  were  obtained  as  a  mean 
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Fio.  z. — Tfonsmistion  coefficients  of  Jena  red  glass  274$  and  Jena  ** neutral**  glass 
FS816.    Room  temperature.     Thickness,  2245^3.20  mm,    FS816^o.§2mm 

of  the  data  of  Nutting,*  Ives,^  and  Hyde  and  Fors)rthe.'    The 

TVT 
values  of  ^^-^  ^/(X,  0)  were  computed  and  the  center  of  gravity  Xl 

of  each  of  these  curves,  /(X,  0)  versus  X,  was  determined  directly 
with  an  Amsler  integrator.    The  following  table  illustrates  the 

•  Nutting.  Phil.  Hag.,  S9«  p.  306;  2915. 
'  Ives,  Phil.  Mag.»  Dec;  19x2. 

*  Hyde  and  Ponythe,  Pbys.  R.,  6«  p.  70;  19x5. 
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shift  of  wave  length,  Xl,  with  change  of  temperature,  and  the 
data  are  represented  graphically  by  Fig.  2.  To  show  the  differ- 
ence between  Xl  and  the  wave  lengths  corresponding  to  the  center 
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Fig.  2. — Effedtve  wave  lengths  of  Pyrometer  glasses  as  a  function  of  the  temperature  of 

the  source 

of  gravity  X,  of  the  luminosity  curves,  ]VT  versus  X,  which,  in- 
correctly, have  been  frequently  considered  to  be  the  effective 
wave  lengths  of  the  glass,  these  values  also  are  given  in  Table  i. 
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TABLB  I 

** Effective  Wave  Lentffh"   and  *<Center  of  Gravity'*  of  Red  Screen  Jena  274S 
Used  With  and  Without  Neutral  Screen  Jena  F  3815  (Reference  No.  4248B) 

[Thidcneas  red  screen— 3^0  mm;  thirlmfiw  blade  8creai"-o»50  mm] 


Tanpenton  of 

1  ndgltts 

2  nd  glMMS 

1  nd4-4248B 

2ndl+4248B 

flonxce 

Xz. 

X. 

Xl 

X. 

Xi. 

X. 

Xi. 

X. 

1000  *alM 

0.6578 
.6541 
.6515 
.6500 

.6487 
.6478 
.6462 
.6451 
.6445 

a6587 
.6548 
.6522 
.6506 

.6490 
.6486 
.6467 
.6456 
•  6446 

a6720 
.6681 
.6655 

.6637 
.6625 
.6615 
.6597 
.6584 
.6574 

a  6729 
.6690 
.6661 
•  6644 
.6628 
.6619 
.6600 
.6589 
.6581 

1200 

1400 

a  6657 
.6630 
.6610 
.6595 
.6570 
.6552 
.6539 

a  6673 
.6645 
.6624 
.6609 
.6582 
.6563 
.6552 

a  6818 
.6796 
.6774 
.6756 
.6728 
.6712 
.6700 

0.6831 

1600 

.6807 

1800 ■. 

-67W 

2000 

.6707 

2500 

.6741 

3000 

.6721 

3500 

.6710 

It  is  seen  from  Fig.  2  that  the  curve  Xl  versus  0  is  approximately 
a  hyperbola.  An  equation  of  the  type  \h^a+b/0+ cjfP  where  the 
term  c/^  is  exceedingly  small  fits  the  observations  almost  exactly. 
That  the  relation  is  not  precisely  h)rperbolic  is  evident  from  the 
following : 

Diflferentiating  equation  (5) 


de 


5 
e^ 


I  - 


JVTdk  I  ^J^\ 


-P(i  -Xl/Xc) 

where  Xo  is  the  center  of  gravity  of  the  curve  TVJfK^  versus  X.     If 

XlAo  were  a  constant,  then  Xl  «  a  +  b/d,  the  equation  of  a  hyperbola. 

Actually  XlAo  shows  an  extremely  small  variation  with  6.    It  is 

interesting  to  note  that  values  of  Xl=/(9)  suggest  the  form  of 

an  equation  representing  the  luminosity  of  any  system. 

Thus, 

dlogL    C2  I 

do         ^  Xl 
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When  XL«a  +  6/fl,  the  equation  of  Ittminosity  and  temperature 
takes  the  form  derived  by  Nutting.* 

If  the  carbon  filament  of  the  lamp  of  the  Holbom-Kurlbaum 
pyrometer  emits  approximately  black  body  radiation  so  that  when 
it  is  matched  against  a  source  at  a  temperature  0  the  temperature 
of  the  filament  is  also  0^  neglecting  reflection  losses  at  the  lens 
surfaces,  the  match  will  always  be  an  exact  color  match  as  well 
as  intensity  match.  (Actual  deviations  from  this  condition  intro- 
duce only  a  second  order  effect.)  Such  being  the  case,  as  far  as 
temperature  meastirements  are  concerned,  no  errors  are  intro- 
duced by  the  shift  in  wave  length  of  the  system.  It  is  only  when 
the  absorption  glass  or  sector  disk  is  employed  that  errors  occur. 
When  the  absorption  glass,  for  example,  is  used  and  a  photometric 
match  effected,  the  light  from  the  sotnce  at  a  high  temperature 
passing  through  the  absorption  glass  and  the  red  glass  screen  in 
the  ocular  is  matched  against  the  light  from  the  lamp,  at  a  lower 
temperature,  passing  through  the  red  screen  only.  An  exact 
color  match  can  not  be  made  in  this  case  although  the  difference 
in  color  of  the  two  fields  is  usually  too  slight  to  cause  serious 
trouble.  The  match  is  obtained  when  the  Itmiinosity  from  the 
source  through  the  black  glass  and  the  red  glass  equals  the 
luminosity  from  the  lamp  through  the  red  glass.  Let  T«  trans- 
mission coefficient  of  the  red  glass,  T'  the  transmission  coefficient  of 
the  black  glass,  0  the  temperature  of  the  source,  5  the  tempera- 
ture of  the  lamp  (apparent  or  measured  temperature) ,  Le  the  lumi- 
nosity of  the  source,  and  Ls  the  luminosity  of  the  lamp.    Then 

e)dK 


L.-JfF/(X,5)dX 


and  the  condition  for  a  match  is : 

Curves  were  constructed  of  Le  and  Ls  versus  B  and  S  and  values 
of  0  and  S  obtained,  by  interpolation,  for  various  values  of  L^^L^. 

*  nds  Bulletin,  5,  p.  506;  1908 
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Hence,  knowing  0  and  5,  the  quantity  A  or  absorption  factor  can 
be  determined  by  the  relation  i/d  —  i/S^A.  It  is  found,  however, 
that  interpolation  of  these  plotted  curves  is  somewhat  inaccurate 
unless  the  values  of  L  are  computed  for  a  great  many  temperatures. 
The  method  discussed  below  was  used  and  is  to  be  preferred  for 
determining  A, 

Analogous  to  the  Wien  equation  (8)  for  monochromatic  radia- 
tion, the  following  equation  applies  when  the  condition  of  mono- 
chromatism  is  not  realized. 

(9)  X'l  log  Tr'-'C,  (j  - ~J  log  e «i4ca  log  e 

where  X'l  is  the  effective  wave  length  of  the  complete  system, 
lamp  +  red  screen  and  source  +  black  screen  +  red  screen, 
and  Tr  is  the  effective  transmission  of  the  black  screen.  The 
effective  transmission  of  the  black  screen  will  depend  upon  the 
temperature  of  the  source  and  upon  the  number  of  red  glass 
screens  used  in  the  ocular.  Its  value  is  determined  by  the  ratio 
of  the  Ituninosity,  L^$ ,  of  the  black  body  source  at  a  given  tem- 
perature, through  the  black  glass  and  the  red  glass,  and  the  lumi- 
nosity, L0 ,  with  the  black  glass  removed,  thus: 

Also  since  U0  ^La 

(II)  ^''Lrr,Tvjo.,e)dK 

Values  of  L'9  and  L$  are  obtained  by  computing  and  integrating 
the  luminosity  curves  for  any  arbitrary  temperatures,  and  hence 
Tr  is  found  without  interpolation  of  the  curves  L^f{B). 
.  It  can  be  shown  that  X'l,  the  effective  wave  length  of  the  com- 
plete sjTStem  is  the  arithmetical  mean  of  the  effective  wave  lengths 
of  the  two  components  of  the  system.  The  effective  wave  lengths 
of  the  system,  soturce  +  black  screen  +  red  screen,  were 
obtained  as  the  centers  of  gravity  of  the  cimres  TT'VJfK  versus  X 
(cf  Fig.  2  and  Table  i). 
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The  method,  then,  for  computing  i4  is  as  follows:  In  equation 
(9)  assume  any  value  of  A  approximately  near  the  correct  value 
and  compute  approximate  values  of  5  for  various  values  of  B. 
From  curves  Fig.  2  obtain  the  effective  wave  lengths  correspond- 
ing to  the  temperature  S  of  the  lamp  observed  through  the  red 
screen,  and  the  temperature  B  of  the  furnace  observel  through 
the  black  glass  +  the  red  glass.  The  mean  of  these  values  is 
X'l.  The  value  of  log  Tr  is  obtained  from  equation  (10) .  Whence 
from  (9)  the  equation  A  «X'l  log  Trlc2  log  e  may  be  solved  for 
the  quantity  A^f{B).  Table  2  shows  the  variation  of  A  with  the 
temperature  of  the  source  for  absorption  glass  4248B.  These 
values  are  presented  graphically  by  Fig.  3.  Table  2  also  includes 
the  effective  transmission  coefficients  of  the  black  screen.  The 
marked  variation  of  the  transmission  with  the  temperature  of  the 
source  is  of  interest  and  also  the  dependence  of  the  transmission 
upon  the  number  of  screens  used  in  the  ocular.  Thus  the  addition 
of  I  red  glass  in  the  ocular  actually  increases  the  effective  trans- 
mission of  the  black  glass  about  30  per  cent.  This  table  empha- 
sizes the  importance  of  a  thorough  study  of  the  transmission 
screens  used  in  photometry.  A  screen  calibrated  with  a  lamp 
burning  at  a  definite  watts  per  candle  can  not  be  used  without 
applying  corrections  to  the  transmission  factor  when  the  lamp  is 
binning  at  any  other  efficiency. 

TABLE  2 
Absorption  Glass  Jena.  F  3815 

[A«-  z/9—  z/S  and  transmissioci  coefficient  as  a  function  of  (l\ 


TrX10».. 
-AXlC 
TrXlO*.. 
-AXlC 


1400 

1600 

1800 

2000 

2500 

3000 

3500 

696 

670 

658 

636 

612 

601 

589 

2265 

2274 

2276 

2287 

2297 

2300 

2305 

912 

867 

849 

828 

787 

768 

749 

2190 

2207 

2210 

2217 

2232 

2239 

2248 

1  red  ciaM 

2  ted  glasMt 


1 


The  above  discussion  applies  equally  well  when  a  sector  disk  i§ 
used  to  cut  down  the  luminosity  of  the  source.  In  this  case  the 
transmission  factor  is  constant,  but  the  effective, wave  length 
depends  upon  the  temperature  and  number  of  red  glasses  used  in 
the  ocular.  Table  3  gives  the  values  of  A  obtained  with  a  sector 
having  an  opening  of  2.7°. 
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TABLE  3 
Sector  disk  with  2.7®  opening 


9 

1400 

1600 

1800 

2000 

2500 

3000 

3500 

— AXW 

2205 
2254 

2201 
2248 

2196 
2243 

2192 
2239 

2187 
2233 

2183 
2228 

2181 
2226 

1  ndgltM 

— AXIO' 

2  nd  glaMM 

The  variation  of  A  with  the  temperature  of  the  source  when  a 
sector  disk  is  used  is  also  represented  by  Fig.  3.     For  the  combina- 
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Fio.  3. — A  as  a  function  of$ 

tion  of  red  glass  and  black  glass,  A  increases  with  increasing  tem- 
perature and  for  the  combination  of  red  glass  and  sector  disk,  A 
decreases  with  increasing  temperature.  If  the  absorption  glass 
and  sector  disk  are  calibrated  at  about  the  most  favorable  point 
possible,  the  melting  point  of  diopside,  and  the  values  of  A  thus 
obtained  are  assumed  constant  with  temperature,  as  has  always 
been  the  assumption,  measurements  upon  a  source  at  a  tempera- 
ture of  3500®  absolute  will  be  30®  to  40®  low  when  the  absorption 
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glass  is  used,  and  about  20^  high  when  the  sector  disk  is  used. 
The  difference  in  the  measurements  by  the  two  methods  will 
amount  to  50®  or  60®. 

The  errors  to  be  expected  in  measurements  of  this  kind  are 
shown  by  Table  4.  The  values  are  based  on  the  favorable  calibra- 
tion temperature  of  about  1650^  absolute. 

TABIB4 
AtMorpHon  Glass  4248B  and  Sector  Disk  of  Opening  a^T"* 


[Cnlibntion  tempefBftttre  about  1650*  abs.] 

Temperature  9*  aba. 

tanpantata 

4M8B 

SMtartflik 

ind 

8rad« 

■ 

lead 

2rada 

1200 X 

-5 

-1 

+  4 

+u 

+19 
+27 

-5 

-1 

+  5 
+1« 
+23 
+3* 

+  2 
0 

-7 
-12 
-17 

+  2 

1600 

0 

aooo 

-  s 

2M0 

—  8 

aooo 

—14 

aaoo 

—20 

Actually  it  would  not  be  safe  to  operate  the  p3nrometer  lamp  at 
a  temperature  which,  with  the  absorption  factors  of  the  above 
absorption  glass  and  sector,  would  permit  measurements  of  the 
source  at  a  temperature  higher  than  2500^  absolute.  A  denser 
absorption  glass  or  a  sector  of  smaller  opening  must  be  used. 
But  if  the  transmission  of  the  glass  or  sector  is  much  less,  it  is 
impossible  to  calibrate  them.  The  general  practice  has  been  to 
use  two  absorption  glasses,  which  have  been  calibrated  inde- 
pendently, and  to  assume  that  the  "constant"  A  for  the  two 
glasses  used  together  is  the  sum  of  the  constants  when  calibrated 
separately.  Table  5  and  Fig.  4  show  the  values  of  A  for  two  ab- 
sorption glasses  of  the  type  4248B,  used  together.  The  values  of 
A  for  the  glasses  used  separately  are  added  and  given  by  the  third 
line  of  the  table.  The  "constant"  obtained  by  the  separate  cali- 
bration "constants"  of  such  glasses  at  the  diopside  point,  added 
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together,  is  given  in  the  fourth  line.    This  latter  value  represents 


•000460 


•OOOiSS 


.000450 


.00044S 


1  Md**-  ••otor  -•■  4848  B 


1  r«d  ♦ 


a«otor  -•■  4848  B 


(  addsd  Talu0«  ) 


3000  8500 

TltBp«ratttr«  I)egr«««  Absolute 


3000 


3500 


FlO.  4. — A  as  a  function  of  $ 

that  obtained  by  the  method  which  has  been  quite  generally  here- 
tofore assumed  correct. 

TABLE  5 
Use  of  Two  Black  Glasses  of  the  Type  4248B  With  1  Red  Glass 


3S0O 


-AXlC  (oomct  values) 

Values  eblafaied  by  adtUng  A  lor  each  glass. 
AddedvalaeolAat««1550 


1800 

2000 

2500 

3000 

4497 

4521 

4545 

4561 

4552 

4574 

4594 

4600 

4550 

4550 

4550 

4550 

4572 
4610 
4550 


The  use  of  a  combination  of  sector  disk  and  absorption  glass 
would  very  likely  prove  highly  satisfactory  for  extreme  tempera- 
tures. Fig.  4  shows  the  values  of  A  for  a  temperature  range 
i8oo®  to  3500®  absolute,  for  the  combination  of  one  red  glass,  the 
black  glass  4248B,  and  a  2.7®  opening  disk.  The  variation  of  A 
is  negligible  above  2000®,  but  the  calibration  of  such  a  system  is 
again  difficult.  If  the  sector  and  absorption  glass  are  calibrated 
separately  and  the  separate  values  of  A  added,  the  values  thus 
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obtained  are  too  low,  as  indicated  by  Pig.  4.  In  the  present  case, 
however,  if  the  sector  is  calibrated  alone,  with  two  red  glasses  in 
the  ocular,  at  any  temperature,  and  the  absorption  glass  is  cali- 
brated with  one  red  glass  in  the  ocular,  at  the  same  temperature, 
the  sum  of  the  values  obtained  separately  is  equal  to  the  value  of 
A  for  the  combination  one  red  glass + sector + black  glass,  at  all 
temperatures.  The  addition  of  the  extra  red  glass  in  the  cali- 
bration of  the  sector  is  simply  to  bring  the  effective  wave  length 
of  the  system  nearer  to  that  of  the  combination  one  red  glass + 
one  black  glass. 

Experimental  confirmation  of  above  discussion: 
The  difference  in  the  value  of  A  =  i/fl  — 1/5  when  one  red  glass  is 
used  and  when  two  red  glasses  are  used  in  the  octdar  is  very  pro- 
nounced with  either  a  sector  disk  or  absorption  glass.  This 
difference  may  amount  to  50®  at  2000®  if  the  value  of  A  determined 
for  one  red  glass  in  the  ocular  is  used  for  computing  temperatures 
measiu'ed  when  two  red  glasses  are  in  the  octdar,  and  vice  versa. 
Or  if  the  p3a'ometer  filament  is  matched  through  the  black  glass 
or  sector  against  a  soiuce  at,  say,  2000^,  using  one  red  glass,  the 
match  is  completely  destroyed  when  a  second  red  glass  is  added 
to  the  octdar,  and  vice  versa. 

The  fact  that  A  is  a  function  of  the  temperature  which,  with 
increasing  temperatiu'e  of  the  source,  increases  for  the  absorption 
glass  and  decreases  for  the  sector  disk,  may  be  easily  shown  quali- 
tatively. Decreasing  the  temperature  of  the  source  obviously 
must  increase  the  value  of  the  effective  wave  length  of  either 
system.  Instead  of  increasing  the  effective  wave  length  by 
decreasing  the  temperature,  the  same  effect  may  be  produced  by 
the  addition  of  one  red  glass  in  the  ocular.  Obtain  a  match  at  a 
high  temperature  with  the  sector  and  one  red  glass.  Add  one 
red  glass.  The  match  is  destroyed  and  the  filament  will  appear 
darker  than  the  field.  If  the  same  process  is  repeated  with  a 
sector,  the  filament  will  appear  brighter  than  the  field.  A  sector 
disk  having  one  opening  of  3.6°  was  accessible,  which  could  be 
rotated  at  3000  revolutions  per  minute.  But  the  liuninosity  is  so 
high  when  only  one  red  glass  is  used,  at  a  temperature  of  the 
source  of  2000®,  that  3000  revolutions  per  minute  is  below  the 
critical  speed  and  serious  flickering  prevents  accurate  matching. 
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Two  Glaxi  nicol  prisms  nearly  crossed  were  therefore  substituted 
for  the  sector.  Since  the  Glan  nicol  is  practically  nonselectively 
absorbing,  its  effect  is  precisely  that  of  the  sector  disk.  The 
following  table  shows  the  apparent  temperatures  obtained  for  a 
match  when  the  source  was  about  1 700®  C : 


Ocular 


2  red 
glaaies 


AlMorptioa  glen. 
Nkole 


Quantitative  proof  that  A=f  (0). 

Referring  to  Table  4,  it  is  seen  that  the  sector  disk  or  nicols 
should  give  a  higher  temperature  reading  than  the  absorption 
glass  when  all  are  calibrated  at  a  low  temperature  and  used  with 
a  source  at  a  high  temperature.  The  sector  disk  of  3.6°  opening, 
the  nicols,  and  the  absorption  glass  were  calibrated  on  a  source  at 
about  1450°  absolute.  Measurements  throughout  were  made  by 
two  observers  working  independently.  Table  6  shows  that  the 
difference  in  temperatures  of  a  source  at  about  2000®  measured  by 
the  two  methods  is  of  serious  importance.  If  it  had  been  possible 
to  maintain  the  temperature  of  the  source  at  2500®  to  3000°, 
instead  of  2000°,  differences  of  two  or  three  times  this  magnitude 
would  have  resulted. 

TABLE  6 

Experimental  Data  on  Use  of  Sector  Disk,  Nicol  Prisms^  and  Absorption  Glass  for 

Determination  of  High  Temperatures 
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Rpd 
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AtMorp- 
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glaas 

Deg.  abe. 
1450 
1450 
1450 
1450 
1450 
1450 
1450 
1400 

Deg. 
1828 
1986 
1998 
2002 

Deg. 

Deg. 
1810 
1979 
1969 
1984 
1955 
1958 
1961 
1962 

1968 
1970 
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1971 
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Use  of  two  and  more  absorption  glasses.  That  the  separate 
values  of  A  determined  for  several  absorption  glasses  separately 
can  not  be  added  to  obtain  the  value  of  A  for  the  glasses  when 
used  together  has  been  noted  by  Waidner  and  Burgess  *®  in  their 
investigation  of  the  temperature  of  the  arc.  Recomputing  their 
data  for  four  glasses  showing  the  same  absorption  the  following 
table  is  obtained : 


Glasses 

Observed  A 

Added  valoM 
ofA 

1 

-•.0001U2 
2209 
3283 
4332 

—.0001112 

2 

2224 

3 

3336 

4 

4448 

The  above  data  were  taken  without  careful  reference  to  the 
calibration  temperatures,  and  hence  they  can  not  be  considered 
quantitatively.  In  general,  however,  the  value  of  A  for  several 
glasses  used  together  is  less  than  the  sum  of  the  values  of  A  for 
the  glasses  used  separately.  This  effect  has  nothing  to  do  with 
multiple  reflection  between  absorption  glasses,  as  multiple  reflec- 
tion is  usually  of  negligible  importance. 

The  explanation  lies  in  the  change  of  the  transmission  coefficient 
of  each  successively  added  absorption  glass,  although  all  the  glasses 
are  identically  alike.  The  quantity  A  is  proportional  to  X'l  log  Tr. 
The  addition  of  each  absorption  glass  moves  the  effective  wave 
length  of  the  entire  system  toward  the  red.  This  increases  the 
value  of  X'l  and  would  cause  abnormally  high  values  of  A.  But 
the  transmission  coefficient  of  each  successively  added  absorption 
glass  is  greater  than  that  of  the  glass  used  immediately  preceding. 
Hence,  the  value  of  log  Tr  for  any  definite  temperature  of  the 
soturce  decreases  numerically  for  each  successive  glass.  The  rela- 
tive decrease  in  log  Tr  is  greater  than  the  relative  increase  in  X'l, 
and  thus  the  observed  values  of  A  are  smaller  than  the  added  values 
of  the  single  glasses. 

i<*  Waidner  and  Burgess  (this  Bulletin,  1),  p.  zx6;  2904. 
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SUMMARY 

An  equation  has  been  derived  representing  as  a  function  of  the 
temperature  of  the  black  body  source  sighted  upon,  the  "  effective 
wave  length"  of  any  pyrometer  color  screen  or  system  of  color 
screens,  or  of  color  screens  used  in  combinations  with  sector  disk, 
nicol  prisms,  or  absorption  screens.  Attention  is  called  to  the 
difference  between  the  "effective  wave  length"  and  the  ''center 
of  gravity"  of  the  luminosity  curve,  as  the  so-called  center  of 
gravity  of  the  color  screen  has  been  in  the  past  sometimes  consid- 
ered the  true  effective  wave  length.  When  an  absorption  glass, 
nicol  prisms,  or  sector  disk  is  used  with  a  pyrometer  employing 
light  which  is  not  strictly  monochromatic,  such  as  the  Hobom- 
Kurlbaum  instrument,  for  the  object  of  reducing  the  brightness  of 
the  sources  sighted  upon,  the  relation  between  the  true  tempera- 
tm"e  d  and  the  measured  temperature  5  is  of  the  form  i/d— 1/5= 
A  where  A  has  been  heretofore  considered  a  constant.  Actually, 
it  is  shown,  A  varies  rapidly  with  change  in  temperature  of  the 
source.  The  consideration  of  ^4  as  a  constant  may  introduce 
errors  as  great  as  40®  or  50®  at  3500®  if  the  absorption  device  is 
calibrated  in  the  usual  manner.  When  two  or  more  absorption 
glasses  are  used  together,  it  is  not  permissible  to  assume  that  the 
value  of  A  for  the  entire  system  is  equal  to  the  sum  of  the  values  of 
A  for  the  glasses  used  separately.  It  is  shown  that  the  combina- 
tion of  a  sector  disk  and  absorption  glass  gives  a  value  of  A 
which  is  practically  independent  of  0, 

In  conclusion,  acknowledgment  is  due  C.  O.  Pairchild  and  T.  R. 
Harrison,  of  this  laboratory,  for  assisting  in  the  measurements  and 
for  graphically  integrating  some  150  curves. 

Washington,  September  20,  191 5. 
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I.  INTRODUCTION 

One  of  the  chief  needs  in  the  measurement  of  radiant  energy  is 
a  reliable  radiometer  which  evaluates  the  observations  in  absolute 
measure.  Such  an  instrument  should  be  a  primary  one,  capable 
of  measuring  radiant  energy  directly.  Because  of  the  lack  of 
such  a  primary  instrument,  a  calibration  of  radiometers  against 
a  standard  of  radiation  is  advocated ;  and  such  standards  of  radia- 
tion have  been  prepared  *  by  this  Bureau. 

There  are  several  apparently  trustworthy  methods  for  making 
measiu'ements  of  radiation  in  absolute  value.  One  of  the  problems 
undertaken  in  this  Bureau  is  the  study  of  various  instruments 
used  in  making  these  absolute  measurements;  and  the  purpose  of 
the  present  paper  is  to  report  on  the  results  obtained  with  one  of 
these  instruments. 

One  of  the  by-products  of  this  investigation  will  be  the  evalua- 
tion of  the  coefficient  or  the  so-called  Stefan-Bolzmann  constant 
of  total  radiation  of  a  imiformly  heated  cavity  or  so-called  black 
body.  As  will  be  shown  in  a  subsequent  paper,  the  different 
methods  employed  by  various  experimenters  in  evaluating  this 
constant  give  somewhat  discordant  results.  It  is  therefore  desir- 
able to  emphasize  at  the  very  beginning  of  this  paper  that,  until 
it  can  be  shown  which  of  these  various  methods  is  the  most  reliable, 
it  is  imdesirable  to  depend  upon  a  single  numerical  value. 

In  beginning  the  subject  of  radiometry  in  absolute  measure, 
it  seemed  desirable  to  study  instrmnents  which  might  prove  of 
use  in  general  radiometric  work  (e.  g.,  useful  as  radiation  pyrom- 
eters), leaving  for  later  investigation  the  more  cumbersome  and 
complicated  devices  for  determining  with  the  highest  precision  the 
coefficient  of  total  radiation  of  a  imiformly  heated  cavity  or  so- 
called  black  body.'  The  first  commimication  •  on  this  subject 
gave  the  results  of  a  study  of  the  "  Radiobalance."  *  This  is  an 
ingenious  device  in  which  the  radiometric  receiver  consists  of  a 
thermojimction  which  can  be  heated  electrically.  In  this  manner 
the  heat  generated  in  the  receiver  by  absorbing  radiant  energy  is 

1  This  BuUetin,  11,  p.  87;  19x4.     *  This  BuHetin,  9,  p.  51;  29x2. 

*  This  BttUetin,  18,  p.  553;  ^9x6.       *  CaUendsr.  Proc.  Fhys.  Soc.,  I,aiidon,  88,  pt.  x;  D«c.,  15,  19x0. 
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neutralized  by  the  well-known  Peltier  (cooling)  effect,  which 
occurs  when  an  electric  current  is  passed  through  a  thermo junc- 
tion. The  result  of  the  study  of  this  instrument  showed  that  while 
it  has  many  good  points  it  did  not  appear  to  be  sufficiently  reliable 
for  a  primary  instrument.  The  investigation  of  the  instrument 
used  in  the  present  work  was  undertaken  in  order  to  determine 
its  reliability  as  a  precision  radiometer,  i.  e.,  to  determine  whether 
it  is  a  primary  instrument  capable  of  measuring  the  radiation 
constants  directly  or  whether  it  is  a  secondary  instrument  which 
must  be  calibrated  by  exposing  it  to  a  standard  of  radiation. 
The  first  question  raised  in  regard  to  the  use  of  a  receiver  of  this 
t3rpe  is  the  uniformity  of  temperature  distribution  when  heated 
electrically  from  within  and  when  heated  by  absorbing  radiant 
energy  incident  upon  its  front  surface.  From  the  'concordant 
restdts  obtained  with  metallic  strips,  differing  by  10  times  in 
thickness,  and  having  different  kinds  of  absorbing  surfaces,  it  is 
evident  that  whatever  errors  (if  any)  are  introduced,  are  much 
smaller  than  the  variations  observed  with  the  various  receivers 
constructed  of  the  same  kind  of  material. 

n.  APPARATUS  AND  METHODS 

Below  are  given  the  essential  features  of  the  instrtunents  used 
in  this  research.  A  more  complete  description  of  the  thermopile, 
galvanometer,  and  other  accessories  is  given  in  a  previous  paper .• 

1.  THE  RADIOMETER 

The  radiometric  receiver,"  Fig.  i ,  which  was  the  subject  of  the 
present  investigation  is  a  very  simple  device,  consisting  of  a  very 
thin  strip  of  metal,  blackened  to  absorb  radiation.  Behind  this 
metal  strip,  at  a  distance  of  2  to  3  mm,  is  placed  a  thermopile  of 
bismuth-silver  having  a  continuous  receiving  surface  of  tin.  The 
thermopile  is  connected  with  an  ironclad  Thomson  or  a  d'Arsonval 
galvanometer  which  serves  merely  as  a  null  instrument  to  indi- 
cate the  rise  in  temperature  of  the  metal  strip. 

*  This  Bulletin,  11,  p.  zja;  19x4. 

•  For  further  details,  see  this  Bulletin,  11,  p.  157;  19x4. 
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2.  CONSTRUCnOK  OF  THE  RECEIVERS 


The  strip  of  metal  serves  three  purposes — (i)  as  a  receiver  for 
absorbing  radiant  energy,  (2)  as  a  source  of  radiation  which  can 
be  produced  by  heating  the  strip  electrically,  and  (3)  as  a  standard 
of  radiation  to  test  the  galvanometer  sensitivity,  by  heating  the 
strip  electrically  by  a  standard  current. 

The  use  of  a  thermopile,  separated  from  the  reoeiver,  makes  it 
possible  to  use  various  receivers.    The  radiometric  apparatus  was 


— TR*  radiofiuttr 


therefore  designed  so  that  the  receivers  could  be  mounted  over  the 
thermopile  as  shown  in  Fig.  2.  Each  receiver,  as  shown  in  Fig.  2, 
b  a  complete  unit  consisting  of  an  insulating  base  of  slate  B  (cut 
from  an  ordinary  writing  slate),  3  mm  in  thickness,  to  which  are 
attached  the  copper  electrodes,  E  E,  0.5  mm  in  thickness,  the 
receiver  R,  the  potential  terminals  P  P,  the  knife-edge  slits  5  5, 
at  the  front,  and  the  strips  of  copper,  C  Ci  at  the  rear,  which  are 
used  for  the  piupose  of  preventing  radiations,  not  intercepted  by 
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the  receiver,  from  falling  upon  the  thermopile.  The  platinum  used 
for  receivers  was  the  "platinum  in  silver '*  material  used  for 
bolometers.  This  material  was  cut  into  strips,  by  means  of  a 
specially  constructed  cutting  device,  and  soldered  to  the  elec- 
trodes, which  were  then  covered  with  Chatterton  compound  in 
order  to  protect  them  from  the  nitric  acid  which  was  used  in 
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Fig.  a. — Showing  the  construction  of  the  receivers 

removing  the  silver  from  the  platinum.  The  platinum  strip  was 
then  cleaned  electrolytically  by  dipping  it  in  hydrochloric  acid. 
After  attaching  the  potential  wires,  the  strip  was  coated  electro- 
lytically with  platinum  black.^  Incidentally,  it  may  be  added 
tbat  the  platintun  cholride  seems  to  deteriorate  rapidly  with 
usage,  giving  grayish  deposits,  so  that  it  is  necessary  to  use  freshly 
prepared  solutions. 

^  This  Bulletin.  9,  p.  305;  19x3.    Ktirlbaum,  Ann.  der  Phys.  (3).  ^7.  P-  846;  x899> 
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The  potential  leads  P  P  consisted  of  No.  36  silk-covered  copper 
wire  attached  to  the  holder  by  means  of  Chatterton  compound. 
To  the  end  of  this  copper  wire  was  soldered  a  fine  platinum  wire 
0.025  mm  in  thickness,  and  (for  several  receivers)  to  the  end  of  this 
platintmi  wire  was  soldered  a  short  piece  of  (Wollaston)  platinum 
wire  about  o.oi  mm  in  thickness.  To  the  free  end  of  the  latter  was 
attached  a  bead  of  solder  from  o.oi  to  0.03  mm  in  diameter,  and 
this  was  melted  to  the  platinum  strip  by  means  of  the  small 
nichrome®  heater  now  used  in  performing  such  delicate  opera- 
tions. If  the  bead  of  solder  is  dipped  in  a  solution  of  zinc  chloride, 
there  is  no  diffictdty  in  attaching  it  to  the  platintun  strip,  and  the 
juncture  will  be  only  0.05  to  o.i  mm  in  diameter.  This  jimcture 
is  covered  with  shellac  to  permit  repairs  in  case  of  breakage,  and 
to  protect  the  solder  from  the  platintmi  chloride  solution  when 
depositing  the  platinum  black.  These  potential  terminals  were 
situated  at  a  distance  of  3  to  4  mm  from  the  copper  electrodes.  In 
order  to  test  the  effect  of  the  potential  contacts,  an  additional 
wire,  c,  was  attached  to  two  of  the  receivers.  The  platintun 
potential  wires  are  shellacked  for  insulation. 

The  opening  in  front  of  the  platinum  receiver  is  defined  by 
means  of  knife-edged  strips  of  metal,  along  the  sides  and  across 
the  ends.  The  latter  were  placed  directly  over  the  potential 
terminals.  When  it  was  found  impossible  to  detect  a  difference 
in  the  radiation  constant,  as  measured  with  and  without  these 
slits  (which  were  made  of  thin  copper)  across  the  ends,  they  were 
discarded  and  the  entire  length  of  the  receiver  was  exposed  to 
radiation.  This  eliminated  the  conduction  of  heat  from  the 
region  between  the  potential  terminals,  which  were  then  tised  to 
define  the  length  of  the  receiver.  Knife-edge  slits  5  5  were  used 
over  the  sides  of  the  receiver,  in  order  to  define  its  effective  width 
which  is  difficult  to  determine  after  the  receiver  has  been  covered 
with  platinum  black;  and,  especially  so,  after  smoking  it  with 
lampblack  when  a  layer  of  soot  0.05  mm  in  width  may  adhere 
loosely  along  the  edge.  These  knife-edged  slits  were  of  two 
kinds:  (i)  Brass  ones  0.5  mm  in  thickness,  and  (2)  slits  of  alumi- 
ntmi  1 .95  mm  in  thickness.     Both  types  were  bright  over  a  width 

■  This  BttUetin,  9,  p.  7;  19x3. 
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of  about  I  cm  along  the  knife-edge,  on  the  side  exposed  to  the 
radiator.  Measurements  were  made  without  the  slits  and  the 
value  of  the  radiation  constant  was  usually  slightly  higher  than 
with  the  slits.  In  view  of  the  possibility  of  diffusely  reflected 
radiations  from  the  radiator  reaching  the  thermopile,  the  slits 
were  used.  It  would  have  been  desirable  to  use  a  hemispherical 
mirror  in  front  of  the  receiver,  as  in  previous  work,'  and  thus 
eliminate  the  correction  for  the  loss  of  radiation  by  diffuse  reflec- 
tion, but  the  uncertainty  then  arising  as  to  the  exact  area  exposed 
and  as  to  numerous  adjustments,  etc.,  appeared  to  introduce 
greater  errors  than  would  arise  from  a  lack  of  proper  correction  for 
reflection,  which  correction  was  determined  directly.  The  re- 
ceiver of  the  thermopile  had  an  area  of  1.8  by  19  mm,  the  length 
being  somewhat  less  than  the  distance  between  the  potential 
terminals  on  the  receiver  R.  The  thermopile  was  covered  perma- 
nently with  a  piece  of  cardboard,  about  0.4  mmin  thickness,  which 
had  an  opening,  about  2.5  mm  in  width  and  20  mm  in  length,  to 
admit  radiations  from  the  receiver.  This  cardboard  shield  was 
used  to  exclude  the  radiations  coming  from  that  part  of  the 
receiver  which  extends  from  the  potential  terminals  to  the  copper 
electrodes.  In  addition  to  this  shield,  each  receiver  mounting  was 
covered  on  the  rear  side  with  heavy  (0.8  mm)  strips  of  copper  (or 
sheet  iron  folded  as  in  receiver  No.  6),  C  C,  Fig.  2,  to  protect  the 
thermopile  from  possible  stray  radiations  which  might  not  be 
intercepted  by  the  receiver.  These  strips  of  metal  were  painted 
on  both  sides  with  lampblack,  then  blackened  by  holding  them  in 
the  flame  of  a  sperm  candle.  This  method  of  construction  places 
the  thermopile  surface  at  a  distance  of  about  3.5  mm  from  the 
receiver,  which  greatly  reduces  the  sensitivity.  However,  it 
eliminates  the  question  of  convection  currents  produced  by  the 
warming  of  the  receiver.  In  the  first  part  of  the  work  the  shields, 
C  C,  were  not  used,  and  consequently  the  thermopile  was  much 
closer  to  the  receiver,  which  increased  the  sensitivity.  The  same 
numerical  value  of  the  constant  of  radiation  was  obtained  as  with 
the  greater  separation  of  the  receiver  and  the  thermopile. 

The  method  of  blackening  the  receivers  with  soot  is  of  some 
importance.    The  thick  metal  plates  used  as  shields  were  painted 

*  This  Bulletin,  10,  p.  a;  19x3. 


5IO  BuUetin  of  the  Bureau  of  Standards  wa.  12 

with  lampblack  and  smoked  by  drawing  them  through  the  tip 
of  the  flame  of  a  sperm  candle.  This  produces  a  deposit  of  soot 
which  reflects  but  little  more  than  0.5  per  cent.**^  However,  as 
indicated  in  the  previous  paper  relating  to  this  subject,  the  cold 
deposits  of  soot  from  an  acetylene  flame  or  sperm  candle  reflect 
a  little  over  i  per  cent.  In  order  to  obtain  the  blackest  deposit 
from  a  sperm  candle,  the  wick  must  be  free  from  old,  charred 
material  which  produces  a  **hard"  bluish  smoke,  Jiiaving  a  high 
reflecting  power.  On  the  other  hand,  the  wick  must  not  be 
trimmed  too  short.  The  best  results  are  obtained  by  using  a 
freshly  trinmied  candle  in  which  the  flame  is  burning  at  its  nor- 
mal height.  The  smoke  is  produced  with  a  sheet-iron  cone 
about  8  cm  long  and  4  cm  at  its  base,  flattened  at  the  top,  leaving 
an  opening  1.5  by  10  mm  for  the  escape  of  the  soot.  When 
the  candle  is  burning  properly  this  funnel  is  held  over  the  flame 
by  means  of  a  crucible  tongs,  and  the  object  which  is  to  receive 
the  soot  is  passed  back  and  forth,  at  a  distance  of  2  to  5  cm, 
over  the  top  of  the  metal  cone,  which  is  not  permitted  to  become 
hot.  As  to  the  thickness  of  the  deposit  of  lampblack,  that  seems 
to  be  a  matter  of  guesswork.  The  paint  is  a  mixture  of  lamp- 
black in  alcohol  and  turpentine  which  is  thoroughly  shaken 
and  allowed  to  stand  a  few  minutes  so  that  the  coarse  agglomer- 
ations may  settle  to  the  bottom.  The  coating  of  paint  applied 
to  a  receiver  is  of  such  thickness  that  in  bright  simlight  the  metal 
underneath  is  barely  perceptible  through  the  thin  spots  in  the 
paint.  This  surface  of  lampblack  paint  is  then  exposed  in  the 
smoke  of  a  sperm  candle  until  it  is  thoroughly  covered  with 
soot.  Some  layers  of  soot  were,  no  doubt,  as  much  as  o.i  mm 
in  thickness,  although  the  deposit  is  usually  just  sufficient  to 
cover  the  paint. 

The  receivers  made  of  manganin  or  therlo  and  painted  with 
lampblack.  Fig.  3,  do  not  have  an  appreciable  (to  i  part  in  2650) 
temperature  coefficient  of  resistance.  On  the  other  hand,  the 
temperature  coefficient  of  resistance  of  platinum,  which  is  positive 
when  unblackened,  becomes  negative  after  it  is  given  a  coating 

10  This  Bulletin.  9.  p.  283;  19x3. 
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of  platintim  black.  This  is  illustrated  in  Fig.  3,  which  shows 
the  change  in  resistance  of  the  strip  when  heated  to  different 
temperatures,  as  indicated  by  the  current  which  was  passed 
through  the  strip  in  order  to  raise  it  to  the  same  temperature  as 
was  produced  by  the  absorption  of  radiant  energy. 
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Fig.  3.- 


'Showing  the  change  in  resistance  with  temperature  (heating  current)  of  receivers 

of  therlo,  No,  j,  and  platinum 

3.  THERMOPILE  AND  GALVANOMETER 


These  two  instruments  have  been  described  elsewhere,"  and 
it  will  be  sufficient  to  add  that  the  thermopile  with  its  auxiliary 
receiver  required,  at  a  minimum,  from  12  to  15  seconds  (depend- 
ing upon  the  receiver  used)  to  produce  a  maximum  galvanometer 
deflection.  This  long  period  requires  uniform  conditions  in  order 
to  obtain  accurate  measurement.  No  observations  were  made, 
therefore,  on  very  windy  days  when  the  thermopile  was  affected 
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by  air  currents.  The  sensitivity  was  such  that  it  would  have 
been  possible  to  observe  the  rise  in  temperature  of  the  thermopile 
by  means  of  a  d'Arsonval  galvanometer.  Two  such  instruments 
were  available,  but  they  happened  to  respond  to  vertical  tremors 
in  the  laboratory  so  that  readings  could  not  be  made  with  an 
accuracy  higher  than  0.2  mm  in  a  maximtun  deflection  of  60  to 
70  nmi.  A  deflection  of  this  size  (75  per  cent  larger  than  normal) 
was  obtained  by  reducing  the  critical  damping  resistance  of  100 
ohms  to  50  ohms.  This  increase  in  sensitivity  was,  of  course, 
at  the  expense  of  the  period.  The  d'Arsonval  galvanometer  was 
therefore  used  simply  as  a  check  on  the  observations  made  with 
an  ironclad  Thomson  galvanometer  of  5.3  ohms,  which  was 
operated  on  a  single  swing  of  1.5  to  2  seconds.  But  even  on 
this  short  period  the  instrument  was  too  sensitive,  so  that  an 
external  resistance  of  60  to  120  ohms  was  constantly  used  in  the 
circuit.  The  galvanometer  deflections  were  then  from  150  to 
200  mm,  and  under  these  conditions  it  was  the  usual  experience 
to  repeat  the  readings  to  0.3  to  0.5  mm. 

The  galvanometer  being  completely  shielded  magnetically,  the 
unsteadiness  observed  was  fotmd  to  be  caused  by  air  currents  in 
the  thermopile.  On  rare  occasions  the  galvanometer  was 
momentarily  deflected,  which  was  attributed  to  radiotelegraphic 
disturbances.  Great  steadiness  in  the  galvanometer  is  necessary 
because  of  the  long  wait  (about  30  seconds  at  a  minimum)  to 
obtain  the  complete  scale  reading.  No  difiiculty  was  experienced 
with  the  galvanometer,  and  in  the  present  work  plenty  of  time 
could  be  allowed  for  the  receiver  and  the  thermopile  to  attain  a 
steady  temperature.  Moreover,  after  the  deflection  had  attained 
a  maximum  it  would  stay  at  that  point  whether  the  stimulus  was 
applied  for  20  or  30  seconds  or  for  a  much  longer  period.  This  is 
an  important  point  in  radiometric  work  of  this  type.  The  gal- 
vanometer was  not  completely  damped  on  a  swing  of  less  than  2.5 
seconds,  and,  because  of  the  quickness  of  the  response  of  the 
thermopile,  especially  when  the  receiver  was  of  thin  bolometer 
platinum,  the  maximum  steady  deflection  was  attained  by  exe- 
cuting one  large  throw  and  one  or  two  small  vibrations  before  the 
needle  came  to  rest.     This  large  first  throw  of  the  galvanometer 
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needle  was  slightly  different  when  the  receiver  was  heated  radio- 
metrically  and  electrically,  especially  for  the  thick  manganin 
receivers,  but  there  was  no  marked  difference  in  the  time  of  attain- 
ing the  fmal  deflection.  In  view  of  the  fact  that  observations 
made  with  the  damped  and  tmdamped  galvanometer  showed  no 
difference  in  the  final  result  (and  it  should  not  do  so,  since  plenty 
of  time  was  given  to  obtain  a  steady  deflection) ,  no  errors  are  to 
be  expected  from  this  soiu-ce. 

4.  WATER-COOLED  SHUTTER  AND  DIAPHRAGM 

The  water-cooled  shield  employed  consisted  of  a  tank,  A,  25  cm 
in  diameter  and  1.5  cm  in  thickness,  which  faced  the  radiator, 
and  a  tank,  B,  20  cm  in  diameter  and  3  cm  in  thickness,  which 
faced  the  radiometer.  The  water-cooled  shutter,  S,  Fig.  4,  con- 
sisting of  a  thin  metal  box  3.5  by  3.5  by  0.8  cm,  was  operated  in 
vertical  ways  between  these  two  shields.  A  mercurial  thermome- 
ter, T,  having  its  bulb  in  the  water  flowing  through  this  shutter, 
was  used  to  meastu-e  the  temperature,  T,  used  in  equation  (i). 
A  more  detailed  illustration  of  a  similar  shutter  is  given  else- 
where," and  some  of  the  parts  are  shown  in  Fig.  6.  The  side  of 
the  shutter  facing  the  radiometer  was  smoked  in  a  sperm  candle, 
and  in  coimection  with  the  conical-shaped  opening  (painted  black 
and  smoked)  in  the  water-cooled  diaphragm,  B,  it  formed  a 
miniature  black  body,  the  temperatm-e  of  which  remained  con- 
stant throughout  a  series  of  measurements.  The  temperature  of 
the  water  varied,  of  course,  from  day  to  day,  being  as  low  as  10** 
C  in  the  winter,  and  averaged  15°  C  dining  this  investigation. 
The  temperature  of  the  shutter  was  easily  kept  constant  to  within 
0.5°  C.  The  opening  in  the  diaphragm,  B,  which  must  be  accu- 
rately known,  was  defined  by  means  of  a  series  of  small  perforated 
disks  of  brass  8  mm  in  diameter  and  1.5  mm  in  thickness,  which 
were  mounted  in  a  recess  provided  for  the  purpose.  These  brass 
disks  were  provided  with  accurately  cut,  knife-edged  holes  having 
the  following  diameters:  No.  i  «  5.410,  No.  2  -=4.939,  No.  3  —  3.987, 
and  No.  4  ■=2.005.  This  design  enabled  one  to  easily  change  the 
size  of  the  opening  which  admits  radiation  upon  the  receiver  and 
thus  study  the  effect  upon  the  radiation  constant. 

^  This  Bulletin.  10,  p.  30;  1913  • 
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The  amount  of  radiation  emitted  through  the  smallest  dia- 
phragm, for  the  temperatures  used,  was  small.  This  increased  the 
errors  of  observation.     However,  from  the  data  given  in  Table  i 
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Fig.  4. — WaUr-cooled  shutter  and  diaphragms 

(receiver  No.  4),  series  XXXVII  to  XL VI,  it  appears  that  the 
size  of  the  opening  used  did  not  aflFect  the  numerical  value  of  the 
results,  which  have  a  range  in  variation  of  about  i  per  cent. 
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TABLE  1 

Data  Showing  that  the  Size  of  Water-Cooled  Diaphiagm  Has  No  Appreciable 

Effect  Upon  the  Radiation  Constant 

[RccciTcr  No.  4:  tUU  entirely  removed;  lengtli  of  xeceiyer,  96.565  nun;  width.  5-S36?1 

5-575  J 


Dla^bsisni  No.  2.^<1- 4.939  mm 

Seriw 

Dlitance 

'      TonipoMturo 

Coefficient  of  radiation  9X10» 

U 

ti 

a 

b 

c 

d 

e 

f 

343.3 
496.8 
522.7 
44a3 

•c 

10.0 
11.8 
14.5 
14.7 

•c 

1005.0 
1004.5 
1022.3 
1022.2 

5.45 
.52 
.50 
.48 

5.56 
.51 
.50 
.48 

5.52 
.50 
.47 
.48 

5.53 

5.55 

zxxvu , 

5.51 

nxvm 

xxzix. 

.48 

.48 

.50 

XL 

Mean  vahse  9-5.49X10-**  watt  cnr*  dog-* 

Diaphncm  No.  4.— d->2.005  mm 


42a  7 
422.0 
503.1 


19.8 
16.5 
16.5 


1055.5 
1056.5 
1056.4 


.56 
.41 
.43 


.51 
.41 
.40 


.48 
.41 
.35 


.36 


.40 


.42 


Mean  vahia  ^-5.44X10-"  watt  cm-«  der^ 

Diaphncm  No.  3.-H1— 3.987  mm 


ZLIV. 
XLV.. 
ZLVI. 


451.0 

1&5 

1055.7 

.37 

.38 

.39 

.42 

.41 

497.3 

16.3 

1052.1 

.46 

.49 

.47 

.50 

.49 

421.2 

19.5 

1051.0 

.48 

.46 

.48 

.49 

.48 

.42 
.51 
.50 


Mean  vahia  9-S.46X10-"  watt  cnr*  dec-* 

5.  THE  RADUTOR 

The  radiator,  or  so-called  black  body,  was  the  one  (painted 
Marquardt  porcelain)  used  in  a  previous  investigation  ^  of  the 
constant  of  spectral  radiation.  The  device  was  operated  as  in  the 
previous  work,  to  which  reference  may  be  made  for  details  of  con- 
struction. The  temperature  measurements  were  made  with 
thermocouples  as  heretofore,  the  radiator  being  operated  at  a 
sufficiently  high  temperatiu^  (looo**  C)  to  produce  sufficient 
radiant  energy  for  measurement,  and  yet  not  at  a  sufficiently  high 
temperature   to   affect  the   calibration   of   the   thermocouples. 


^  This  Bulletin.  10,  p.  a;  19x3.    (See  Fig.  4  B.) 
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Furthennore,  at  this  temperature  the  radiator  is  easily  held  con- 
stant to  o.^i,  which  is  necessary  in  view  of  the  fact  that  under 
certain  conditions  a  change  in  temperature  of  o.**i  was  perceptible 
with  the  receiver.  This  radiator  was  painted  with  a  mixture  of 
cobalt  and  chromium  oxides.  A  series  of  measurements  was  made 
upon  an  exactly  similar  radiator  which  was  unpainted.  This 
white  porcelain  radiator  gave  a  value  of  the  radiation  constant 
which  is  about  i  per  cent  less  than  that  obtained  from  the  painted 
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tube.  This  will  be  discussed  in  a  subsequent  paper,  in  view  of  the 
fact  that  it  has  nothing  to  do  with  the  study  of  the  radiometer 
which  was  tmder  investigation. 

6.  THB  ASSEMBLED  APPARATUS 

In  Fig.  5  is  shown  a  drawing  of  the  assembled  apparatus,  exclud- 
ing the  radiator,  which,  of  course,  would  face  the  water-cooled  dia- 
phragm, as  shown  in  Fig.  6.  The  construction  and  operation  of 
the  radiator,  /?,  Fig.  6,  has  been  described  elsewhere,^^  and  it  will 
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be  sufficient  to  add  a  few  of  the  essential  details  concerning  the 
method  of  adjusting  the  apparatus. 

Instead  of  using  an  optical  bench,  the  apparatus  was  kept  in 
alignment  and  the  optical  path  was  varied  by  means  of  a  series  of 
telescoping  brass  tubes,  D  E,  as  shown  in  Figs.  5  and  6.  For  this 
purpose  a  collar,  C,  was  permanently  attached  to  the  water-cooled 
diaphragm,  B,  over  which  one  end  of  the  brass  tube,  £  (15  or  30 
cm  long) ,  was  slipped,  making  a  tight-fitting  juncture.  This  tube 
had  diaphragms  and,  in  order  to  further  prevent  reflections,  the 
inside  surface  was  smoked  in  an  acetylene  flame.  Resting  within 
the  collar,  C,  and  well  below  the  line  of  the  incoming  radiations, 
was  a  small  aluminum  box  (dimensions  4  by  2  by  i  cm)  contain- 
ing phosphorus  pentoxide  to  absorb  the  moisture.  The  whole  was 
quite  air-tight,  so  that  the  pentoxide  would  last  for  several  days. 

An  outer  brass  tube,  D,  having  a  guard  ring,  permitted  telescop- 
ing the  well-diaphragmed  radiometer  tube,  Fig.  i,  into  the  brass 
tube,  Ef  without  injiuing  the  lampblack  surface  of  the  latter. 
The  wide  ring,  /?,  which  was  permanently  attached  to  the  radiom- 
eter tube  insured  accurate  alignment  by  always  bringing  it  in 
contact  with  the  ring  on  the  tube,  D.  The  cone  of  rays  coming 
through  the  opening  in  the  water-cooled  shutter  was  not  suffi- 
ciently wide  to  strike  the  side  of  the  tube,  E,  and,  as  described  in 
the  previous  paper,  the  radiometer  tube  was  constructed  so  as  to 
reduce  stray  radiations  to  a  minimum. 

A  reference  line,  F,  was  cut  upon  the  radiometer  tube  at  a  dis- 
tance of  28  mm  from  the  base,  and  the  variable  distance,  D\  be- 
tween this  reference  line  and  the  face  of  the  water-cooled  shutter, 
B,  was  measured  with  a  meter  stick.  The  complete  distance,  D, 
between  the  surface  of  the  split  jaws  of  the  receiver  and  the  water- 
cooled  diaphragm  is  determined  from  this  variable  distance,  D', 
the  distance  (29.2  mm)  from  the  surface  of  the  water-cooled  tank, 
B,  to  the  surface  of  the  water-cooled  diaphragm.  Fig.  4,  D,  and 
the  distance  of  the  surface  of  the  slit  jaws  from  the  base  of  the 
receiver.  These  dimensions  are  easily  measured  and  they  need 
not  be  determined  with  the  greatest  accuracy.  For  example,  an 
error  of  i  mm  would  affect  the  final  result  by  i  part  in  200,  when 
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as  a  matter  of  experience  it  is  believed  that  this  distance  was 
measured  with  an  accuracy  of  0.2  to  0.3  mm  or,  say,  i  part  in  700. 

The  question  of  the  alignment  of  the  radiometer,  the  water- 
cooled  diaphragm,  and  the  center  of  the  radiating  wall  of  the 
black  body  may  be  of  considerable  importance,  although  experi- 
mentally no  diflerence  in  the  radiation  constant  could  be  detected 
by  rotating  the  telescoping  tube  about  the  water-cooled  shutter 
as  an  axis,  thus  exposing  the  radiometer  to  the  side  wall  of  the 
radiator.  The  alignment  of  this  apparatus  was  made  by  illtuni- 
nating  the  interior  of  the  radiator  by  means  of  an  especially  con- 
structed Nemst  glower,  about  5  mm  long,  placed  within  the  radi- 
ator and  operated  on  a  transformer,  which  enabled  one  to  sight 
upon  the  center  of  the  radiating  wall  and  then  (by  changing  the 
focus)  upon  cross  wires  temporarily  stretched  over  the  outer  open- 
ing in  the  radiator.  With  the  telescope  thus  aligned,  the  opening 
in  the  water-cooled  diaphragm  was  adjusted  to  its  proper  posi- 
tion in  front  of  the  radiator  and  centrally  on  the  cross  hairs.  On 
placing  the  radiometer  in  position  in  the  telescoping  tubes  and 
sighting  upon  its  rear  face,  the  axis  of  the  radiometer  was  fotmd 
displaced  only  about  i  mm  from  the  central  cross  hairs,  which  was 
a  far  more  accurate  adjustment  than  was  required. 

The  length  of  the  receiver  and  the  size  of  the  opening  of  the 
water-cooled  diaphragm  were  such  that  when  the  distance  between 
the  receiver  and  the  diaphragm  was  less  than  30  cm,  there  was  a 
possibility  (as  shown  by  geometrical  construction)  that  radia- 
tions coming  from  the  edges  of  the  opening  in  the  first  diaphragm 
within  the  radiator  might  fall  upon  the  receiver.  However,  the 
whole  interior  for  a  distance  of  8  to  10  cm  from  the  radiating  wall 
is  uniformly  heated,  and  no  marked  difference  was  found  in  the 
values  of  the  radiation  constant  as  determined  at  very  short  dis- 
tances from  the  water-cooled  diaphragm. 

7.  METHOD  OF  MAKING  OBSERVATIONS 

The  method  of  operation  is  very  simple.  The  receiver  is  ex- 
posed to  a  source  of  radiation,  say,  a  uniformily  heated  cavity  or 
so-called  black  body  (heated  to  a  difinite  temperature)  and  its  rise 
in  temperattu'e  is  noted  by  reading  the  deflection  produced  on  the 
galvanometer  needle.     The  galvanometer  sensitivity  having  been 
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determined,  an  electric  ciurent  of  sufficient  strength  is  passed 
through  the  strip  to  heat  it,  and  thus  cause  a  deflection  which  is  the 
•same  size  as  that  obtained  when  the  strip  was  exposed  to  radiation. 
The  energy  expended  in  heating  the  receiver  is  determined  by 
measiuing  the  drop  in  potential  between  two  terminals  (which 
define  the  length  of  strip  exposed  to  radiation)  and  the  electric 
cturent  through  the  strip.  The  cmxent  is  determined  by  meas- 
uring the  drop  in  potential  across  a  standard  resistance  of  i  ohm, 
O,  Fig.  6.  These  emfs  were  measured  with  a  Leeds  and  Northrup 
type  K  potentiometer  having  a  range  of  1.5  volts  and  provided 
with  shtmts  having  the  following  ratios:  1:1,  1:0.1,  and  1:0.01. 

The  complete  outfit  was  designed  to  be  used  with  the  poten- 
tiometer and  galvanometer  equipment  which  obtains  in  the  average 
laboratory. 

In  practice  the  radiator  was  heated  to  a  uniform  temperature, 
and  the  radiometer  was  exposed  to  radiation  for  a  few  minutes  in 
order  to  establish  temperature  uniformity  within  the  connecting 
apparatus.  Two  observers  made  the  required  readings.  The  one 
observer  made  the  galvanometer  readings  and  operated  the  switch 
for  electrically  heating  the  radiometer.  The  other  observer  re- 
corded the  galvanometer  deflections,  maintained  a  constant  tem- 
perature in  the  radiator  (which  was  operated  on  a  storage  battery) 
while  radiometric  observations  were  in  progress,  and  made  the 
potential  measurements  each  time  the  first  observer  applied  a  heat- 
ing cmrent  to  the  radiometer.  This  insured  high  accuracy,  for 
sometimes  the  (portable)  storage  cell  used  was  found  to  vary.  It 
was  therefore  desirable  to  make  the  potential  measiurements  for 
each  heating  of  the  receiver. 

A  complete  set  of  measurements  consisted  in  exposing  the  re- 
ceiver from  5  to  10  times  to  the  black  body  radiations,  and  noting 
the  galvanometer  deflections.  The  receiver  was  then  heated  elec- 
trically a  similar  number  of  times  by  closing  and  opening  a  knife 
switch  and  noting  the  galvanometer  deflections  which  could  be 
very  easily  made  the  same  size  (to  within  i  per  cent.)  as  those  ob- 
tained by  exposing  the  receiver  to  the  black  body.  From  such  a 
set  of  measiurements  the  constant  of  the  radiometer  (or  the  con- 
stant of  radiation)  may  be  determined.  However,  to  make  certain 
of  the  readings  another  set  of  observations  was  made  on  the  black 
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body.  In  Table  2  is  given  a  typical  set  of  observations,  first  on  the 
radiator,  then  for  electrical  heating,  followed  by  a  repetition  of  the 
observations  on  the  black  body.  When  conditions  were  more 
unsteady  a  greater  number  of  galvanometer  readings  were  taken. 
Usually  from  three  to  four  such  pairs  of  determinations  were  made 
for  a  given  distance  between  the  receiver  and  *he  water-cooled 
diaphragm,  the  order  of  heating  the  receiver,  electrically  or  radiao- 
metrically,  being  interchanged.  This  eliminated  some  of  the  very 
small  changes  in  galvanometer  sensitivity  which  (in  the  course  of 
an  hotur,  the  time  required  for  making  the  measurements)  occurred 
in  the  galvanometer.  The  change  in  galvanometer  sensitivity, 
if  any,  was  easily  made  apparent  by  using  the  same  heating  cur- 
rent for  the  three  to  four  pairs  of  determinations.  The  appended 
tables  show  the  precision  of  the  single  pairs  of  determinations,  each 
determination  being  the  mean  of  the  "pair"  just  mentioned. 

Since  the  receivers  were  mounted  upon  a  piece  of  slate  there  was 
no  chance  for  appreciable  leakage,  and  none  cotdd  be  detected  by 
insulation  tests.  The  various  receivers,  after  mounting  them  in 
front  of  the  thermopile,  when  heated  electrically  produced  the 
same  deflection  on  reversal,  showing  that  the  thermopile  was  thor- 
oughly insulated  from  the  receiver. 

TABLE  2 
mustratiiig  Observatioiui 

[Receiver  No.  3;  series  CXL;  temperatures,  to— 15*.  ti»  1040.8*  C;  voltace— 0.010797;  ami>erage* 0.046436: 
resistance  in  series  with  the  galvanometer— 60  ohms;  requires  15  seconds  to  attain  maximum  defleo* 
tion.] 


Stimulus 

Galvanometer  deflectlena 

Radlatkm  from  black  bodv 

IS.  48  .  42  .  43  .  46  .  46  cm 

Btoctricalheatinc 

15. 36  .  38  .  36  .  40  .  38  M— IS.  38  cm 

FfKllatim  fmn  Mack  bod? 

15.46  .46  .46  .43  .46  Mean^lS.45  em 

8.  METHOD  OF  REDUCTION  OF  DATA 

The  evaluation  of  the  observed  data  is  an  easy  matter.  The  gal- 
vanometer deflection  produced  by  electrically  heating  the  receiv- 
ing strip  was  fotmd  to  be  proportional,  over  a  considerable  range, 
to  the  energy  input.  It  is,  therefore,  an  easy  task  to  observe 
the  galvanometer  deflection  produced  by  exposing  the  receiver 
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to  the  radiator,  and  to  determine  the  electrical  power  put  into 
the  receiver  in  order  to  produce  closely  (say  within  i  per  cent)  the 
same  deflection.  The  exact  amount  of  energy  necessary  to  cause 
the  same  deflection  as  that  produced  by  absorbing  radiant  energy 
is  obtained  by  multipl3nmg  the  observed  energy  input  by  the  ratio 
of  the  galvanometer  deflections.  This  gives  the  "constant"  of 
each  receiver.  In  order  to  reduce  all  the  measurements  to  a  com- 
mon basis,  and  at  the  same  time  obtain  a  value  of  the  coefficient, 
or  the  so-called  Stefan-Bolzmaim  constant,  of  total  radiation, 
the  custom  of  previous  experimenters  is  followed  in  reducing  the 
present  data.  For  this  purpose  it  is  necessary  to  know  the  area, 
ill,  of  the  water-cooled  diaphragm,  the  area,  A  a,  of  the  receiver 
which  is  exposed  to  the  radiation  emanating  from,  A^,  the  dis- 
tance, D,  between  these  two  surfaces,  the  absolute  temperature, 
Tj,  of  the  shutter,  and  the  absolute  temperature,  T,,  of  the  radi- 
ator. The  electrical  energy  input  necessary  to  produce  the  same 
(deflection)  rise  in  temperature  that  was  produced  by  exposing 
the  receiver  to  the  radiator  is  EI,  both  of  which  quantities  are 
measured  with  the  potentiometer  as  already  described.  Under  ' 
these  conditions  the  energy  consimied  by  the  electrical  stimulus 
may  be  equated  to  the  energy  emanating  from  the  radiator,  or, 

(I)  £:7^^(r,*_T,*)Mi 

where  <r  is  the  coefficient  of  total  radiation,  E  is  the  voltage  and 
/  is  the  ctnrent. 

Usually  the  distance  between  the  two  surfaces  A^  and  A  2  are 
so  close  that  experimenters  have  had  to  apply  a  second  term  cor- 
rection.    In  Gerlach's"  work  the  correction  applied  was 


#\^     6  D^  J 


where  the  sides  of  the  openings  in  the  rectangular  diaphragms 
were  a,  6,  Oj,  fcj.    A  shorter  correction  factor  is 
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which  results  from  neglecting  the  effect  of  the  first  diaphragm, 
which  is  very  small  in  the  present  work.  In  either  case  this  sec- 
ond term  correction  is  quite  negligible  in  the  present  investigation, 
since  it  usually  amounts  to  less  than  2  parts  in  1000. 

9.  CORRECTIONS  FOR  DIFFUSE  REFLECTION  FROM  THE  RECEIVER 

The  diffuse  reflecting  power  of  lampblack  (soot)  and  electro- 
Ijrtically  deposited  platinum  black,  for  different  spectral  regions 
was  previously  investigated. *•  However,  in  view  of  the  different 
values  of  the  radiation  constant  obtained  with  the  various  receiv- 
ers, it  seemed  desirable  to  make  reflectivity  measiu^ments  on 
some  of  the  receivers  used  in  the  present  work  for  a  spectral  energy 
distribution  similar  to  that  of  a  black  body  at  the  temperature 
(1000^)  used  in  this  investigation.  This  question  was  therefore 
imdertaken  anew,  using  the  apparatus  and  methods  previously 
employed.  The  main  difficulty  experienced  was  in  the  warming 
of  the  sample  when  exposed  to  radiation  and  the  consequent  re- 
radiation  upon  the  thermopile.  This  was  aggravated  by  the  warm- 
ing of  the  glass  window  (by  absorbing  long  waves)  which  had  to 
be  used  to  prevent  this  reradiation  falling  upon  the  thermopile. 
This  warming  (and  cooling)  effect  would  continue  for  1.5  min- 
utes, when  using  radiations  which  were  absorbed  by  the  glass 
window.  On  the  other  hand,  using  the  radiations  from  an  acety- 
lene flame,  transmitted  by  an  absorption  cell  of  water  i  cm  in 
thickness  and  hence  but  little  absorbed  by  the  glass  window,  the 
same  measurements  could  be  made  in  30  to  40  seconds,  which 
was  the  period  for  obtaining  temperature  uniformity  in  the  ther- 
mopile. 

As  a  source  of  radiation  having  a  si)ectral  energy  distribution 
closely  that  of  a  black  body,  a  strip  of  thin  nickel,  covered  with 
nickel  oxide,  was  used.  The  coating  of  oxide  was  heated  to  900 
to  1000®. 

The  thermopile  was  covered  with  a  glass  window  0.88  mm 
in  thickness,  which  transmits  radiations  to  about  4.5  /i.  The 
absorption  cell  of  water,  used  in  producing  more  homogeneous 
radiations,  was  i  cm  in  thickness;  and  it  was  opaque  to  all  wave 
lengths  greater  than  i  .4  m-    The  wave  length  of  maximum  emis- 

^*  This  Btdletin.  9.  p.  283;  19x3. 


Emerson} 


Values  of  the  Constant  of  Total  Radiation 


523 


sion  when  using  such  a  cell  is  about  0.95  /li.  When  this  absorption 
filter  was  not  in  the  path  of  the  rays  the  maximum  radiation 
when  using  an  acetylene  flame  was  at  1.2  fx,  and  when  using  the 
nickel  strip  heated  to  about  900*^  the  maximum  emission  was  at 
about  2.4. 

Measurements  were  made  on  samples  previously  investigated 
and  they  were  found  in  fair  agreement  with  the  values  previously 
obtained.  The  samples  of  lampblack  Nos.  i  and  2  were  painted 
on  the  brass  blocks  previously  used,  then  smoked  with  soot  from 
a  sperm  candle.  The  sample  of  "Platimmi  black  No.  20"  was 
previously  examined,  and  was  found  to  have  a  diffuse  reflectivity 
of  1.29  per  cent  for  homogeneous  radiations  of  wave  lengtii 
X=4.4  fi. 

In  order  to  examine  these  receivers  they  were  mounted  upon  the 
brass  blocks  used  in  the  previous  investigation.  The  mixttu-e  of 
oxides  of  cobalt  and  chromium,  mentioned  in  Table  3,  was  similar 
to  that  used  in  coating  the  inside  of  the  radiator.  A  second  sample 
was  painted  upon  a  piece  of  porcelain  and  heated  in  a  blast  flame. 
It  had  a  more  grayish  appearance  than  that  which  obtains  in  the 
radiator.  These  samples,  and  the  one  of  Marquardt  porcelain, 
were  examined  in  order  to  obtain  data  for  the  discussion  of  the 
blackness  of  the  radiator. 

TABLB  3 
Diffuse  Reflecting  Power  of  the  Receiver 


Refloctbic  tortace  tested 


Acets1«iM  flame 


Noabaorp- 
tloncell. 


Lampblack  paint  covered  with  aoot.  No.  1 

Lampblack  paint  cofered  with  aoot.  No.  2 

PlaUnnm  black  No.  20 

Becelver  No.  7«— Platlnom  black*  xeamoked 

Becelver  No.  13.— Platlnom  black,  imoked 

Recehrer  No.  U.—Platiniim  black 

Receiver  No.  9.— Platinum  black,  imoked 

Mixture  of  ozidea  o<  chromium  and  cobalt 

Mixture  of  oiidea  of  chromium  and  cobalt  atter  heating  to  900*  C. 
Marquardt  porcelain 


Percent 
1.26 
1.30 
1.41 
1.22 
1.27 
1.31 
1.45 


Ustaiccell, 
X«-0.95m 


0.83 


1.13 


Nldtel 

oxide— 

noabaoip- 

tioncell, 

X.i-*2.4f» 


1.65 


1.78 


7.1 
12.3 
58.5 
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In  applying  these  corrections  for  loss  by  reflection  from  tiie 
radiator  it  is  to  be  noted  that,  of  the  total  amount  of  radiation 
emitted  by  a  black  body  at  a  temperatm-e  of  1050®  C,  only  a  small 
part  is  of  wave  lengths  greater  than  4.5  /i,  so  that  even  though 
the  reflecting  power  for  these  longer  wave  lengths  may  be  greater 
(by  several  parts  in  1000)  than  the  values  here  used,  the  effect 
upon  the  final  value  is  negligibly  small  in  comparison  with  other 
experimental  errors  which  are  of  greater  magnitude. 

It  is  of  interest  to  note  that  there  is  but  very  littie  difference  in 
the  reflection  from  the  various  receivers,  whicTi,  of  cotu-se,  one 
could  perceive  by  comparing  them  side  by  side  in  diffuse  daylight. 
The  different  values  of  the  radiation  constant,  obtained  with 
different  receivers,  is  therefore  not  attributable  to  a  difference  in 
the  reflecting  power  of  the  absorbing  surfaces. 

It  is  to  be  noted  that  there  is  a  considerable  difference  in  the 
observed  reflecting  power,  depending  upon  the  soiu^ce  of  radiation. 
However,  as  noted  above,  there  is  a  good  reason  for  believing  that 
this  is  caused  by  the  absorption  of  the  infra-red  rays,  of  wave 
lengths  greater  than  4  /i,  which  are  far  more  abundant  in  the 
spectrtun  of  nickel  oxide  than  in  that  of  acetylene.  Any  slight 
warming  of  the  glass  window,  caused  by  absorbing  these  infra-red 
rays,  will  affect  the  thermopile  just  as  obtains  in  the  apparatus 
used  for  meastuing  the  constant  of  radiation,  and  an  erroneous 
value  will  be  obtained.  It  is  difficult  to  eliminate  this  warming 
effect,  especially  when  using  radiations  of  such  heterogeneity  as 
obtains  in  the  nickel-oxide  spectrum.  This  matter  was  discussed 
in  the  previous  paper  to  which  reference  may  be  made.  The 
values  of  the  reflecting  powers,  obtained  using  homogeneous 
radiations  of  wave  length  X=4.4  ix,  are  in  close  agreement  with 
those  obtained  in  the  present  work  using  the  acetylene  flame. 
The  correction  adopted  for  loss  of  energy  by  reflection  from  the 
receivers  used  in  the  present  investigation  is  /?  « i  .4  per  cent  for 
lampblack  and  J?  =  1.5  per  cent  for  platintun  black.  This  prob- 
ably overcorrects  rather  than  tmdercorrects  the  observations,  but 
it  will  assist  in  eliminating  a  small  absorption  by  atmospheric 
water  vapor  and  carbon  dioxide  for  which  no  correction  has  been 
made.     From  the  experiments  with  receivers  Nos.  6  and  10,  the 
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difference  in  the  reflecting  power  of  lampblack  and  platinum  black 
is  not  as  great  as  here  given,  the  difference  being  only  from  i  to 
2  per  cent.  From  the  experience  gained  in  the  present  work, 
as  well  as  from  previous  work,  it  is  concluded  that  the  preparation 
of  a  good  deposit  of  platinum  black  is  a  rather  difficult  task.  The 
platinum-chloride  solutions  seem  to  deteriorate  rapidly  on  stand* 
ing  after  being  used,  which  tends  to  produce  grayish  deposits.  It 
is  therefore  desirable  to  prepare  fresh  solutions. 

Ntunerous  experiments  have  been  made  by  various  observers 
showing  that  the  reflecting  power  of  lampblack  and  platinum 
black  is  of  the  order  of  2  per  cent.  Only  one  recent  experimenter 
is  in  disagreement,  his*^  value  being  of  the  order  of  18  per  cent, 
which  is  in  agreement  with  the  early  observations  by  Melloni. 
However,  there  are  good  reasons  for  questioning  the  experimental 
procediu-e..  It  seems  obvious  that  if,  with  the  crude  radiometers 
obtainable  half  a  centtuy  ago,  Melloni  could  find  a  diffuse  reflection 
of  18  per  cent  from  lampblack,  then  it  should  be  still  easier  to 
prove  the  existence  of  such  a  high  reflectivity  by  the  employment 
of  the  highly  sensitive  instnunents  now  available.  But  as  a 
matter  of  fact,  the  modem  instruments  must  be  operated  at  a 
very  high  sensitivity  in  order  to  detect  and  to  measure  the  diffuse 
reflection  of  lampblack  and  platinum  black,  which  would  not  be 
the  case  if  the  diffusely  reflected  radiation  were  one-fifth  the 
intensity  of  the  incident  radiation. 

10.  ACCURACY  ATTAINABLB 

It  is  difficult  to  estimate  the  accuracy  attained  in  the  final 
results.  The  various  receivers  (especially  Nos.  8  and  9)  gave 
values  which  have  a  range  of  over  3  per  cent,  although  measure- 
ments made  with  a  given  receiver  usually  have  a  range  of  only 
about  I  per  cent,  which  is  considerably  smaller  than  hitherto 
attained.  It  is  important  to  note  that  the  value  of  the  radiation 
constant  is  based  upon  observations  with  a  far  greater  ntunber  of 
receivers  than  were  heretofore  employed.  The  wide  range  in 
values  seems  to  be  due  to  some  peculiarity  in  the  receivers,  which 
has  not  yet  been  located;  for  the  various  recognized  sources  of 
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error  do  not  account  for  this  variation.    Among  these  possible 
sources  of  error  are  the  following : 

(i)  An  incorrect  evaluation  of  the  galvanometer  deflection. 
In  the  preliminary  work,  an  account  of  which  was  given  else- 
where," the  galvanometer  was  not  thoroughly  shielded  from 
magnetic  perturbations  and  the  tendency  was  to  read  the  deflection 
as  quickly  as  possible.     The  data  (Table  4)  are  therefore  not 

TABLE  4 
Data  on  the  Radiation  Constant  obtained  in  1914 


Series 

Receiver 

nietuoe 

Tetnpeni' 
tore 

Cenee- 

tlmiep- 

VUedter 

nflectton 

9 

Remaike 

LeosOi 

Width 

• 

b 

vm. 

IX 

fttMk 

24.356 
34.854 

m 

23L092 

S.192 
&192 

2.150 

356.1 
356ul 

463w3 
316.0 

33ao 

309.3 

3iai 

314.0 
326.8 
268.3 

27a6 
309.8 
2S13 
25.13 

283.3 
307.4 
307.4 
324.0 
281.4 

292.5 
320.5 
298.1 
323.2 
324.5 
324.5 
289.3 
288.5 
320.3 

•c 

922.3 
922.3 

896.5 
894.3 
894.4 
880.1 
879.5 

944.5 
943.8 
943.2 
867.9 
866.8 
867.0 
867.0 
881.4 
881.5 
901.4 
901.5 
90a6 

938.0 
938.0 
937.8 
937.4 
938.8 
92a  9 
920.5 
930.4 
930.0 

Percent 
1.4 

5.73 
.72 

.71 
.60 
.73 
.70 
.80 

.56 

.51 
.56 

.61 
.63 
.57 
.57 
.52 
.58 
.73 
.73 
.63 

.51 
.49 
.53 

.53 
.61 
.62 
.63 
.57 
.57 

5.72 
.73 

.60 
.71 
.70 
.80 

.52 
.52 
.49 
.59 
.64 

.52 
.60 
.73 

.62 

.53 

.52 
.54 
.56 

.62 
.63 
.64 
.55 
.57 
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included  in  the  final  result.  In  the  present  work  there  was  no  need 
of  haste  for,  as  already  mentioned,  the  galvanometer  was  not 
subject  to  disturbances  and  this  possible  source  of  error  was 
eliminated. 

(2)  Errors  may  be  introduced  by  improper  evaluation  of  the 
electric  current  used  in  heating  the  receiver.  These  heating 
currents  could  easily  be  kept  constant  to  one  division  on  the 
potentiometer  dial,  which  represented  o.ooooi  ampere,  the 
actual  cturent  used  in  some  cases  being  as  high  as  0.06  ampere. 
Under  certain  conditions  this  would  represent  a  variation  of  about 
0.2  mm  in  the  observed  galvanometer  deflection  or  an  error  of  i 
part  in  500  to  900. 

(3)  The  variations  in  the  reflecting  power  of  the  absorbing 
sttrfaces,  as  already  mentioned,  do  not  accoimt  for  the  different 
values  of  the  radiation  constant.  This  was  abtmdantly  demon- 
strated throughout  the  work.  For  example,  using  receiver  No.  10, 
which  had  an  excellent  coating  of  platinum  black,  the  radiation 
constant  differs  but  little  (see  series  CXV  to  CXX,  Table  5), 
from  the  value  obtained  (see  series  CXXI  to  CXXII)  after  smoking 
this  receiver  with  soot  from  a  sperm  candle.  Another  example 
is  receiver  No.  7  which  underwent  various  treatments  (see  series 
LXXXII,  LXXXIX,  and  XCVII).  For  the  latter  series  this 
receiver  had  been  given  an  unusually  heavy  coating  of  soot,  which 
easily  peeled  off.  Nevertheless,  the  radiation  constant  is  prac- 
tically the  same  as  previously  observed. 

(4)  The  effect  of  the  potential  terminals  was  tested  by  attach- 
ing an  additional  terminal,  c.  Fig.  2,  at  a  distance  of  about  3  mm 
from  the  one  used  in  this  work.  This  test  was  applied  to  receivers 
Nos.  10  and  12.  For  receiver  No.  10,  in  which  the  connections 
were  poor,  the  resistance  per  millimeter  length  (0.02 11 45  ohm) 
was  0.6  per  cent  less,  and  for  receiver  No.  12  it  was  0.4  per  cent 
less  for  the  longer  distance.  Part  of  this  decrease  in  resistance 
observed  for  the  longer  distance  (a  to  c)  is  to  be  attributed  to  a 
lowering  of  the  resistance  by  the  solder  at  the  juncture  b,  Fig.  2, 
so  that  the  actual  error  introduced  by  the  imcertainty  of  the 
location  of  the  juncture  of  the  potential  terminal  is  probably  less 
than  0.3  per  cent.    The  length  of  the  receiver  was  defined  by 
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measuring  the  distance  between  the  point  of  emergence  of  the 
potential  wires  from  the  juncture  with  the  receiver. 

(5)  The  width  of  the  receiver  exposed  to  radiation  was  defined 
by  the  distance  between  the  knife  edges  of  the  sKts.  These  dis- 
tances could  easily  be  measured  to  0.00 1  mm  by  means  of  a  Zeiss 
comparator.  The  effect  of  shadowing  different  widths  along  the 
edges  of  the  receiver  (series  XXVI  to  XXVII,  also  X  to  XV  and 
LXXXII)  was  tested,  but  no  certain  results  were  observed. 
Furthermore,  the  slit  edges  could  easily  be  adjusted  so  that 
they  did  not  overlap  the  edges  of  the  receiver  by  more  than  o.i 
mm,  which  is  negligible  as  regards  cooling  by  conduction  from 
the  exposed  surface.  This  question  was  also  investigated  by 
Gerlach,"  who  likewise  fotmd  no  effect  for  overlapping  of  the  edges 
of  the  slits  and  the  receiver. 

(6)  The  slits  at  the  side  of  the  receiver  might  become  warmed 
by  exposure  to  radiation  and,  in  turn,  might  radiate  to  the  re- 
ceiver. One  test  to  determine  this  effect  was  to  cover  the  open- 
ing between  the  slits  with  a  strip  of  sheet  aluminum  0.5  mm  in 
thickness  and  exposing  it  to  the  radiator,  which  was  heated  to 
about  1000®.  The  effect  of  warming,  if  any,  was  estimated  to  be 
of  the  order  of  i  part  in  500  to  1000.  Prom  the  concordant  values 
obtained  with  the  brass  slits  (thickness,  t^o.5  nun),  and  the 
aluminum  slits  (/ » i  .95  mm)  already  mentioned,  it  seems  evident 
that  if  there  is  any  warming  of  the  slits  it  is  negligible. 

However,  it  is  important  to  have  the  receiver  properly  pro- 
tected, as  is  evident  from  the  following  test  on  receiver  No.  4, 
which  was  about  5.6  mm  in  width.  The  slits  were  removed  and 
a  strip  of  copper  6  mm  wide  and  0.3  mm  in  thickness,  painted 
with  lampblack,  was  placed  close  (i  mm)  over  the  receiver.  An 
exactly  similar  shield  of  copper  was  placed  at  a  distance  of  about 
3  mm  in  front  of  this  plate  and  the  whole  was  exposed  to  the 
radiator  for  10  seconds,  after  which  the  shutter  was  closed.  On 
first  exposing  this  device  there  was  no  response  until  after  the 
lapse  of  about  10  seconds  (shutter  was  then  closed),  when  there 
was  a  small  galvanometer  deflection  which  increased  rapidly  to 
about  7  mm.  at  the  end  of  30  seconds,  then  decreased  to  zero  at 

^*  Gcrlach.  Ann  der  Phyt.  (4),  88«  p.  i ;  igxa. 
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the  end  of  75  seconds.  On  removing  the  lampblack  from  the 
front  strip  of  copper  (which  was  not  polished),  there  was  but 
little  response  at  the  end  of  10  seconds  and  the  maximum  deflec- 
tion was  only  about  2.5  mm.  This  was  about  i  per  cent  of  the 
whole  deflection  for  the  incident  radiation.  The  slowness  of  the 
initial  response  was  due  to  the  warming  of  the  firet  strip,  which 
then  radiated  to  the  second  one.  It  is,  of  course,  possible  that 
some  of  the  radiations  incident  upon  the  receiver  came  from 
warming  of  the  blackened  shields  (C  C,  Fig.  2),  which  were  un- 
avoidably exposed  to  the  radiator.  The  whole,  while  emphasizing 
the  importance  of  protecting  the  receiver,  also  indicates  that 
when  using  highly  polished  surfsices  on  the  front  of  the  knife- 
edged  slits  the  errors,  caused  by  warming,  are  negligibly  small. 

(7)  An  tmcertainty  of  i^  in  the  temperature  measurements  at 
1000*^  C  represents  an  error  of  0.3  per  cent  and  at  2200*^  C  it  repre- 
sents an  error  of  0.16  per  cent  in  the  radiation  constant.  On 
using  the  radiometer  to  measure  temperattues  an  error  of  i  per 
cent  in  the  radiation  meastu^ments  is  equivalent  to  an  tmcer- 
tainty of  3*^.2  at  1000*^  and  6^.2  at  2200®  C.  While  these  errors 
appear  to  be  small,  from  the  nature  of  the  scale  reading,  it  is 
necessary  to  keep  the  temperature  of  the  radiator  constant  to 
o.®i,  for  it  frequently  was  observed  that  a  variation  of  o.^i  in  the 
temperature  of  the  radiator  had  a  perceptible  e£Fect  upon  the 
galvanometer  deflection,  which  affected  the  result  by  perhaps  o.i 
per  cent.  Under  certain  conditions  a  change  in  temperature  of 
o.^i  produced  a  change  of  0.5  to  i  mm  in  the  galvanometer 
deflection. 

(8)  As  already  mentioned,  the  uncertainty  in  measuring  the 
distance  between  the  water-cooled  diaphragm  and  the  receiver  is 
negligibly  small. 

(9)  Absorption  of  radiation  by  water  vapor  and  carbon  dioxide 
was  reduced  by  having  the  optical  patli  inclosed  and  absorbing 
the  moisture  with  phosphorous  pentoxide.  That  the  atmos- 
pheric absorption  occurs  was  shown  by  direct  tests,  using  receiver 
No.  II.  For  this  ptupose  measurements  were  made  with  and 
without  the  brass  tubes  D  E,  Fig.  5,  in  place.  The  first  test 
(series  CI/V  and  CLVI) ,  with  the  optical  path  (53  cm)  constant, 
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showed  that  the  presence  of  the  tube  did  not  affect  the  measure- 
ments within  the  errors  of  observation.  These  errors  were  con- 
siderably increased  by  unsteadiness  caused  by  air  ctirrents  when 
the  tube  was  not  in  place.  With  the  aligning  tubes  in  place,  but 
using  no  drying  material,  the  value  of  the  radiation  constant  in- 
creased from  <r=5.43  (series  CLVI)  to  <r=5.5  (series  CLVII  and 
CLVIII)  for  a  decrease  of  25  cm  in  the  optical  path,  or  an  actual 
increase  of  about  1.5  per  cent.  On  the  other  hand,  using  drying 
material  to  remove  the  moisture,  all  the  determinations  made 
with  this  receiver  are  very  much  higher  (by  3  to  4  per  cent)  than 
those  observed  without  the  drying  material,  and  the  inverse 
square  law  holds  with  greater  exactness.  It  is  probable  that  the 
values  would  have  been  still  more  constant  for  different  distances 
if  greater  care  had  been  taken  in  drying  the  air.  For  example, 
when  in  any  series  of  observations  the  distance  is  changed  by 
lengthening  the  optical  path,  the  whole  coltunn  of  air  is  not  free 
from  moisture  at  the  start.  It  would  have  been  better  to  have 
set  the  apparatus  with  a  long  air  path  and  allow  it  to  stand  over- 
night in  order  to  remove  the  moisture,  then  make  the  series  of 
observations  by  decreasing  the  air  path,  i.  e.,  the  distance,  which 
wotild  be  adbomplished  by  the  expulsion  of  dry  air  and  the  main- 
tenance of  constant  conditions.  Further  data  on  atmospheric 
absorption  are  given  in  a  subsequent  paper. 

(10)  As  already  mentioned,  black-body  conditions  within  the 
radiator  were  obtained  by  painting  the  interior  of  the  porcelain 
tube  with  cobalt  oxide.  Tests  were  made  by  exposing  the  receiver 
to  different  parts  of  the  interior  of  the  radiator.  This  was  accom- 
plished by  tilting  the  whole  radiometric  outfit  (see  Fig.  5)  about 
the  water-cooled  diaphragm  as  an  axis  of  rotation,  thus  exposing 
the  receiver  to  the  side  walls  of  the  radiator.  This  test  showed 
no  definite  variation  in  the  resulting  galvanometer  deflection, 
thus  indicating  that  the  interior  of  the  radiator  was  uniformly 
heated. 

m.  EXPERIMENTAL  DATA 

The  data  given  in  the  appended  tables  were  obtained  with  a 
large  assortment  of  receivers,  differently  prepared  and  operated 
under  various  conditions  as  to  width  and  thickness  of  the  metal 
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strip,  distance  between  potential  terminals,  kind  and  thickness 
of  the  absorbing  layer,  etc.  The  receivers  Nos.  i,  3,  and  5  were 
constructed  of  strips  of  manganin  or  "  therlo, "  which  were  from 
0.008  to  o.oii  mm  in  thickness.  The  others  were  constructed 
of  platinum  used  for  bolometers,  the  thickness  being  o.ooi  mim  or 
less  in  thickness.  The  distance  between  the  heavy  copper  elec- 
trodes was  from  30  to  31  mm.  In  Table  4  data  are  given  showing 
that  the  value  of  the  constant  is  not  affected  by  the  distance  of  the 
receiver  from^  or  the  temperature  of,  the  radiator.  In  Table  5 
the  data  were  obtained  under  a  great  variety  of  working  condi- 
tions.    The  individual  receivers  will  now  be  described. 


TABLE  5 
Values  of  the  Constant  of  Radiation  as  Detennined  with  Various  Receivers 

(The  mean  vahica  (uncorrected  for  reflection  from  receiver)  are  based  on  the  data  which  are  free  from 
doubt  as  to  water  Tapor,  blackness  of  the  radiator,  stray  light  resulting  from  the  absence  of  slits,  etc 
The  doubtful  data  are  marked  with  an  asterisk,  thus  (*)  J 

Reoelvar  No.  5.— Diaphragm  No.  3;  d-*  3.987  mm 


Length 
of  re- 
celv«r 

Width 
of  re- 
ceiver 

Dit- 
tanoe 

Temperature 

Coef- 
ficient 
of  radia- 
tion 
irXlOi* 

Remarks 

Serlat 

to 

ti 

ZLvn 

mm 

18.561 

5.640 

mm 
38a5 

•c 

25.5 

•c 

105&5 
.6 

5.734 
.745 

With  brass  sUts;  painted 
smoked. 

and 

.2 

.758 

.1 

.731 

ZLvm 

457.9 

i&5 

1056.2 
.0 

5.749 
.732 

5.9 

.735 

XF<^IT. .   , .  , 

42L1 

17.0 

1056.1 
5.9 

5.720 
.744 

.9 

.743 

.9 

.743 

4.6 

.693 

.6 

.740 

V^ 

1&561 

5.662 

424.0 

17.0 

1057.4 
.4 

5.771 
.793 

SUti  drawn  bMk 

.4 

.830 

.2 

.807 

6.5 

.794 

tl* 

2&0 
.3 

1056i3 
5.9 

1827 
.871 

Noelili. 

1 

MMatahio.. 

5.736 

532 


Bulletin  of  the  Bureau  of  Standards 


[Vol.  zt 


TABLE  S— Coatiiiued 

Receiver  No.  6.>-I>laplingm  No.  3;  d— 3.987  mm 


Length 
of  re- 
ceiver 

* 

Width 
of  re- 
ceiver 

Dis- 
tance 

Temperature 

• 

Coef- 
ficient 
of  radia- 
tion 
<rX10" 

Series 

to 

ti 

nun 

mm 

nun 

•c 

•c 

m 

20.061 

5.979 

422.0 

18.3 

1057. 2 
6.2 

5.504 
.529 

With    brass    slits.    PL    Made; 

poor  coating. 

.2 

.515 

.2 

.582 

T.TTT* 

20.061 

6.025 

423.9 

23.5 

1056.3 
.2 

5.845 
.883 

No  slits 

uv 

20.061 

5.983 

422.0 

17.5 

1059.4 

6ao 

5.678 
.672 

With  slits;  smeteert.   Ttaenno- 

pile  is  shielded  wUh  sheel 

.2 

.682 

iron;  two  layers  of  paper  be- 
tween.   Metal     shielda     are 
smoked* 

LV.... 

402.3 

25.5 

106a  2 
58.8 

5.648 
.706 

LVI 

394.6 

10.0 

1059.5 
60.0 

5.721 
•  696 

d*  Arsonval  galvaaomisloc. 

59.5 

.696 

Lvn. 

394.6 

lao 

1059.5 
.1 

5.692 
.723 

xhomsoii  galvBBOBistsCa 

8.6 

.712 

Lvm 

387.1 

13.0 

1076.2 
8.6 

5.642 
.704 

8.1 

.717 

7.5 

.670 

LIX 

417.7 

22.0 

1078.3 
.2 

5.723 
.709 

.0 

.709 

.0 

.657 

LX 

390.0 

11.0 

1078.1 
.1 

5.663 
.701 

.1 

.696 

7.8 

.659 

IXI 

419.2 

11.3 

1077.4 
.3 

5.695 
.722 

.3 

.740 

.2 

.747 

T.Tn 

374.9 

12.0 

1075.6 
.4 

.645 
.646 

Rear  offlamaes  is  2*  toe  Ugh. 

.4 

.645 

Bfteen  velue . . 

5.672 

tflMifcV^lBaA     WW^MWW90  •     • 

CchUmit 
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TABLB  S— CoDtiiiued 

Receiver  No.  5.— IMapluaciii  No.  S;  d»  3.987  mm 


Lengtli 
of  re- 
ceiver 

Width 
of  re- 
ceiver 

Die. 
taace 

Temperatdfe 

Coef- 

fldent 

olradia- 

tton 

irX10»« 

Seilse 

to 

ti 

Pemaiki 

mm 

QUB 

ffHH 

•c 

•c 

18.561 

5.638 

399.8 

17.5 

1069.8 

5.730 

Braes     flits;     repeinted     and 
smoked.    P.     D.     termintls 

70.6 

.  696 

68.7 

.742 

shellscked  and  Insalated. 

.6 

.714 

vnv , 

375.5 

17.5 

1068.2 
7.9 

5.714 
.734 

8.0 

.704 

8.0 

.710 

LXV 

441.0 

19.2 

1068.3 
7.8 

5.687 
.747 

7.2 

.746 

LXVI 

379.5 

l&O 

1077.9 
.9 

5.747 
.721 

Lxvn 

465.6 

17.0 

1078.1 

5.611 

Pooraerleo.   Oalv.  vasteedj. 

7.9 

.642 

Lirvm     ,  . 

432.5 

17.0 

1078.0 
7.7 

5.762 

.727 

.0 

.751 

MIX 

376w5 

17.0 

1044.1 
38.3 

5.712 
.749 

• 

36.8 

.748 

VTK 

375.5 

18.4 
22.5 

1072.2 
69.2 

5.687 
.701 

8.6 

.755 

.3 

.745 

f^yyf 

4ia6 

22.0 

1066.5 

5.700 

Galv.  voateady;  wlndj. 

.1 

.778 

.0 

.755 

MetDtahie. . 

5.725 

ReiDelver  No.  3.— XMa^hmcm  No.  3;  d— 3.987  mm 


Lzxm. 


24.910 


5.000 


377.8 


424.1 


417.0 


16.5 

1053.0 

5.603 

Alumlnnm  sUts  reset; 

receivec 

18.0 

60.0 

59.9 

.3 

.581 
.586 

.581 

resmoked. 

210 

1058w2 
7.3 

5.577 
.564 

16.5 

1068.5 
.1 

5.628 
.617 
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Recel?er  No*  3— Cootiniied 


Length 
of  re- 
ceiver 

nun 

Width 
of  re- 
ceiver 

I>to- 
tance 

Tempentnie 

Coet- 

fldenl 

eiradie- 

Cion 

*xio»« 

Seilse 

to 

ti 

Biwmirtri 

mm 

9DUB 

•c 

•c 

imrv 

442.8 

12.0 

1080.8 
79.9 

5.675 
.625 

7.7 

.598 

6.7 

.677 

LXXVI . 

419.9 

ILO 

1068.3 
8.5 

5.612 
.631 

LXXVIF 

41&2 

13.0 

1073.8 
2.2 

5.606 
.575 

12.5 

4.7 

a4 

69.7 

.642 
.624 
.616 

Lxzvm 

397.0 

12.0 

1062.4 

5.575 

•     54.9 

.528 

PDoraeclet.   Temy.  dianclag. 

2.3 

.564 

46.4 

.530 

997.2 

12.0 

1067.7 
.8 

5.662 
.645 

Kn^lflfit  Mftflfl* 

.9 

.655 

ItXXX      ,     . 

376.1 

12.5 

1067.6 
.5 

5.624 
.645 

.3 

.623 

T.^m 

459.5 

12.6 

1066.8 
4.2 

5.613 
.596 

Temy.  tnddMily  diasfed. 

.0 

.645 

.2 

.627 

lAeen  value . . 

5.607 

Receiver  No.  I.— DlapiUBcm  No.  3;  d— 3.987  mm 


T.xxxn 

22.985 

2.537 

376.7 

14.0 
13.5 

1068.6 

.5 

.0 

7.4 

.1 

5.831 
.831 
.828 
.834 
.838 

Biaaa    ■llis.     ffitfuinftil    ^^^ 
amoked. 

T.TTOT. 

395.3 

19.0 

1065.7 

1751 

Pooraeclea.   Very  oialeadjr. 

Mean  value. . 

5.819 

Cehknii 
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TABIB  5--Cantintied. 

H«.  7.— Dtaphfagm  H«.  8;  d-i3.967 


« 

Lwgft 
otre- 

CMW 

Width 
otra- 

IHi- 

Xmpnstim 

Coef- 

fldeol 
ofndta- 

tkn 
*X10«« 

• 

ti 

ti 

Biwinirtri 

24.659 

mm 

7.952 

996.1 

•c 

U.5 

•c 

1071.0 
6918 

1547 
.577 

BfMi  tlili.  Coilad  wMi  Pt 
black;  nirtMe  wMlitd  wtth 

•  u 

.559 

•loQliol  and  lampblack  paint; 

•  9 

.568 

ooatad  wIdiaMt* 

12.0 

&8 

•  / 

.565 

.579 
.577 
.606 

•••••••rf 

a9L3 

19.7 

106a  7 

ai 

1622 

a996 

.560 

.541 

.559 

.586 

.590 

.580 

459l5 

20lO 

106a  3 

1557 

Prabablr  aUCbtty  law.  dm  la 

wataf  vapafa 

^^^w  ^r 

.574 

.555 

459.5 

l&O 

1069.3 

a9 

1553 

.571 

9.2 

.547 

L^zxvn. 

428.6 

16.0 

1069.1 

1561 

a7 

.551 

.564 

.561 

a9L2 

16.0 

1067.4 

.577 

1621 

.612 

.606 

.508 

24.659 

7.966 

891.2 

212 

1073.0 

1578 
.597 

Painlad  Made  and  trirkti  aa 

bodiaidaa.  Raar  ahlahia  ovar- 

tapmoca.   No  diying  malarial. 

xc 

409.2 

16.0 

1072.3 

1565 

Piyhn  malarial  inaarttd* 

■••••#*• 

a  X 

.572 

•  V 

.605 

» 

•  w 

a  619 

•  ^ 

.601 

•  <9 

.609 

xa 

474.6 

19.6 

106a7 

•  9 

1508 

.591 

Ooodaaiiaa. 

•  O 

.582 

xcn 

8718 

27.0 

107a  4 

1554 

Tamp,  to  la  high  baeanaa  of  alaw 
watai  cifcnlatlMi. 

•  X 

.563 
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Raoelver  ZI«.  7— ConUniAd 


Lwgft 
•Ire- 
oehrer 

Widili 
of  re- 
oeiver 

Dit- 

tanoe 

XoMperaliiCT 

Coef- 

flcient 

ofndk- 

tfon 

*xio»« 

• 

8«flM 

to 

ti 

Haiwifca 

zcnb 

mm 

mfn 

43L1 

453.6 

375.6 
40a5 

400.5 

38L2 

433.9 

•c 

27.0 

27.0 

ILO 
13.0 

13lO 

17.5 

17.0 

•c 

1068.1 

7.7 

.7 

1065.7 

&S 

1072. 4  . 

1071.2 

.1 

a7 
a8 

.8 
.7 

107&7 
.4 
.2 
.1 

1075w6 
4.8 

5.548 
.544 
.560 

5.550 
.523 

5.600 
.625 
.616 
.629 

5.617 
.  599 
.606 

5.576 
.600 
.587 
.561 

5.590 
.594 

xcm 

xciv 

d' AiMimd  galT.  Vortical  tranoii. 

xcv 

xcvi. 

Tlmmm  nif  t 

zcvn. 

24.659 

7.964 

KMPVriked;  ftfm  •  thlA^  tfit 

xcvm 

layer  of  aeojU 

ICaniTahM. . 

5.580 

Receiver  No.  8«— Dfa^hncm  No.  3;  d— 3.987  mm 


XCIT 

23.989 

7.074 

378.6 
404.8 
436.4 
377.0 
405.0 
432.4 

376.8 

11.2 
1L5 
11.5 
12.0 
13.5 
13.0 

11.5 

1075.6 
.6 

1075.4 

.0 

4.5 

1075.3 

6.6 

.0 

1074.5 

3.3 

2.8 

1071.2 

.0 

a9 

1070.3 

.1 

9.9 

9.4 

107&0 
5.4 

5.876 
.873 

5.946 
.930 
.946 

5.864 
.904 
.894 

5.880 
.885 
.878 

5.913 
.915 
.900 

5.887 
.848 
.849 
.870 

5.791 
.856 

Braae    tUta.    Coated    wUh    PL 

c 

black;  waahed  wUh  aoL  el 
lampblack;  imofciw!. 

CL 

• 

cn.....  ...  ., 

23.909 

7.085 

Resmoked;  waahed  wUh  mfat* 

cm 

taie  of  aleehel  and  tuipentine; 
amoked. 

CIV 

cv 

Galv.  ttaHeadf • 

Emtrsomj 
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TABIB  5— ^ontiiiued 


LengOi 
ol  re- 
ceiver 

Wldtb 
ef  re- 
ceiver 

Dlt- 

tance 

Tenpemtuve 

Ceef- 

fldent- 
otredla- 

tlOB 

<rX10" 

8«flM 

t« 

ti 

Remeiln 

CVl 

2a  909 

ISflft 

&S57 

879.4 
379.4 

•c 

12.5 
12.0 

•c 

1075.0 

a3 

68.7 
.6 

1068.4 

.7 

9.3 

5.934 
.999 
.998 

6.007 

5.949 
.927 
.934 

Rennoked  reer  mrtace.    BeeeC 

cvn 

metal   gnard   platea   at   rear. 
P.  D.  tennlnala  abeDa^ed. 
Reaet  allti  farther  from  re- 
celvec*    Oalv*  wniteady. 

MMiifaliie. . 

5.906 

Receiver  No.  9.— Diaphragm  No.  3;  d— 3.987  mm 


cvm. 

24.917 

6.205 

38a3 

12.0 

1072.3 

5.794 

Brpf  alttVt    Sti^pv  acnae  eoda. 

.4 
.3 
.0 

.837 
.855 
.872 

Small  hole  la  receiver.   Pt 
black;  painted;  emeked. 

cax 

413.4 

12.0 

1072.3 
.6 

5.921 
.909 

.3 

.910 

ex 

996.6 

12.5 

1072.0 
.1 

5.903 
.889 

Ooodaeriat. 

.2 

.898 

• 

.3 

.895 

en 

377.7 

13.2 

1078.0 
.0 

5.791 
.849 

7.8 

.835 

cxn 

409.3 

13.5 

1077.7 
.1 

5.896 
.926 

.3 

.924 

lieanvalae.. 

5.877 

Receiver  No.  3.^X>lapbiagm  No.  3;  d— 3.987  mm 


CZIV. 


Mean  value. 


24.910 


5.005 


37&6 


413.8 


13.2 


13.2 


1105.5 

5.632 

1.5 

.628 

.6 

.626 

.5 

.628 

1098.4 

5.638 

7.4 

.634 

.8 

.660 

5.635 


Aluminum  alUa.     Receiver  re- 
amoked. 


Dtetance  la  Questioned. 
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TABLB  5— Continued 
BmoIw  No.  10^— Dtagliniim  No.  S;  d— 3.967  mm 


LoiUlfi 

oi3r 

eolvor 

Width 
of  ro- 
celvor 

Dlt- 
tanct 

TompontoM 

Cod- 

lld«Bk 

ofiadta- 

tkm 

irX  10" 

8«loi 

U 

ti 

mm 

mm . 

mm 

•c 

•c 

CSV 

19.947 

&721 

876.4 

2L5 

1076b  9 

5.681 

BramiUH.   Sndtoot  cotih«  of 
Pt  Mack.   OiM  P.  D.  ler- 

7.0 

.688 

CZVL 

406.2 

14.0 

1061.9 
.7 

5.730 
.718 

mloal  hat  but  UttlA  ttldoR 

other  hat  aoldor  opcMd  aot  is 

.3 

.757 

athlnh^w. 

cxvn. 

440.1 

14.0 

1079.3 
.3 

5.712 
.717 

cTvni..,.  ,  ., 

878.0 

12.0 

1060.1 
.0 

1719 
.70S 

CXIX. 

411.3 

13.0 

1079.4 

5.732 

.5 

.757 

.0 

.779 

8.8 

.752 

CTX 

461.3 

13.2 

1079.5 
8.7 

5.722 
.710 

.3 

.739 

CTWi 

378.1 

13.0 

1085.0 
4.8 

1775 
.789 

^IIMAod. 

CXXIt 

412.8 

13.5 

1082.8 
.4 

1739 
.756 

.2 

.763 

.0 

.767 

fyrrn 

442.0 

14.0 

1064.0 
3.6 

1682 

.734 

.3 

.712 

2.7 

.743 

Motavaloo.. 

1734 

RecolVOT  No.  7.— Diaphiacm  No.  3;  d— 3.987  mm 


MotBfahio. 


24.659 


7.959 


376.6 
412.9 
472.8 
448.7 


13.6 
13.8 
14.0 
14.5 


1071.9 

2.3 

1082.4 

.3 

1083.8 

3.0 

1062.3 

.2 

.7 


1669 
.662 

1684 
.691 

1717 
.693 

1688 
.653 
.679 

1682 


coated  wHh  Pt.  black;  amofcad 
on  both  tldeo.  Tbocmofila 
brdEon  and  rtpalrod.  Strip  ia 
now  1  mm  noarer  pUa. 
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TABLE  5— Continued. 


Racelfer  No.  3.— Diaphfigm  No.  3;  d« 3.987  nun 


Length 
•f  re- 
ceiver 

WldOi 
of  re- 
ceiver 

Dit- 
tance 

Temparaton 

Coef- 

lldeat 

ofiadia- 

tloa 

aX10i« 

S&tim 

U 

ti 

Hamaifei 

miw 

miw 

mm 

•c 

^ 

czzvn 

24.910 

1005 

376.7 

14.0 

1079.6 

.3 

8a6 

.4 

1618 
.600 
.633 

.626 

AlumliMim  auis.   Smakad. 

czzvm 

429.2 

110 

1078.6 
.0 

1618 
.610 

Qeodaerlaa. 

CTfrr 

412.5 

14.2 

1077.6 
6.8 

1648 
.629 

CXL 

21.620 

4.953 

377.0 

110 

104a  7 
.7 

1668 
.666 

Biaaa  alltk    Removed  paint; 

1.1 

.654 

renelnled:     mmuAemA.      Saaat 

ciw 

406.7 

110 

1059.9 
60.3 

1675 
.683 

p.    D.    ttrminalfft    Va^i«ter 

heating    eoll    tmmad    eat; 

.6 

.677 

heated  en  ootif  celL 

CXTrll 

471.1 

110 

1062.5 
.5 

1613 
.615 

.5 

.622 

cxi.in 

444.9 

14.0 

1063.2 
.0 

1649 
.652 

2.6 

.662 

Mmb  value. . 

1641 

Receiver  No.  11.— Diaphragm  No.  3;  d— 3.987  mm 


CXHV 

22.389 

6.481 

376.2 

115 

1077.5 
.6 

1649 
.663 

9|lt^      -pCvMtl^kfff     <!>^t*1V     ff     Ptr 

black.   Bnda  of  aliia  not  cov- 

.5 

.646 

ered.     Radlalor    lieatad    en 

CZLV 

4ia5 

110 

1076.0 
IS 

1670 
.698 

outer  celL 

.5 

.692 

CZLVI 

479.4 

110 

1074.3 
19 

1659 
.661 

.8 

.660 

czLvn 

4sai 

115 

10711 
.0 

1658 

.654 

4.9 

.656 

.6 

.657 

/ 
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Rsorivwr  no*  11— Conttaiu6d 


[va.  19 


Lendfa 

WldOi 
of  re- 
ooiver 

Dit- 
taaoe 

Tomporoi  uro 

Coet- 

fleieiit 

of  ladla- 

tion 
^X10»» 

Sotet 

■■■•■■■ 
of  n- 
ceivor 

to 

ti 

Remailu 

mm 

miD 

miD 

•c 

•c 

czLvm* 

377.0 

15.5 

•  1078.0 

5.572 

Unpointed  ladlator.    Bare  Innt 

.1 
.3 

.566 

.572 

eon^e;  tee  ttaJs  BnUeOn,  10^ 
p.  34^  Vlf .  4  A.   Heated  on 

drfrT** 

419.4 

16lO 

107^7 
.7 

5.592 
.591 

racelvof  covered. 

.7 

.603 

Moon  value— 5b  576. 

CL* 

475.7 

l&O 

1078.6 
.4 

5.557 
.560 

.2 

.565 

CIP 

442.9 

l&O 

107&1 
7.9 

5u569 

..585 

rsxt 

379.8 

17.0 

1082.0 
1.2 

5.610 
.680 

Painted  black  body.   Heated  on 

outer    oott.    Coaple    r^aiied 

.0 

.637 

(bnAen  at  Sanction)  and  eov- 

CT'Tf 

417.6 

17.0 

1084.0 
.0 

5.637 
.625 

ered  aa  abown  In  ttala  Bnl- 

letin,  10»  Vlf .  4  B. 

3.7 

.627 

Mean  valoe-5.622. 

CUV 

446.5 

17.0 

1084.5 
.5 

5.605 
.614 

CLV». 

523.9 

20.0 

1075.6 

5.377 

No  Incloainc  tobe  to  radlometec 

.9 

.479 

Heated  by  both  ooUa;  bnmld 

.7 

.430 

air. 

CLVJ*. 

523.9 

20.3 

1089.7 

5.432 

Wltb  Indoaing  tnbe.   No  drytng 

9ao 

.424 

material. 

89.9 

.453 

• 

9ao 

89.5 

.435 
.453 

Moon  value-S.  467. 

CLVII* 

272.3 

20.5 

ioe&5 

.7 

5.479 
.495 

.4 

.513 

CLvm* 

336.4 

2a5 

ioe&2 

7.9 

5.521 
.523 

.6 

.525 

CLIX 

376.8 

20.0 

1076.2 

5.623 

with  drying  waftBriaL 

.0 

.631 

• 

cxx 

420.8 

21.3 

.0 

1074.1 

.0 

.624 

5.634 

.609 

Mean  valne— 5.62L 

.0 

.602 

CI.TT 

484.2 

2a4 

1071.5 
.7 

5.567 
.558 

Rear  of  fomaoe  waa  4*  too  bl|)L 

.7 

.559 

cinL 

446.1 

20.8 

1071.0 
0.8 

5.581 
.596 

.8 

.574 

Moin  vmIim.  . 

5.629 

i^lSi^]  Values  of  the  Constant  of  Total  Radiation 
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TABLB  5— Cootinued 


Receiver  No.  Id.—Diaphracm  No.  3;  d— 3.987  mm 


Length 
of  re- 
ceiver 

Width 
of  re- 
ceiver 

Dis- 
tonce 

Temperetuie 

Coef- 
ficient 
Qfrsdio- 

tion 
<rX10i« 

Seilei 

U 

ti 

Remeriri 

CTtZITT  . 

tnm 

21. 418 

tnm 

5.340 

376.4 
424.5 
48a6 
455.8 

•c 

21.0 
21.5 
21.0 
2L0 

•c 

1076.2 
.2 
.0 

1075.3 
.3 
.3 

1076.1 
.2 
.2 

1076.2 

.0 

5.8 

5.584 

.582 
.599 

5.596 
.617 
.607 

5.561 
.568 
.568 

5.579 
.586 
.588 

CLZIV.. 

Pt   blade;   smolced   on  bolh 
Bides. 

cucv* 

21.418 

5.340 

I^mr  valuM  doe  to  huBiMHy. 

CLXVI 

Keen  value. . 

5.593 

Receiver  No.  12.'-Diaphncm  No.  3;  d— 3.987  mm 


CLZVII 

22.365 

6.365 

376l7 

21.0 

1078.3 

7.4 

.1 

5.651 
.660 

.657 

Bum  oUtk   Poor  deposit  of  Pt 
Mack;  timrtiHI  «a  both  Mm» 

CLXvm 

418.6 

21.0 

1075.9 
6.4 

5.687 
.675 

a 

6.6 

.679 

cvnx. .  , 

486.2 

20.0 

1077.8 
8.1 

5.656 
.671 

.3 

.668 

ctxx 

448.3 

20.0 

1078.0 
7.9 

5.699 
.686 

.8 

.688 

CT.TTI.    .      , 

22.385 

6.326 

377.1 

21.5 

1075.3 
.6 

1605 
.614 

Aluminum  tUlt«   Soot  brushed 

off  and  nnnokid. 

.5 

.631 

.6 

.624 

CLXXTT. 

478.8 

21.5 

1065.3 
.1 

1626 
.606 

4.9 

.604 

erxTTn 

44ao 

21.4 

1084.5 
.8 

1623 
.621 

.7 

.620 

CT'XXIV..     .. 

401.5 

215. 

1084.8 
.7 

1660 
.651 

.4 

.640 

Mota  value. . 

1647 
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Receiver  No.  i  was  made  of  "therlo, "  0.007  to  0.008  mm  in 
thickness,  painted  with  lampblack  and  smoked  with  soot  from  a 
sperm  candle;  potential  terminals  0.025  ^^  diameter;  aluminum 
slits  2  mm  in  thickness.  For  a  subsequent  series  of  measurements 
LXXXII,  Table  5,  the  paint  was  removed,  the  potential  terminals 
were  reset,  the  strip  was  repainted,  and  brass  slits  0.5  mm  in  thick- 
ness were  used.  The  strip  being  narrow  the  sensitivity  is  greatly 
reduced,  which  increases  the  errors  of  observation.  For  this 
reason  the  apparently  higher  values  of  the  radiation  constant,  when 
using  a  very  narrow  receiver,  are  not  considered  to  be  attributable 
to  the  narrow  slits.  However,  the  error  due  to  shadowing  of  the 
receiver  by  the  jaw  slits  would  be  larger  for  a  narrow  strip  than 
for  a  wide  one,  thus  causing  a  higher  value. 

Receiver  No.  2  was  made  of  platinum  less  than  0.00 1  mm  in 
thickness,  covered  electrol3rtically  with  platinum  black.  The 
potential  wires  were  of  platinum  0.0055  ^un  in  diameter.  The 
alumimun  slits  were  2  mm  in  thickness,  and  the  edges  were  about 
1.5  mm  away  from  the  receiver. 

Receiver  No.  3  was  made  of  ''therlo";  thickness  about  0.008 
mm,  painted  with  lampblack  and  smoked.  The  slits  were  the 
ones  of  aluminum  used  with  the  preceding  receivers.  Subse- 
quently the  receiver  was  resmoked  (the  dust  having  been  brushed 
ofif  with  a  fine,  especially  prepared  brush)  and  the  measurements 
were  repeated  (series  LXXII  to  LXXXI).  To  check  the  meas- 
urements on  receivers  No.  7  and  No.  9,  further  measurements 
(CXIII  to  CXIV  and  CXXVII  to  CXXIX)  were  made.  On 
examination  with  the  rear  metal  shields  removed,  it  appeared  as 
though  these  aluminum  slits  had  not  overlapped  suflSciently, 
which  might  have  produced  a  low  value.  The  work  was  therefore 
repeated  (CXL  to  CXLII)  after  having  removed  the  old  paint, 
reset  the  potential  terminals  (to  eliminate  a  possible  conduction 
from  the  ends) ,  repainted  and  resmoked  the  receiver,  and  attached 
the  brass  slits  which  were  used  with  the  other  receivers.  A 
slightly  higher  value  of  the  constant  was  then  fotmd. 

Receiver  No.  4  was  made  of  platinum.  It  had  an  excellent 
coating  of  platinum  black.  The  potential  terminals,  of  platinum 
0.025  mm  in  thickness,  lay  flat  upon  the  receiver  for  a  length 
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about  1.5  mm  instead  of  making  contact  at  the  ends  of  the  poten- 
tial wires.  In  determining  the  distance  between  the  potential 
terminals  an  error  of  1.5  to  2  per  cent  was  inadvertently  made. 
The  distance  should  have  been  measured  at  the  point  where  the 
wire  is  free  from  the  receiver  instead  of  along  the  central  axis  of 
the  receiver.  This  receiver  was  used  in  various  subsidiary  tests 
(e.  g.,  on  the  effect  of  using  water-cooled  diaphragms  having  dif- 
ferent openings)  where  the  measvirements  were  relative,  and, 
because  of  the  defect  in  the  potential  terminals,  it  is  not  used  in 
considering  the  absolute  meastu^ments; 

When  using  such  a  receiver  without  the  jaw  slits  it  is  difficult 
to  define  the  effective  width  exposed  to  radiation.  For  example, 
the  mean  value  of  the  width  of  this  strip  before  blackening,  with 
platinum  black,  was  5.515  mm  and  after  blackening  the  width 
was  5.536  mm.  After  smoking  this  receiver  the  width  was  0.05 
mm  greater  than  before  smoking.  A  similar  example  is  receiver 
No.  6,  which  was  0.06  mm  narrower  after  wiping  the  soot  ofif  the 
edges. 

Receiver  No.  5  was  made  of  manganin,  o.oii  mm  in  thick- 
ness, which  was  painted  with  lampblack  and  smoked.  The  slit 
jaws  were  of  brass,  0.5  mm  in  thickness,  situated  at  a  distance 
of  1.3  mm  from  the  receiver.  This  particular  set  of  brass  slits 
(previously  used)  was  used  with  the  various  receivers  subsequently 
investigated.  The  potential  terminals  were  of  platinum  wires, 
0.025  mm  in  diameter,  the  tips  of  which  were  soldered  to  the 
strip  of  metal.  This  method  was  used  in  attaching  the  potential 
leads  to  all  of  the  receivers  subsequently  constructed. 

For  series  XLVII  to  LI,  each  shield  C  C,  Fig.  2,  overlapped 
the  receiver  by  about  2.5  mm.  After  repainting  and  smoking 
the  receiver  the  brass  slits  were  reset  and  the  shields,  C  C,  over- 
lapped the  edges  only  about  i  mm.  However,  there  is  no  marked 
difference  in  the  results.     (See  series  LXIII  to  LXXI.) 

Receiver  No.  6  was  made  of  platinum,  with  potential  leads 
0.025  mm  in  thickness  and  brass  slit  jaws.  The  shields  C  C, 
Fig.  2,  at  the  rear  of  the  receiver  were  of  sheet  iron,  0.3  mm  in 
thickness,  folded  double,  with  a  layer  of  thick  paper  intervening. 
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Meastirements  were  made  with  this  receiver  when  covered 
with  platinum  black  (series  LII  to  LIII),  and  when  smoked  and 
soot  removed  from  the  edges  (series  LI V  to  LXII) ;  with  a  Thomson 
galvanometer  and  with  a  d'Arsonval  galvanometer  (series  LVI) ; 
with  and  without  sUts.  The  results  show  that  there  is  but  little 
difference  between  the  diffuse  reflecting  power  of  lampblack  and 
platinum  black.  Similar  tests  were  made  with  receiver  No.  lo, 
giving  results  in  agreement  with  the  above  data. 

Receiver  No.  7  was  made  of  platinum,  with  potential  leads 
0*025  mm  in  diameter  and  brass  slits.  The  coating  (deposited 
four  minutes)  of  platinum  black  was  very  poor.  The  front  sur- 
face was  therefore  washed  with  a  very  dilute  solution  of  lampblack 
in  alcohol.  This  made  an  excellent  surface,  which  was  then  given 
a  light  coating  of  soot  from  a  sperm  candle.  (See  series  LXXXIII 
to  LXXXVIII.)  The  blackening  being  uns3anmetrical,  both  sur- 
faces of  the  receiver  were  given  a  thicker  coat  of  lampblack  and  then 
smoked  (series  LXXXIX  to  XCVI). 

In  order  to  determine  whether  a  still  thicker  coating  of  soot 
would  affect  the  value  of  the  radiation  constant,  the  front  surface 
of  the  receiver  was  given  an  additional  coating  of  soot,  which  was 
deposited  in  a  thick  soft  layer  which  could  be  easily  brushed  off 
in  large  patches  (series  XCVII  to  XCVIII).  The  thick  layer  of 
soot  has  no  marked  effect  upon  the  results  obtained.  The  sup* 
posed  effect  of  such  a  thick  coating  of  soot  on  the  front  surface  is 
to  reduce  the  value  of  the  constant.  Hiis  is  due  to  the  fact  that 
in  the  electrical  heating  a  smaller  energy  input  would  be  requited 
when  the  surface  layers  are  tmsymmetrical  and  the  rear  one  is  the 
thinner.  A  d'Arsonval  galvanometer  was  used  (series  XCIV- 
XCV)  with  no  marked  effect  upon  the  results.  The  soot  and  paint 
were  then  removed  and  an  attempt  made  to  blacken  the  surface 
with  platinum  black.  The  surfaces  were  rough  and  not  very 
black,  so  that  both  sides  were  smoked  (series  CXXIII  to  CXXVI) . 
The  value  of  the  constant  is  perhaps  i.o  to  1.5  per  cent  larger, 
instead  of  being  smaller  than  that  previously  observed.  This 
last  blackening  of  the  receiver  increased  the  heat  capacity  to  such 
an  extent  that  it  required  35  seconds  to  establish  temperature 
eqtdlibrium  after  exposure  to  radiation.     It  may  be  added  that 
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all  of  these  platinum  receivers  attained  temperature  in  8  to  10 
seconds,  and  that  an  exposure  to  radiation  for  15  seconds  was 
necessary  because  the  thermopile  required  that  length  of  time  to 
attain  temperature  eqtiilibrium. 

Receiver  No.  8  was  made  of  platinum  which  was  heated 
electrically  in  order  to  anneal  it  and  especially  to  clean  the  surfaces 
which  had  a  discolored  appearance.  In  the  annealing  process 
the  solder  at  the  ends  allo)^  with  the  platinum  strip,  which 
then  sagged  considerably.  The  potential  terminals  were  of 
platinum  0.025  ^>^i^  ^  diameter,  and  the  slits  were  of  brass.  The 
surface  of  the  platintmi  was  discolored  and  did  not  take  a  good 
deposit  of  platinum  black.  A  thin  coating  of  lampblack  paint 
was  therefore  applied  to  both  surfaces,  which  were  then  smoked 
(series  XCIX-CI).  The  surfaces  were  resmoked  and  painted 
with  a  mixtm-e  of  alcohol  and  turpentine,  after  which  they  were 
smoked  (series  CII-CV).  This  did  not  change  the  high  value  of 
the  radiation  constant.  The  slits  were  reset,  being  placed  at  a 
greater  distance  (1.8  mm  instead  of  about  1.3  mm)  from  the 
receiver.  The  rear  surface  of  the  receiver  was  resmoked,  which 
should  increase  the  value  of  the  constant;  the  potential  wires  were 
given  an  additional  coating  of  shellac,  and  the  guard  plates  at  the 
rear  of  the  receiver  were  reset.  In  spite  of  all  of  these  manipu- 
lations the  value  of  the  constant  (series  CVI-CVII)  remained  the 
same,  and  no  clue  has  been  fotmd  to  account  for  the  high  values. 

Receiver  No.  9  was  constructed  of  platinum,  which  was  an- 
nealed as  was  No.  8.  The  potential  terminals  were  of  platinum 
0.025  mm  in  diameter,  and  brass  slits  were  used.  The  alloying 
with  the  solder  made  the  ends  brittle,  one  end  of  the  receiver 
having  a  small  hole  near  the  copper  electrode.  Like  receiver 
No.  8  this  receiver  sagged  as  a  result  of  this  alloying  with  the 
solder.  The  surfaces  of  both  of  these  receivers  were  wavy  and 
uneven,  and  slightly  curved  at  the  edges.  The  surfaces  did  not 
take  an  even  coating  of  platinum  black.  They  were,  therefore, 
given  a  thin  coating  of  lampblack  paint  and  then  smoked.  The 
value  of  the  radiation  constant  is  high  as  obtained  with  receiver 
No.  8  (series  CVIII  to  CXII) .  To  show  that  this  value  was  due 
to  something  connected  with  these  receivers,  the  observations 
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were  continued,  using  receiver  No.  3  (series  CXIII  to  CXIV), 
which  gave  its  customary  value  of  the  constant  which  represents 
more  nearly  the  "  constant  of  the.  receiver  "  than  the  "  constant  of 
radiation.*'  The  general  appearance  of  receivers  8  and  9  was  such 
that  one  would  hardly  use  them  in  acctuate  determinations. 

Receiver  No.  10  was  constructed  of  platinum,  which  was 
cleaned  by  making  it  the  anode  in  depositing  platinum  black  upon 
a  strip  of  platinum.  A  freshly  prepared  solution  of  platinum 
chloride  was  used,  which  gave  an  excellent  (six  minutes)  deposit 
of  platinum  black 

Three  potential  leads  (a,  6,  c,  Fig.  2)  were  applied,  the  extra 
one  being  used  to  test  the  effect  of  the  potential  terminals.  The 
terminal  wires  were  of  platintun  o.oi  mm  in  diameter  and  about 
3  mm  long,  attached  to  similar  wires  0.025  ^^^^^  diameter.  After 
attaching  the  wires  to  the  receiver  the  diameter  of  the  soldered 
connection  was:  a =0.1  mm,  6 « 0.08  mm,  c=o.o6  mm.  Unfor- 
tunately two  of  these  connections  (a,  6)  became  detached  (by  the 
solution)  while  cleaning  and  blackening  the  receiver.  They  were 
reattached  by  soldering  them  upon  the  platinum  black,  which 
caused  the  connection  a  to  be  somewhat  larger  in  diameter  than 
that  just  quoted. 

The  brass  slits  of  previous  experiments  were  used  (series  CXV- 
CXX)  and  to  test  the  loss  by  reflection  the  receiver  was  smoked 
(series  CXXI-CXXII)  without  disturbing  the  slits,  the  edges  of 
which  were  covered  to  prevent  them  from  becoming  blackened 
with  soot.  The  value  of  the  radiation  constant  is  somewhat 
higher,  corresponding  with  the  smaller  reflecting  power  of  soot. 

The  distance  between  the  potential  terminals  a-b  was  19.947 
mm  and  from  a-i:  it  was  22.157  mm.  The  resistance  per  milli- 
meter length  between  the  terminals  a-6»  0.021 145  ohm  and 
ar-c»  0.02 1020  ohm,  or  an  apparent  decrease  of  about  0.6  per  cent 
for  the  longer  distance. 

Receiver  No.  i  i  was  constructed  of  platinum.  Before  blacken- 
ing it  the  surface  was  cleaned  electrolytically  by  using  the  receiver 
as  an  anode,  then  dipping  it  in  hydrochloric  acid,  which  removed 
a  whitish  tarnish  that  is  frequently  fotmd  on  platinum  from  which 
the  silver  has  been  removed.  The  platinum  black  was  deposited 
for  6.5  minutes  in  a  freshly  prepared  solution.    It  was  the  most 
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uniform  deposit,  and  in  all  appearances  the  best  coat  of  platinum 
black  in  the  whole  series.  At  the  completion  of  the  work  its 
reflecting  power  was  determined  as  described  elsewhere  in  this 
paper. 

The  potential  terminals  of  platinum  o.oi  mm  in  diameter  (as 
described  under  receiver  No.  10)  were  attached  after  cleaning  the 
receiver  and  before  appl)ring  the  platinum  black.  The  two  sol- 
dered connections  with  the  receiver  were  only  0.072  and  0.055  mm 
in  diameter. 

This  receiver  was  used  (with  brass  slits)  in  determining  the  radi- 
ation of  a  blackened  porcelain  radiator  (CXLIV  to  CXLVII)  and 
also  of  an  unpainted  radiator  (CXLVIII  to  CLI) .  It  was  used  abo 
in  determining  the  eflFect  of  moisture  (CLV  to  CLVIII),  which 
appears  to  produce  a  definite  lowering  of  the  value  of  the  con- 
stant. 

For  the  series  of  observations  extending  from  CXLIV  to  CLIV 
the  radiator  was  heated  by  the  outer  heating  coil,  which  no  doubt 
produced  a  different  temperature  distribution  within  the  radiator* 
If  this  had  any  effect  upon  the  constant,  it  was  not  appreciable. 

RECEnrER  No.  12  was  constructed  of  platinum  cleaned  in 
hydrochloric  acid.  There  were  three  potential  terminals,  of 
platinum  wire  o.oi  mm  in  diameter,  to  determine  the  effect  of 
the  terminal.  The  diameters  of  the  soldered  connections  were: 
a«o.o7  mm,  6=0.11  mm,  0=0.90  mm. 

The  platinum  black  was  deposited  for  6.5  minutes.  The  front 
surface  had  a  brownish  appearance  and  the  rear  surface  had  a 
gra3dsh  appearance.  Hence,  both  surfaces  were  smoked  with  a 
thin  coat  of  soot  from  a  sperm  candle.  Brass  slits  (series  CLXVII 
to  CLXX)  and  aluminum  slits  (series  CLXXI  to  CLXXIV)  were 
used,  but  in  view  of  the  fact  that  for  the  latter  series  the  soot 
had  been  brushed  off  the  front  surface  of  the  receiver,  which 
was  then  resmoked,  the  difference  of  about  i  per  cent  in  the 
radiation  constant  is  probably  as  much  attributable  to  the  smoking 
as  to  the  different  slits.  The  distance  between  the  potential 
terminals  a  to  6  was  22.385  mm  and  from  a  to  c  it  was  24.740  mm. 
The  resistance  per  millimeter  length  between  the  terminals 
a— 6 » 0.020486  ohm  and  a  — c=  0.020400  ohm,  or  a  decrease  of 
about  0.4  per  cent  for  the  longer  distance. 
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Receiver  No.  13  was  constructed  of  platinum  cleaned  in 
hydrochloric  acid.  The  platinum  black  was  deposited  6.5  minutes 
and  the  surfaces  not  being  tmiformly  black,  especially  on  the 
rear  side,  both  sides  were  given  a  thin  coat  of  lampblack  soot 
from  a  sperm  candle.  The  total  length  of  this  receiver  was  31 
mm,  the  potential  terminals,  of  platinum  o.oi  mm  in  diameter, 
being  separated  21.418  mm.  The  soldered  contacts  of  the  poten- 
tial terminals  were  0.05  mm  in  diameter.  Aluminum  slits  were 
used.  The  value  of  the  radiation  constant  (series  CLXIII  to 
ClyXVI)  is  practically  the  same  as  that  obtained  with  a  majority 
of  the  other  receivers.  It  is  probably  somewhat  too  low,  due 
to  incomplete  removal  of  atmospheric  water  vapor. 

A  summary  of  the  results  obtained  with  the  various  receivers 
is  given  in  Table  6. 

IV.  SUMMARY 

The  present  paper  gives  the  results  of  an  investigation  of  the 
behavior  of  a  bismuth-silver  thermopile  suitably  modified  to 
measure  radiant  energy  in  absolute  value.  Instead  of  exposing 
the  thermopile  directly  to  the  incident  radiation  a  blackened 
metal  strip  intervenes.  This  metal  strip  ftmctions  (i)  as  a 
receiver  for  absorbing  radiant  energy ;  (2)  as  a  source  of  radiation 
(by  heating  it  electrically)  which  can  be  evaluated  in  absolute 
measure,  and  by  using  a  constant  current  for  heating  the  strip; 
(3)  as  a  standard  source  of  radiation  for  testing  the  sensitivity 
of  the  radiometer,  which  includes  both  galvanometer  and  thermo- 
pile. 

The  present  investigation  pertains  to  13  receivers,  made  of 
manganin,  *'therlo, "  and  platinum,  diflfering  in  width  from  2.5 
to  8  mm,  and  in  thickness  from  less  than  o.ooi  mm  for  platinum 
to  0.01 1  mm  for  manganin.  The  manganin  and  **  therlo  "  receivers 
were  painted  with  a  thick  coat  of  lampblack,  then  smoked.  The 
platinum  receivers  were  covered  with  platinum  black  and  after- 
wards smoked.  In  this  manner  (the  same  values  being  obtained 
in  the  two  cases)  it  was  shown  that  there  is  but  little  difference 
in  the  reflecting  power  of  these  two  kinds  of  absorbing  surfaces. 
(See  receiver  No.  10,  Table  6.) 
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TABLE  6 


Sttmniary  of  the  Dimensions  of  the  Receivers  and  of  the  Slits,  the  Kind  of  Absorbing 
Surfiices,  and  the  Results  Obtained  with  Each  Receiver 

(The  value  of  the  radiation  oonstant  for  each  receiver  (uncorrected  for  diffuse  reflection)  is  tbe  mean  of 
the  values  not  marked  with  an  asterisk  (•)  in  Table  5.  Receivers  1, 3,  and  5  are  of  manganin  or  "  therlo"; 
the  others  are  of  platinum.) 


Receiver 
No. 


10. 


U. 


12. 


13. 


Length 
Decwoen 
potential 
terminals 

Width 
of  strip 

Width 
of  slit 

^^ 

mm 

23.095 

2.545 

2.150 

22.985 

2.537 

24.354 

3.584 

3.192 

24.910 

1035 

4.990 
1000 

21.620 

4w953 

18.561 

1667 

1640 
1638 

2a  061 

6.025 

1979 
1963 

24.659 

7.965 

7.952 

7.966 

7.964 
7.959 

23.989 

7.10 

7.074 
6.857 

24.917 

6.25 

6.205 

19.947 

6.8 

6.721 

22.889 

6.5 

&481 

22.385 

6.4 

6.365 

6.326 

2t418 

15 

1340 

Serial  nomber  of  test 


XtoXIV(hic.) 

Tf!f  X^ff. 

IVtoIZ. 

ZVItoZZV 

LXZntoLZXZI 

CXLtoCZUU. 

ZLVntoXLIX 

LXmtoLZZI 

in 

uvtoLxn 

LxzzmtoLzzzvm 

LZZZDCtoXCVX 

xcvntoxcvm 

CXXm  to  CXZVL 

XCIXtoCV 

cvitocvn 

cvmtocxiL 

CXVtoCXX 

cxxitocxxn 

CXLIVtoCXLVn.... 

cxLvmtocu 

CLXVUtoCLXX 

CLXXItoCLXXIV.... 
CLXmtoCLXVI 


Value 
of  radi- 
ation 
con- 
stant 
<rX10»« 

• 

160 

1819 

167 

150 

1607 

1653 

1736 

1725 

1533 

1691 

1574 

1586 

1585 

1682 

1885 

1964 

1877 

1726 

1746 

1663 

1576 

1673 

1625 

1593 

Remarks 


Repainted  and  smoked.    Alu- 
minum silts. 
Repainted  and  smeked.  Brass 

silts. 
Platinum  bhwk.     Alnminnm 

slits. 
Painted  and  smoked.    Alumi- 
num slits. 
Resmoked* 
Repainted  and  smoked.   BiaM 

slits. 
Painted  and  smoked.    Brass 

sUts. 
Repainted  and  smoked. 
Platinum  black.   Brass  slits. 
PltUnuffl  black.   Smoked. 
Platinum      black;      painted; 

smoked  on  front.    Brass  slits. 
Repainted;  smoked  on  both 

sides. 
Front  resmoked,  thick  layer. 
Paint  removed;  coated  with  Pt 

black;  smoked  on  both  sides. 
Platinum      black;      painted; 

smoked.  Brass  slits. 
Resmoked  rear  surface. 
Platinum      black;      painted; 

smoked.  Brass  slits. 
Platinum     black,     oieelleBt 

coat.   Brass  slits. 
Platinum  black.    Sm^ed. 
Pladnum  black,  beat  coat  of  alL 

SUts. 
Unblackened  radiator. 
Platinum  black;  smoked  oo 

both  sides.   Brass  slits. 
Platinum  black.    Resmoked. 

Aluminum  slits. 
Platinum  black;  smoked  oo 

both  sides.    Aluminum  slits. 
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The  method  of  operation  is  unsymmetrical  in  that  when  the 
receiver  is  exposed  to  radiation  the  heating  is  produced  in  the 
lampblack  surface,  while  in  passing  an  electrical  current  through 
the  strip  the  heat  is  generated  within  the  receiver.  However, 
from  the  data  obtained  with  receivers  differing  lo  times  in  thick- 
ness, and  covered  with  different  kinds  and  thicknesses  of  absorbing 
material,  it  appears  that  the  manner  of  heating  the  receiver  has 
but  little  effect  upon  the  final  result. 

For  any  one  receiver,  operated  under  different  conditions,  the 
precision  attained  is  usually  much  better  than  i  per  cent.  For 
the  different  receivers  the  maximum  range  in  the  value  of  o", 
which  was  caused  by  two  receivers  giving  high  values,  is  of  the 
order  of  3.5  to  4  per  cent.  Excluding  these  two  receivers  (Nos. 
8  and  9),  the  range  of  values  for  the  different  receivers  is  of  the 
order  of  1.5  to  2  per  cent.  This  seems  to  be  independent  of  the 
length  and  width  of  the  receiver,  and  of  the  kind  of  slits  used. 
The  accuracy  attained  with  this  method  of  evaluating  energy  in 
absolute  measure,  as  estimated  by  the  departure  of  individual 
determinations  from  the  mean  value,  appears  to  be  of  the  order 
of  I  per  cent.  To  this  extent  one  can  consider  the  present  device 
a  primary  instrument  for  evaluating  radiant  energy  in  absolute 
measure. 

The  device  commends  itself  as  an  instrument  of  precision 
because  of  its  quickness  of  action,  its  freedom  of  surrotmding 
•conditions,  its  high  sensitivity,  and  its  simplicity  of  operation. 
It  can  be  designed  to  suit  the  equipment  of  the  average  labora- 
tory. The  device  can  be  much  simplified  and  used  as  a  radiation 
pyrometer.  In  practice  it  is  advisable  to  calibrate  the  receiver 
by  exposing  it  to  a  black  body  heated  to  about  1000**  when  it  is 
desired  to  make  refined  radiation  measurements.  The  loss  of 
energy  by  diffuse  reflection  from  the  blackened  surface  of  the 
receiver  was  investigated  and  it  was  found  that  there  was  but 
little  difference  in  the  reflecting  power  of  the  different  surfaces 
examined. 

In  view  of  the  fact  that  this  instrument  has  proved  to  be 
applicable  for  precise  measurements,  the  complete  radiometric 
outfit,  including  the  radiator,  has  been  placed  in  an  evacuated 
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• 

inclosure.  The  radiation  meastirements  in  absolute  value  will  be 
made  at  certain  fixed  temperature  points  as  defined  by  the  melting 
points  of  metals  such  as  gold,  silver,  palladium,  and  platinum. 
In  this  manner  it  is  hoped  to  eliminate  the  effect  of  atmospheric 
absorption  and  otherwise  improve  in  the  reliability  of  the  measure- 
ments. 

WASfflNGTON,  July  2,  191 5. 
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!•  HISTORICAL  SUMMARY 
mTRODUCTION 

In  the  present  summary  of  the  work  on  radiation  constants  it 
seems  desirable  to  inquire  rather  critically  into  the  various  meth- 
ods employed  in  order  to  find  the  causes  of  the  discrepancies  in 
the  results  obtained.  The  past  few  years  have  been  very  pro- 
ductive of  researches,  employing  a  variety  of  methods  for  de- 
termining the  constant,  <7,  of  total  radiation.^  Each  method  has 
some  defect,  but  in  some  cases  this  is  negligible  in  comparison 
with  the  accidental  errors  of  experimentation.  The  evaluation 
of  radiant  energy  in  absolute  measure  is  accomplished  by  sub- 
stitution methods;  and  the  fault  to  be  found  with  the  various 
methods  thus  far  employed  is  that  they  are  unsymmetrical  in 
their  application.     What  is  needed  is  some  sort  of  calorimeter  in 


1  The  Stefan-Boltzmann  law  states  that  the  total  ladiatian  fmanating  from  a  unHonnly  heated 
closure,  or  so-called  black  body,  is  proportional  to  the  fourth  power  of  the  absolute  temperature.  That  is 
to  say,  the  total  radiation  emitted  aR^trT*,  where  c  is  the  coefficient  or  "Stdan-Boltznuum  constant" 
of  radicticn.  The  numerical  value  of  this  coefficient  is  of  the  order  v^yjXio'^*  watt  per  cm'  perdcg*. 
In  the  text  only  the  numerical  value  is  quoted,  e.  g.,  '^5.33. 
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which  the  energy  recovered  can  be  compared  with  the  energy- 
supplied.  The  Abbot  pyrheliometer,  with  proper  modifications, 
seems  the  most  feasible  method;  or  a  bolometer  fashioned  some- 
what after  the  methods  employed  by  Puccianti  so  that  it  can  be 
used  also  as  the  inner  parts  of  a  thermometer,  thus  making  the 
two  methods  interchangeable.  In  view  of  the  fact  that  some  of 
these  suggestions  are  modifications  of  previous  methods  which  are 
in  the  process  of  development  by  the  writer,  and  have  not  been 
thoroughly  tested  as  to  their  general  applicability,  no  further 
comment  need  be  made  thereon. 

It  will  be  noticed  that  in  many  experiments  the  radiators  were 
operated  at  the  temperatures  which  were  too  low  to  properly  elimi- 
nate the  correction  for  temperature  (radiation)  of  the  shutters,  dia- 
phragms, etc.;  and  also  for  the  losses  by  air  conduction  in  the 
receiver.  On  the  other  hand,  some^experimenters  used  radiators 
operated  at  a  high  temperature,  thus  obviating  these  difficulties; 
but  then  the  receiver  was  a  sluggishly-acting  instrument  which 
could  not  be  properly  calibrated.  To  F6ry  is  due  the  credit  for 
abandoning  the  idea  of  using  a  radiator  heated  to  loo^  C,  and 
adopting  a  radiator  heated  to  looo^  C.  or  higher.  In  this  manner 
the  radiation  to  be  measured  is  far  in  excess  of  the  small  dis- 
turbing factors,  such  as  radiation  from  shutters,  diaphragms,  etc. 

THB  BOLOMBTRIC  METHOD  OF  BLECTRIC  COMPBNSATION 

Kurlbaum '  was  the  first  to  employ  a  method  for  determining 
the  constant  of  total  radiation  which  is  free  from  the  gross  Ex- 
perimental errors  that  are  inherent  in  the  work. 

The  principle  of  the  method  is  as  follows:  Three  branches  of  a 
Wheatstone  bridge  (bolometer)  consist  of  thick  manganin  wires  which 
are  not  affected  by  a  change  in  current  through  the  bridge.  The 
fourth  branch  consists  of  thin  bolometer  platintun,  the  resistance 
of  which  is  affected  by  a  change  in  current  in  the  bridge.  Start- 
ing with  the  bridge  balanced,  the' bolometer  branch  of  thin  plati- 
ntun  is  exposed  to  the  radiation  from  a  black  body  at  loo^  C, 
and  the  change  in  resistance  (or  galvanometer  deflection)  is  noted. 
With  the  bolometer  branch  shielded  from  radiation  the  bridge 

*  KitflbMim,  Wied.  AmLt  M,  p.  746;  1898. 
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current  is  varied  until  the  change  in  resistance  in  the  bolometer 
branch  is  equal  to  that  attained  when  exposed  to  radiation.  In 
other  words,  the  bridge  current  is  increased  by  a  sufficient  amount 
to  produce  the  same  galvanometer  deflection  as  was  caused  by 
radiation  falling  on  the  bolometer  strip.  From  a  knowledge  of 
the  change  in  the  bridge  current,  the  bolometer  resistance,  etc., 
Kurlbaiun  was  enabled  to  compute  the  energy  input.  He  used 
two  very  different  surface  bolometers  and  found  very  concordant 
values.  He  found  a  value  of  (r»5.32.  In  a  recent  communica- 
tion *  he  makes  a  correction  of  2.5  per  cent  for  loss  by  reflection 
from  the  platinum  black  surfaces  of  the  bolometer.  This  gives  a 
value  of  <r=SAS.  Recently  the  reflecting  power  of  platintun 
black  ^  has  been  examined,  and  it  was  fotmd  that,  using  the  blackest 
obtainable  deposits,  the  reflecting  power  is  almost  2  per  cent  for 
wave  lengths  at  8  to  9  /i.  An  examination  of  six  surface  bolome- 
ters (12  branches  or  24  surfaces  of  about  3  by  4  cm  area),  which 
were  recently  purchased  abroad,  showed  that  all  of  them  had 
microscopiccdly  small  bright  patches  of  bare  platinum,  and  that 
none  of  them  were  as  black  as  the  samples  examined.  Prom  this 
it  appears  that  Kurlbatun's  correction  to  his  work  is  none  too 
large. 

Valentiner  *  undertook  the  work  anew  and  fotmd  quite  different 
values,  depending  upon  the  blackness  (kind)  of  radiators  employed, 
which  were  heated  as  high  as  1450®.  For  the  two  blackest  radia- 
tors (the  steam-heated  radiator  "W.  S.  K"  and  the  electrically 
heated  unblackened  porcelain  tube  radiator  "G.  S.  K")  he  fotmd 
a  value  of  cr  »  5.36. 

In  a  note  replying  *  to  Paschen's  criticisms  of  the  bolometric 
method  he  made  a  correction  of  about  4  per  cent  for  various 
causes  (e.  g.,  i  per  cent  for  lack  of  blackness  of  the  radiator,  2.5 
per  cent  for  reflection  from  the  bolometer,  etc.)  which  gives  him  a 
value  of  <r=«S.58. 

It  is  rather  singular  that  the  correction  for  atmospheric  absorp- 
tion is  entirely  overlooked  by  all  those  who  entered  into  the, 

I  Kurlbaum.  Verb.  Fhys.  Gcsell..  14.  p.  576;  19x1. 

*  Cobkatz.  J.  Franklin  Institute,  p.  549»  Nov.;  i9ta>    This  BuUetia,  9«  p.  883;  1915. 

*  Valentiner,  Ann.  dcr  Phy*..  (4).  81,  p.  273;  19x0. 

*  Vakntinrr.  Axm.  der  PliyB.,  (4),  89:  p.  489, 19x3;  41,  p.  1059;  1915. 
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rather  controversal,  discussion  of  these  measurements.  The 
numerical  values  of  the  various  determinations  made  by  Valen- 
tiner,  upon  any  one  radiator,  have  a  range  of  about  3  per  cent, 
which  was  usually  higher  than  allowable  in  order  to  ascertain  the 
effect  of  atmospheric  absorption  in  a  space  of  30  to  50  cm.  How- 
ever, when  using  a  larger  porcelain  tube  radiator^,  "G.  S.  K.," 
the  distances  were  rather  longer  than  usual,  being,  respectively, 
89  and  125  cm,  and  the  effect  of  absorption  seems  unmistakable. 
The  value  of  the  radiation  constant  is  about  2  per  cent  smaller 
for  the  greater  distance,  i.  e.,  an  increase  of  35  cm  in  optical  path 
introduced  an  absorption  of  about  2  per  cent.  It  is  difficult  to 
say  how  great  a  correction  should  be  applied  to  Valentiner's 
values  in  order  to  eliminate  atmospheric  absorption.  The  ob- 
servations were  made  in  the  winter,  when  the  humidity  was,  no 
doubt,  much  lower  than  for  the  tests  given  on  a  subsequent  page, 
where  an  absorption  of  over  5  per  cent  was  found  in  an  air  path  of 
124  cm,  the  temperatures  of  the  radiator  being  of  the  same  order 
as  used  by  Valentiner. 

From  the  experiments  to  be  described  presently,  it  appears  that 
the  correction  of  i  per  cent  for  lack  of  blackness  of  the  radiator 
seems  to  be  well  taken,  while  the  correction  of  2.5  per  cent  for 
reflection  from  the  bolometer  is  probably  i  per  cent  too  high. 
For  the  steam-heated  radiator  "W.  S.  K. "  the  correction  for 
atmospheric  absorption  wotdd,  no  doubt,  be  higher  than  for  the 
porcelain  radiator  "  G.  S.  K. "  A  conservative  estimate  of  the  total 
correction  to  Valentiner's  original  data  is  5  to  6  per  cent,  of  which 
amount  about  3  per  cent  is  the  estimated  absorption  by  atmos- 
pheric water  vapor  and  carbon  dioxide.  This  increases  Valen- 
tiner's  value  to  (r=S,6S  with  a  possibility  of  the  value  being  as 
high  as  (r=S.7,  which  is  in  remarkably  close  agreement  with  the 
various  determinations  made  by  other  methods. 

The  following  method  is  not  exactly  bolometric  in  principle  but 
it  may  as  well  be  considered  here  since  its  virtues  have  been  under 
rather  animated  discussion  in  connection  with  the  results  obtained 
by  the  bolometric  methods  just  mentioned.  Gerlach '  working  in 
the  laboratory  of  Prof.  Paschen  has  recently  determined  the  con- 

T  Vakntmer.  Aim.  der  Phys.,  (4),  81,  p.  304;  1910.       *  Ocrlacfa.  Aim.  der  Phys.,  (4),  88,  p.  z;  X9zs. 
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stant  of  total  radiation,  <r,  by  a  modification  of  AngstrSm's  elec- 
tric compensation  p3rrheliometer.  In  the  original  pyrheliometer 
of  Angstrom  •  there  are  two  thin,  narrow,  sheets  of  manganin  to 
each  of  which  is  attached  one  jmiction  of  a  thermoelement  which 
is  joined  through  a  galvanometer.  One  of  these  manganin  strips 
is  exposed  to  solar  radiation.  Through  the  other  manganin  strip  is 
passed  an  electric  current  of  such  strength  that  the  manganin  strip 
is  heated  to  the  same  temperature  as  is  the  strip  which  is  exposed 
to  solar  radiation.  The  equality  of  temperature  is  indicated  when 
there  is  no  current  flowing  through  the  galvanometer.  Various 
instruments  which  have  been  tested  show  wide  variations  (15  to  30 
per  cent)  in  the  value  of  the  solar  constant.  Recent  improve- 
ments, however,  have  produced  a  more  reliable  instrument. 

In  the  instrument  as  used  by  Gerlach  there  is  but  one  strip  of 
manganin  which  is  o.oi  mm  in  thickness,  and  2  to  4  mm  wide 
(length  2.7  to  3  cm).  At  the  back  of  this  manganin  strip  and 
close  to  it  was  a  thermopile  of  45  elements  (joined  through  a  galva- 
nometer) which  is  heated  by  radiation  from  the  manganin  strip, 
thus  differing  from  Angstrom's  device  in  which  a  single  thermo- 
junction  was  heated  by  conduction  from  the  manganin  strip. 
The  idea  of  using  many  jimctions  was  to  integrate  over  the  whole 
strip,  thus  eliminating  any  irregular  heating  due  to  inequalities 
in  the  thickness  of  the  manganin  strip  which  was  blackened  electro- 
lytically  with  platinum  black.  This  manganin  strip  was  heated 
electrically  to  the  same  temperature  as  that  attained  by  the  strip 
when  exposed  to  the  radiation  from  a  black  body,  which  was  heated 
by  steam.  From  a  knowledge  of  the  resistance  of  the  strip  and 
the  electric  current  it  was  possible  to  determine  the  watt  input, 
and  hence  the  value  of  the  radiation  constant. 

Gerlach  experienced  some  diflficulty  in  determining  when  he 
had  exact  compensation  when  heating  the  receiver  electrically 
and  radiometrically.  Covering  the  sides  of  the  receiver  with 
knife-edged  slits  had  no  effect  upon  the  radiation  constant;  but 
shielding  the  ends  of  the  manganin  strip  from  radiation  caused 
the  value  of  <r  to  increase  to  a  constant  value,  when  the  shields 
covered  i  .5  mm.  or  more  of  the  ends  of  the  strips.     This  is  caused 

•JLnsgtrOBi,  Fhyi.  Rev.,  1,  p.  365:  1893.    Ann.  der  Phys.»  (3)1  ^7,  p.  663;  1899. 
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by  heat  conduction  from  the  receiver  to  the  heavy  copper  elec- 
trodes. In  practice  he  exposed  the  whole  length  of  the  receiver 
to  radiation,  claiming  that  the  heat  conducted  from  the  ends  is 
the  same  when  the  metal  strip  is  heated  radiometrically  and 
electrically.  In  the  instrument  used  in  the  first  part  of  the  present 
investigation^®  this  difficulty  was  eliminated  by  placing  the 
potential  terminals  upon  the  receiver,  and  at  some  distance  from 
the  heavy  electrodes. 

The  mean  value  obtained  by  Gerlach  is  <r»  5.803.  He  made 
no  correction  for  losses  by  reflection  (2  per  cent).  This  was 
done  by  Paschen,"  who  gives  the  value  of  <r-»S.9. 

Gerlach's  value  is  based  upon  the  determinations  made  with 
four  receivers,  the  individual  values  of  which  depend  somewhat 
upon  the  receiver,  as  was  observed  in  the  present  work.  No 
attempt  was  made  to  remove  the  atmospheric  water  vapor  from 
the  space  between  the  radiator  and  the  receiver.  There  is  a 
systematic  decrease  of  i  to  2  per  cent  in  the  radiation  constant 
for  an  increase  of  32  to  42  cm,  in  the  distance  of  the  receiver 
from  the  radiator.  An  appreciable  absorption  by  atmospheric 
water  vapor  is  to  be  expected  in  view  of  the  fact  that  the  radiator 
was  heated  to  only  100^  C,  which  produced  radiations  easily 
absorbed  by  water  vapor. 

The  work  of  Gerlach  aroused  considerable  discussion  among 
experimenters  previously  engaged  on  this  same  problem.  This 
brought  forth  a  very  considerable  amount  of  laborious  experi- 
mental work  by  Gerlach^'  in  defense  of  his  method^  in  which 
he  showed  that  his  apparatus  gave  the  same  values  as  when  he 
operated  it  by  the  bolometric  method  employed  by  Ktulbaum. 

Puccianti"  proceeded  to  determine  the  constant  of  total 
radiation  by  a  method  which  is  just  the  opposite  from  the  usual 
mode  of  operation;  and,  because  of  the  small  radiant  energy 
exchanges  involved,  in  comparison  with  the  transfer  of  energy 
by  heat  conduction  and  by  convectiqn,  this  may  be  the  weak 
point  in  his  method. 

>A  This  &ullet&i.  IS,  p.  503;  19x6. 
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He  constructed  a  bolometer  in  the  form  of  a  black  body,  which 
is  kept  at  room  temperature.  This  black  body  really  is  the 
radiator.  The  other  black  body  (which  is  really  the  receiver), 
instead  of  being  at  a  higher  temperature,  as  usually  is  the  case, 
is  at  the  temperature  of  carbon  dioxide  snow  or  of  liquid  air. 
He  measured  the  electric  power  which  had  to  be  supplied  to 
the  first  black  body  to  keep  the  temperature  constant  in  order 
to  compensate  for  the  energy  lost  by  radiation  to  the  second 
black  body.  He  very  ingeniously  constructed  two  black-body 
bolometer  branches  exactly  alike,  the  one  to  be  exposed  to  the 
cold  receiver  and  the  other  to  be  protected  from  it.  Each  of 
these  bolometer  branches  consisted  of  a  vessel  of  o.i  mm  sheet 
copper  having  the  form  of  a  cone  and  a  frustrtim  of  a  cone  united 
at  the  bases.  The  lengths  were  12  cm;  the  maximum  internal 
diameter  was  4  cm.  The  internal  surface  was  smoked.  The 
external  surface  was  polished  and  upon  it  was  wound  two  thin 
insulated  wires.  One  of  these  wires,  of  iron,  formed  the  bolo- 
metric  branch,  and  the  other  wire,  of  manganin,  was  used  as  a 
heating  resistance.  The  other  two  branches  of  the  bolometer 
bridge  were  formed  of  resistance  coils  and  the  whole  was  con- 
nected with  a  galvanometer  and  storage  battery  as  in  any  ordi- 
nary bolometer.  The  two  sensitive  black-body  branches  of  the 
bolometer  were  in  an  evacuated  vessel  which  was  kept  in  a  tank 
of  water. 

The  receiver  was  a  blackened  glass  bull>  immersed  in  liquid 
air,  and  the  bolometer  was  allowed  to  radiate  to  this  receiver. 
Pucdanti  measured  the  (electrical)  energy  necessary  for  compensa- 
tion to  prevent  the  bridge  from  being  unbalanced  when  one  branch 
was  exposed  to  the  receiver.    He  obtained  a  value  of  <r «  S.96. 

The  method  is  an  ingenious  variation  from  the  usual  procedure. 
The  apparatus  should  have  been  constructed  so  that  both  bolom- 
eter branches  could  have  been  used  as  radiators.  From  the 
illustrations  it  appears  that  radiation  from  one  branch  could  fall 
upon  the  other  which  would  introduce  errors.  Tests  might  have 
been  made  to  determine  whether  the  bolometer  remained  balanced 
when  a  heating  current  was  applied  to  both  branches,  without 
allowing  one  branch  to  radiate  to  the  receiver.     Furthermore,  to 
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repeat  the  herein  oft-mentioned  device,  a  heating  coil  should  have 
been  inserted  temporarily  within  the  radiator  to  determine  the 
energy  input  as  compared  with  the  energy  input  required  in  the 
outer  heating  coils  in  order  to  maintain  a  balance. 

3.  THE  THERMOMETRIC  METHOD  WITH  << BLACK''  RECEIVERS 

In  order  to  eliminate  the  question  of  reflection  from  the  surface 
V€ry  ^^  made  a  series  of  determinations  of  the  radiation  constant, 
<r,  by  means  of  a  thermo junction  which  is  formed  into  a  long 
conical-shaped  metal  receiver  which  is  blackened  on  the  inside. 
On  the  outside  of  the  cone,  and  insulated  from  it,  was  wound  a 
heating  coil  of  known  resistance  for  calibrating  the  receiver. 
This  was  done  by  noting  the  temperature  rise  (galvanometer 
deflections)  with  the  energy  input,  in  watts.  The  receiver  was 
then  exposed  to  an  electric  furnace  which  was  heated  to  various 
temperatures  from  500  to  1200**  C,  and  the  corresponding  gal- 
vanometer deflections  were  observed.     He  obtained  a  value  of 

The  work  was  undertaken  anew  by  F6y  and  Drecq,"  the 
receiver  being  a  cone  of  brass  having  an  opening  of  30®  placed 
within  a  large  sphere  of  brass  which  was  surmounted  by  a  glass 
tube  with  a  capillary  i  mm  in  diameter.  The  large  brass  sphere 
was  filled  with  alcohol,  the  whole  forming  a  thermometer  in  which 
I  mm  rise  in  height  of  the  column  in  the  capillary  indicated  a 
rise  in  temperature  of  o?oo5.  Surrounding  the  outside  of  the 
brass  case  was  a  coil  of  wire  through  which  an  electric  current 
was  passed  and  the  watt  input  noted  to  cause  the  same  temper- 
atiure  as  that  produced  by  exposing  the  opening  of  the  cone  to  the 
radiator.  They  found  a  mean  value  of  cr  =  6.S1.  This  is  the  high- 
est value  yet  obtained.  The  relative  values  obtained  with  the 
instrument  show  a  fair  constancy  over  the  whole  temperature 
range  which  extended  to  the  melting  point  of  gold.  However, 
the  same  is  true  of  Valentiner's  values  determined  by  the  bolo- 
metric  method.  This  indicates  that  there  is  some  constant  factor 
which  is  not  eliminated  and  which  causes  a  high  or  a  low  value. 
Various  suggestions  have  been  made  as  to  the  cause  of  their 

i<  P^ry,  Compt.  Rendiu,  148,  p.  9x5;  1909. 
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excessively  large  values.  It  appears  that  part  of  the  difl&culty 
lies  in  the  unsjnnmetrical  way  in  which  the  instrument  is  operated. 
It  is  calibrated  by  a  heating  coil  which  is  in  contact  with  the 
alcohol  (or  air,  in  the  first  case)  and  can  warm  the  latter  by  con- 
duction and  by  absorption  of  radiant  energy.  On  the  other  hand, 
the  incoming  radiation  must.be  transformed  by  absorption  in  the 
cone  and  then  reaches  the  alcohol  principally  by  conduction.  As 
frequently  mentioned  in  this  paper,  the  weak  point  lies  in  not 
having  the  heating  coil  within  the  receiver,  which  should  be  so 
constructed  that  but  little,  if  any,  of  the  entering  radiation,  or  the 
energy  radiated  from  the  heating  coil,  can  escape  through  the 
opening  in  the  receiver.  This  might  easily  have  been  done  by 
forming  the  receiver  into  a  double-coned  receiver,  such  as  was 
used  by  Pucdanti. 

A  further  determination  of  this  constant  was  made  by  P6ry 
and  Drecq  ^*  by  a  method  which  is  somewhat  similar  to  the  one 
used  in  the  present  paper.  The  radiations  from  an  electric  fur- 
nace fell  upon  a  strip  of  platinum  (area  36  by  55  mm  and  0.03 
mm  in  thickness),  blackened  electrolytically  with  platinum  black. 
Instead  of  measuring  the  rise  in  temperature  by  means  of  a 
thermopile,  as  was  done  in  the  present  paper,  they  sighted  upon 
the  front  and  the  rear  stuf aces  of  the  platinum  strip  by  means 
of  a  F6ry  pyrometer,  the  angle  of  incidence  being  48**.  Their 
new  value  of  the  radiation  constant  is  <r»6.2.  The  measure- 
ments upon  the  posterior  surface  lead  to  the  value  cr  «  5.579  which 
is  said  to  correspond  with  the  measurements  on  the  anterior  sur- 
face made  with  plane  receivers.  If  we  correct  the  latter  value  by 
2  per  cent  for  reflection,"  we  obtain  the  value  <r  =  5.68,  which  is  of 
the  same  magnitude  as  observed  by  the  writer.  This  new  deter- 
mination of  (T  by  F6ry  and  Drecq  appears  to  have  been  made 
defective  by  their  reduction  of  the  original  observations;  for 
example,  they  claim  that  the  coefficient  of  absorption  of  the 
receiver  was  only  0.82  to  0.84,  which  seems  impossible  from 
numerous  and  diverse  experiments  on  the  diffuse  reflecting  power 
of  platinum  black  made  by  others.     Attention  was  called  to  this 

^  P^ry  ttid  Dreoq.  Compt.  Rend.,  lUt  p.  iss9:  I9m. 
^  Tbit  Bulletin,  9«  p.  s8j;  29x3. 
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fact  by  Bauer,**  who  places  their  value  of  <r  between  S.l  and  5.8, 
and,  by  making  a  correction  of  2  per  cent  for  reflection,  deduced 
a  value  of  a » 5.68.  In  all  three  methods  the  data  are  meager 
as  to  elimination  of  the  various  errors  which  may  occur.  For 
example,  as  noted  in  a  previous  paper,**  a  source  of  error  may 
arise  in  determining  the  power  put  into  the  platinum  strip  used  in 
the  last  method.  Another  important  source  of  error  lies  in  the 
manner  of  operation  of  the  water-cooled  shutter,  which  should  be 
placed  between  the  water-cooled  diaphragm  and  the  radiator. 

In  order  to  obviate  the  difficulties  encountered  by  F6ry  and 
Drecq  in  calibrating  their  conical-shaped  receivers,  Bauer  and 
Moulin  ^^  calibrated  their  receiver  (which  was  a  F6ry  pyrometer) 
by  sighting  it  upon  a  strip  of  platinum  which  was  heated  to  dif- 
ferent temperatures  by  an  electric  current.  In  order  to  deter- 
mine the  amount  of  radiant  energy  falling  upon  the  receiver  it 
w^  necessary  to  eliminate  the  losses  from  the  strip  by  conduc- 
tion and  convection.  For  this  purpose  the  platinum  strip  was 
heated  in  air  and  in  a  vacuum,  the  power  consumed  being  deter- 
mined for  a  definite  length  of  platintun,  defined  by  potential  ter- 
minals as  used  in  the  present  paper.  Having  calibrated  the 
pyrometer  by  noting  the  galvanometer  deflections  for  the  various 
amotmts  of  energy  (in  watts)  put  into  the  platimun  strip,  they 
sighted  the  pyrometer  upon  a  black  body  heated  to  various  tem- 
peratures and  noted  the  galvanometer  deflections.  Their  first 
announced  value  was  o'»6.0.  However,  as  in  ntunerous  other 
cases  herein  cited,  they  introduced  errors  in  the  final  reduction  of 
their  data.  They  had  observed  the  radiation  emitted  from  the 
platinum  strip  at  an  angle  of  13^  from  the  normal  and  applied  a 
correction**  of  about  12  per  cent  which  reduced  their  value  to 
c=S3.  This  correction  is  recognized  to  be  much  too  large,  ^  so 
that  their  value  of  the  radiation  constant  lies  between  cr  »S.3  and 
6.0,  which  indicates  the  close  grouping  of  all  the  determinations 
about  the  value  (r=S.7.  They  made  no  correction  for  atmos- 
pheric absorption  which  would  increase  their  value  from  <r"53 

1*  Bauer,  Soc  Fnnc.  de  Fhys.,  Proces  Vobeaux.  No.  41;  19x3. 

1*  This  BuUetin,  18,  p.  503;  19x6. 

>  Bauer  and  Moulin,  Compt.  Rend.,  149,  p.  988;  1909.    BuH.,  Seances  Soc.  Pr.  de  Phys.,  p.  58;  19x0. 

**  Bauer  and  Moulin,  Compt.  Rend..  16(l«  p.  167;  19x0. 

^  Bauer,  Soc.  Fr.  de  Phys.,  Proces  Verbaux,  Na  41;  19x3. 
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to  0- » 5.6  or  5.7.  In  a  previous  commtinication  on  the  solar  con- 
stant Bauer  and  Moulin,^'  using  an  Angstrom  pyrheliometer,  found 
the  value  <r  «  5.7. 

Puccianti**  gives  a  determination  in  absolute  measure  of  the 
radiation  of  a  black  body  in  which  the  temperature  change  is 
measured  by  means  of  a  toluene  thermometer,  the  bulb  of  which 
is  formed  into  a  hollow  cone  that  is  allowed  to  radiate  to  a  black- 
body  receiver,  which  is  at  the  temperature  of  liquid  air.  The 
measurement  is  made  by  compensating  the  heat  lost  by  the  ther- 
mometer by  the  application  of  an  electric  current. 

The  apparatus  not  being  differential  in  construction,  the  tem- 
perature of  the  water  bath  had  to  be  kept  rigorously  constant  in 
order  to  have  the  meniscus  of  the  thermometer  move  slowly  and 
regularly.  The  response  of  the  apparatus  was,  of  course,  slow 
and  sluggish,  which  is  a  common  property  of  this  type  of  receiver 
(radiator) ,  so  that  it  required  from  f ovir  to  eight  minutes  to  obtain 
a  measurement. 

The  same  criticisms  apply  to  this  instrument  that  have  been 
mentioned  in  the  cruder  form  of  thermometer  used  by  F6y.* 
The  energy  for  compensation  is  supplied  by  a  heating  coil  which 
is  in  contact  with  the  liquid  (a  good  scheme  in  so  far  as  it  applies 
to  heating  the  liquid)  and  on  the  side  of  the  wall  of  the  receiver 
opposite  to  that  upon  which  the  incoming  radiations  impinge. 
The  arrangement  is  therefore  uns3rmmetrical.  The  heat  of  com- 
pensation should  have  been  supplied  by  a  coil  inserted  within  the 
receiver,  provision  being  made  that  little  or  none  could  escape  by 
reflection  and  by  direct  radiation  through  the  opening.  In  this 
manner  the  condition  of  heat  interchanges  would  have  been  the 
most  closely  fulfilled.  In  the  instrument  as  used  the  opportunity 
for  escape  of  energy  seems  greater,  so  that  in  compensation  there 
is  a  tendency  to  produce  a  value  which  is  higher  than  the  true 
value  for  radiation  unaccompanied  by  conduction.  By  placing 
the  heating  coil  within  the  receiver  and  using  a  high  temperature 
radiator,  Puccianti's  device  should  be  applied  in  the  manner 
recently  used  by  Keene. 

*>  Bauer  and  Moulin.  Compt.  Rend..  IM,  p.  1658;  19x0.      *  P^ry.  J.  dc  Phys.  (5),  1*  p.  551;  19x1. 
M  Pucciantl.  Nuovo  Cimcnto  (6),  4.  p.  jaa;  19x1. 
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Puccianti  considered  the  precision  of  this  method  as  high  as 
that  of  the  bolometric  apparatus,  but  the  sensitivity  of  the  thermo- 
metric  apparatus  was  very  much  inferior  to  the  bolometer. 
Nevertheless,  he  seems  to  prefer  the  thermometric  method  in 
spite  of  its  small  sensitivity.  He  succeeded  in  assigning  a  value 
of  6.oo<<7<6.3,  and  his  intermediate  value  is  <r=«6,lS. 

The  most  recent  determination  of  the  constant,  cr,  is  by  Keene.'* 
The  radiator  consisted  of  an  electric  furnace  which  could  be  heated 
to  1000®  C.  The  receiver  consisted  of  a  hollow  spherical  double- 
walled  thermometer  bulb  provided  with  a  small  aperttue  in 
its  side  to  admit  the  radiation  to  be  measured.  The  space 
between  the  walls  is  filled  with  aniline,  which  served  as  thermo- 
metric substance,  its  expansion  being  observed  in  a  capillary  tube 
in  the  usual  way,  i  mm  division  =  0.0005^  C. 

In  order  to  eliminate  the  effect  of  the  variation  of  room  tem- 
peratuiie,  two  such  thermometers  were  used  differentially,  radia- 
tion being  admitted  into  one  of  them,  the  differential  effect  giving 
a  measure  of  the  energy  supply.  The  interior  of  the  bulb  receiv- 
ing the  radiation  was  provided  with  an  electric  heating  coU  for 
the  purpose  of  calibration.  His  value  of  the  radiation  constant  is 
a  «  5.89. 

4.  INDIRECT  AND  SUBSTITUTION  METHODS. 

Shakespear  ^  obtained  the  constant,  o-,  by  a  method  which  is 
based  upon  the  principle  that  a  heated  body  in  air,  in  surround- 
ings at  a  lower  temperattue,  losses  heat  (a)  by  conduction,  (6)  by 
convection,  and  (c)  by  radiation.  If  the  rate  of  loss  by  a  body  be 
observed  in  two  cases,  the  only  difference  being  that  the  emissivity 
of  the  radiating  surfaces  varies,  other  conditions  remaining  the 
same,  it  is  quite  correct  to  assume  that  the  losses  (a)  and  (6)  will 
be  the  same  and  that  the  difference  between  the  observed  rate  of 
loss  of  energy  in  the  two  cases  is  due  only  to  the  difference  in  the 
losses  by  radiation.  If,  now,  these  two  different  surfaces,  at  the 
temperature  of  boiling  water,  be  exposed  in  txmi  to  a  radiomicro- 
meter  at  the  room  temperature,  we  get  the  ratio  of  the  rates  of 
the  energy  radiated  by  the  two  surfaces. 

M  Keene,  Proc.  Roy.  Soc.,  88  A.,  p.  49;  1913.    Loadoa  Electrician,  70,  p.  541;  X9xa. 
^  Shakespear.  Proc  Roy.  Soc.  London,  86  A.  p.  x8o;  19x1. 
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In  the  experiments  a  plate  of  metal  with  a  silvered  surface  was 
heated  electrically  to  100®  C  and  close  to  it  was  another  plate, 
blackened  with  soot,  which  was  cooled  with  water.  Between  the 
plates  was  air  at  atmospheric  pressure.  Shakespeare  measured  the 
watt  input  in  order  to  maintain  the  plate  at  100°  when  (i)  the  surface 
of  the  plate  was  highly  polished,  and  (2)  when  it  was  blackened. 
He  measured  also  the  ratio  of  the  emissivities  of  the  plate  under 
these  two  conditions,  using  a  radiomicrometer  for  the  purpose. 
From  this  he  obtained  a  value,  <r\  in  absolute  tmits.  He  then  com- 
pared the  emissivity  of  the  lampblack  surface  at  100®  with  that 
of  a  black  body  at  the  same  temperature  by  means  of  a  radiomi- 
crometer. From  this  latter  comparison  combined  with  the  value 
of  <r'  he  fotmd  a  value  of  cr = S.67. 

From  this  description  it  may  be  noticed  that  the  essential  parts 
of  the  method  differ  from  that  of  Westphal  in  that  the  radiator 
was  a  flat  metal  plate  which  was  used  in  air  instead,  of  a  vacutmi 
and  the  black  body,  with  which  the  emissivity  of  the  plate  had  to 
be  measured,  was  separate  from  it;  while  in  Westphal's  instru- 
ment the  black  body  was  self-contained  within  the  metal  (in  the 
form  of  a  cylinder)  of  which  the  emissivity  of  the  surface  had  to 
be  measured.  / 

In  this  connection  is  to  be  considered  the  work  of  Todd  *•  who, 
working  on  the  thermal  conductivity  of  gases,  obtained  a  value 
of  the  constant  of  total  radiation  which  is  somewhat  lower  than 
that  of  Shakespear.  In  his  experiments  on  the  thermal  conduc- 
tivity of  gases,  Todd  used  a  layer  of  air  inclosed  between  two 
parallel,  good  conducting  plates,  which  were  maintained  at  differ- 
ent temperatures.  The  colder  plate,  of  course,  receives  heat  by 
radiation  and  by  conduction  through  the  air  from  the  hotter 
plate  which  is  above  it.  Communication  from  the  surrounding 
air  is  shut  off  by  an  insulating  ring,  and  the  two  plates  being  close 
together  in  comparison  with  their  linear  dimensions  the  convec- 
tion ciurents  are  eliminated.  He  determined  the  energy  lost  by 
radiation  by  varying  the  distance  x  between  the  two  plates  and 
noting  the  corresponding  variation  in  the  quantity,  Q,  of  heat 
passing  from  the  upper  to  the  lower  plate.    These  values  of  x  and 

**  Todd.  Proc.  Roy.  Soc.,  88  A,  p.  19;  1909. 
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Q  when  plotted  form  a  rectangular  h3rperbola  and  the  horizontal 
asymptote  gives  the  value,  /?,  of  the  radiation.  The  energy  input 
was  determined  by  a  calorimetric  method.  In  order  to  determine 
the  constant,  <r,  he  had  simply  to  find  the  ratio  of  emissivities  of 
the  blackened  plate  to  that  of  a  black  body  at  the  same  tempera- 
ture, for  which  purpose  a  radiomicrometer  was  employed.  The 
value  of  this  ratio  and  the  constants  obtained  in  the  main  part  of 
his  experiment  enabled  him  to  compute  the  radiation  constant 
which  he  fotmd  to  be  <r «  S,48. 

An  important  determination  of  the  Stefan-Boltzmaxm  constant, 
cr,  has  recently  been  made  by  Westphal  *•  in  the  laboratory  of 
Prof.  Rubens.  The  experiment  consisted  in  comparing  the 
emissivity  of  a  cylindrical  block  of  copper,  when  it  was  highly 
polished  and  when  it  was  blackened,  with  the  emissivity  of  a  black 
body  at  the  same  temperature.  The  novelty  involved  in  the 
method  is  in  having  the  black  body  contained  within  the  cylinder. 
The  copper  cylinder  was  heated  electrically,  and  to  reduce  the 
energy  losses  by  gaseous  heat  conduction  this  copper  cylinder 
was  suspended  in  a  glass  flask  from  which  the  air  could  be  ex- 
hausted to  I  mm  pressure.  The  outer  smiace  of  the.  cylinder 
was  either  highly  polished  to  give  it  a  low  emissivity  or  painted 
with  lampblack  to  give  it  a  high  emissivity.  .  The  end  surfaces 
remained  unchanged.  The  heat  losses  by  conduction  and  con- 
vection were  therefore  the  same  throughout  the  experiment  and 
the  difference  in  energy  input,  when  the  surface  of  the  cylinder 
had  a  high  emissivity  and  when  it  had  a  low  emissivity,  was  a 
measure  of  the  energy  lost  by  radiation. 

Using  the  surface  of  the  cylindrical  body  when  highly  polished, 
Westphal  proceeded  to  find  the  curve  of  watt  input  of  the  body 
between  the  temperattues  350®  and  425®  absolute  as  a  ftmction 
of  the  temperature.  Then  the  surface  of  the  body  was  brought 
to  a  high  emissivity  by  applying  in  succession  different  blackening 
materials,  and  the  energy  input  was  measured  at  different  temper- 
atures. 

The  emissivities  of  the  surface  and  of  the  interior  of  the  copper 
cylinder  were  compared  by  means  of  a  thermopile.    The  numerous 

*>  Westphal.  Vetli.  Phys.  Gesell..  14*  p.  987;  19x3. 
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details  need  not  be  discussed.  SuflSce  it  to  say,  that  the  work 
appears  to  have  been  thoroughly  done,  and  from  the  nature  of  the 
method  it  seems  free  from  gross  sy^ematic  errors.  His  mean 
value  is  (r»5.54. 

He  modified  the  original  apparatus  and  extended  the  observa- 
tion over  a  wider  range  of  temperature  with  a  view  to  increasing 
the  accuracy.  The  new  value  ••  agrees  well  with  the  earlier 
determination,  being  cr  »  5.57. 

Prom  this  summary  (see  Table  i)  it  is  of  interest  to  note  that 
the  predominating  values  of  the  coefiScient  of  total  radiation 
cluster  about  a  mean  value  of  (r»5.7.  In  this  coxmection  it  is  of 
interest  to  include  in  this  paper  a  theoretical  computation  by 
Lewis  and  Adams  ^  based  upon  the  elementary  electric  charge, 
E,  the  gas  constant,  R  and  the  Faraday  eqtdvalent,  F,  which 
gives  a  value  of  cr — 5.7. 

TABLB  1 

Observed  Value  and  the  Host  Probable  Value  of  fhe  Radiation  Constant  after  Cor- 
recting for  Reflection,  Atmospheric  Absorption,  etc. 
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1911 
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5.89 
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1915 

5.72 
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Bolomocer. 

Thennomeler. 

Thennopile* 

PyibeUometer. 

Ooo  oonductloii  eipli* 

Bolometer. 
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CoUbnted  pynnieter. 

Ratio  of  emiasbitleo,  metal:  Black  body. 
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Ratio  of  emlaaivltleo,  metal:  Black  body. 
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**  Westphal.  Vexli.  d.  Deutsch.  Phys.  Gesell .  16,  p.  897;  19x3. 
^  Iicwis  and  Adams,  Fhyacal  Review,  (a),  8,  p.  99;  1914. 


568  Bulletin  of  the  Bureau  of  Standards  [vu.  u 

U.  THE  PRESENT  DETERMINATION  OF   TfflS  CONSTANT 

In  the  foregoing  pages  the  various  methods  for  evaluating 
radiant  energy  in  absolute  measure  have  been  summarized.  Each 
method  appears  to  have  some  merits  not  possessed  by  others. 
The  ntunerical  value  of  the  coefficient  of  total  radiation  can  not 
therefore  be  selected  by  tising  a  method  which  may  give  a  value 
which  happens  to  fit  closely  a  given  theory ;  but  it  must  be  based 
ui>on  a  proper  weighing  of  all  the  data  at  hand.  It  has,  of  course, 
been  realized  all  along  that  the  **  value**  of  the  radiation  constant 
is  open  to  criticism  until  it  has  been  determined  with  apparatus 
in  which  both  the  emitter  and  the  receiver  fulfill  black  body  con- 
ditions." However,  the  work  already  done  can  not  be  brushed 
aside  by  pedantic  statements  of  this  kind.  It  is  an  easy  matter 
to  propound  the  conditions  of  operation.  It  is  an  entirely  dif- 
ferent matter  to  realize  these  conditions  in  practice  because  of  the 
mechanical  difficulties  in  construction.  Nearly  all  receivers 
hitherto  employed,  which  embodied  the  black-body  principle, 
have  been  unwieldy  devices,  slow  in  response  to  the  stimulus;  and 
they  have  been  inapplicable  as  pjo-ometers  for  routine  laboratory 
work.  The  bolometer  and  the  thermopile,  by  proper  calibration, 
can  be  used  as  a  pyrometer,  but  one  is  then  forced  to  rely  upon 
the  galvanometer  unless  one  devises  a  special  potentiometer  outfit 
for  measuring  the  heating  effect,  and  uses  a  special  device  for  a 
standard  of  radiation  for  testing  the  sensitivity  of  the  receiver. 

In  the  instrument  used  in  the  present  investigation  "  the  pri- 
mary receiver  and  the  standard  of  radiation  which  is  used  for 
testing  the  sensitivity  of  the  thermopile  and  galvanometer  are 
incorporated  in  one  piece.  The  electric  power  consumed  in  pro- 
ducing the  same  temperature  within  the  strip  as  was  produced  by 
the  absorption  of  radiant  energy  is  meastired  by  ordinary  labora- 
tory instruments.  The  loss  of  radiant  energy  by  reflection  from 
the  surface  of  the  receiver  (likewise  the  loss  by  conduction  from 
the  ends,  and  the  effect  of  thickness)  can  be  determined  experi- 
mentally. Conduction  and  convection  losses  of  energy  from  the 
surface  are  assumed  to  be  the  same  when  the  strip  is  heated  inter- 
nally as  when  it  is  heated  by  the  absorption  of  radiant  energy 
upon  one  surface. 

**  Keene,  Proc.  Roy.  Doc,  91*  p.  190;  19x5. 
w  This  BuUetin,  12,  p.  503;  19x6. 
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From  the  nature  of  the  construction  of  the  receiver  one  would 
expect  to  find  that  it  would  require  a  smaller  expenditure  of 
energy  when  the  strip  is  heated  internally  than  when  it  is  heated 
to  the  same  temperature  by  heating  one  surface  by  the  absorption 
of  radiant  energy.  One  would  therefore  expect  that,  barring 
experimental  errors,  the  value  of  the  radiation  constant,  deter- 
mined by  the  present  method,  is  smaller  than  the  true  value. 

A  very  thick  layer  of  lampblack,  especially  when  present  upon 
the  front  surface,  should  give  a  smaller  value  for  the  constant 
radiation  than  that  observed  with  a  thin  absorbing  layer.  In  a 
previous  paper**  it  was  shown  that  the  infra-red  rays  of  long 
wave  lengths  penetrate  the  absorbing  layer  to  k  considerable 
depth,  so  that,  for  complete  absorption,  the  layer  of  platinum 
black  must  be  of  considerable  thickness.  However,  from  the 
experiments  **  given  in  the  first  part  of  the  present  investigation, 
it  is  evident  that  the  observed  value  of  the  radiation  constant 
can  not  be  much  too  low,  excepting  in  the  case  noted  where  the 
front  surface  had  a  much  thicker  layer  of  lampblack  than  the  rear 
surface.  An  excellent  example  is  receiver  No.  7,  in  which  the  heat 
capacity  was  increased  to  such  an  extent  that  it  required  35  seconds 
to  attain  temperature  equilibrium.  The  thin  receivers  of  platinum 
attained  temperature  equilibritun  in  8  to  10  seconds  (the  delay  of 
1 5  seconds  was  due  to  the  lag  in  the  thermopile) ,  and  although  it 
required  about  four  times  as  long  to  attain  temperature  equilibrium 
in  receiver  No.  7,  the  value  of  the  constant  of  radiation  is  not 
affected  in  a  marked  degree  by  the  thick  layer  of  material.  One 
can  therefore  conclude  from  the  experiments  upon  receivers  vary- 
ing ID  times  in  thickness  that  the  difference  in  thickness  of  the 
metal  strips  and  of  the  absorbing  surfaces  has  only  a  minor  effect 
upon  the  radiation  measturements.  Although  the  various  receivers 
give  different  values,  there  is  a  remarkably  close  agreement  among 
the  determinations  made  with  any  one  receiver.  As  was  observed 
also  by  Gerlach,  the  amotmt  of  shadowing  of  the  receiver  by  the 
slits  had  an  inappreciable  effect  upon  the  value  of  the  constant. 

Having  eliminated  the  atmospheric  water  vapor  the  absorption 
of  radiant  energy  was  reduced.  Furthermore,  the  distance  of  the 
receiver  from  the  radiator  was  short,  and  it  was  varied  from  30 

«*  This  BnUetm,  9*  p.  s8o;  1913. 
»  This  Bulletin,  12,  p.  503;  X916, 
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to  50  cm.  Throughout  this  range  the  value  of  the  radiation  con- 
stant was  not  affected  by  the  absorption  of  atmospheric  water 
vapor.  However,  when  the  water  vapor  was  not  removed  the 
value  of  the  constant  a  was  decreased  as  a  result  of  absorption  of 
infra-red  radiations  of  long  wave  lengths,  as  will  be  described  in  a 
subsequent  page.  Kurlbaum  and  Valentiner  used  much  greater 
distances  between  the  receiver  and  the  radiator,  which  no  doubt 
affected  their  results,  as  already  described. 

1.  CORRBCTION  FOR  LACK  OF  BLACKlfBSS  OF  THB  RADIATOR 

There  have  been  discussions  as  to  the  proper  dimensions  of  the 
interior  of  the  radiator  to  insure  completeness  of  emission  as 
defined  theoretically.  The  main  diflSculty  with  large-sized  radia- 
tors, heated  to  a  high  temperature,  is  that  they  are  clumsy, 
unwieldy  devices  which  are  slow  to  reach  a  steady  temperature; 
and  it  is  di£5cult  to  establish  a  uniform  temperature  throughout 
their  interior.  It  has  not  yet  been  shown  that  there  is  a  marked 
difference  (if  any)  in  the  radiation  constant  as  determined  from 
measurements  upon  a  large-sized  radiator  (heated  by  a  steam 
bath)  and  a  small-sized,  blackened,  tubular,  porcelain  radiator 
of  the  Lummer-Kurlbaum  tjrpe,  heated  to  1000°  C  or  higher. 
The  work  of  Valentiner  seems  quite  conclusive  on  this  point. 
For  the  calibration  of  optical  pyrometers  and  for  radiation  work 
in  general  the  tubular  form  of  radiator  is  the  most  applicable 
instrument  yet  devised.  It  is  therefore  desirable  to  determine 
the  correction  for  lack  of  blackness  of  such  a  radiator.  In  a  pre- 
vious paper  '*  it  was  found  that  the  constant  of  spectral  radiation 
from  painted  and  unpainted  porcelain  radiators  was  the  same, 
indicating  that  the  radiator  had  the  properties  of  a  "gray  body" 
even  if  it  did  not  fulfill  the  condition  of  a  theoretically  complete 
radiator.  The  experiments,  about  to  be  described,  show  that  the 
radiations  from  a  blackened  porcelain  tube  radiator  approach  very 
closely  to  the  theoretically  complete  radiator. 

The  coefficient  of  total  radiation  was  determined  for  a  new 
unpainted  Marquardt  porcelain  radiator  and  for  the  blackened 
radiator,  prepared  as  described  in  the  paper  just  quoted.  Both 
radiators  were  heated  radiometrically  by  means  of  the  outer  heat- 

•* This buUetm,  10,  p.  a;  1913. 
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ing  coil  described  in  the  paper  just  quoted.  In  this  manner  the 
new  unpalnted  porcelain  radiator  did  not  require  winding  with 
platinum  ribbon.  In  the  unblackened  radiator  the  front  thermo- 
couple was  bare  along  the  line  of  contact  across  the  radiating  sur- 
face which  had  a  reflecting  power  of  about  58  per  cent.  (See 
Table  3  ".)  The  value  of  the  constant  differs,  if  at  all,  by  less 
than  I  per  cent  from  that  observed  with  the  blackened  radiator, 
as  may  be  seen  from  Table  2. 

TABLB  2 

DifFer«nce  in  Smissivity  of  an  Unblackened  and  a  Blackenad  Radiator 

(Reoeiver  No.  11  Oeiic;th-22U{89  mm,  width-6.481  mm);  diaphragm  No.  3  (d-8.967  mm);  ezodlent  ooal- 

ing  of  platinum  black] 

UNPAmTBD  RADIATOR 


Series 


CZLVm. 


CL. 


CLI 


DiateoM 

Tempsntim 

Coeffldeiit 
of 

U 

ti 

ndlatlDii. 

irX10»« 

www 

•c 

•c 

377.0 

IS.  5 

1078.0 

S.S72 

.1 

.  566 

.3 

.572 

419l4 

l&O 

1078.7 

5.592 

.7 

.591 

.7 

.603 

475.7 

16.0 

1078.6 

5.557 

.4 

.560 

.2 

.565 

442.9 

16.0 

1078.1 

5.569 

7.9 

.585 

Mean  value  «^->5.576X10-"  watti  cm-^  der«. 

pahttbd  radiator 


GUI 


cun. 


CUV. 


Mean  vaitte  ^-5.622X10->s  watta  cm^t  deg-^. 
A«^-0.046. 


379.8 

17.0 

1082.0 

5.610 

1.2 

.620 

.0 

.637 

417.6 

17.0 

1064.0 

5.637 

.0 

.625 

3.7 

.627 

446.5 

17.0 

1064.5 

5.605 

.5 

.614 

»  This  bttUetin,  1£,  p.  saj;  1916. 
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The  lack  of  blackness  of  the  radiator  has  been  discussed  by 
Wien  and  Lummer,"  who  give  a  method  for  computing  the  cor- 
rection for  the  opening  in  the  radiator,  on  the  assumption  that  the 
inclosure  is  spherical  and  diffusely  reflecting.  The  amotmt  of 
energy  that  can  escape  by  diffuse  reflection  through  the  opening  is 
determined  practically  by  the  size  of  the  opening  as  compared 
with  the  total  area  of  the  interior  of  the  radiator.  In  the  porce- 
lain tube  radiator  used  in  the  present  work  the  interior  is  imiformly 
heated  over  a  length  of  8  to  10  cm.  However,  for  the  purpose  of 
the  present  computation,  a  length  of  only  2.5  cm,  which  is  defined 
by  the  first  diaphragm,  is  considered.  The  diameter  of  the  tube 
is  3  cm  and  that  of  the  hole  in  the  inner  diaphragm  is  2  cm.  The 
area  of  the  inclosure  is  37.6  cm  ^  and  that  of  the  opening  is  3.  i  cm.' 
On  the  basis  that  the  reflecting  power  of  the  interior  of  the  radiator 
is  7  per  cent  (see  Table  3"  <*)  the  loss  of  energy  by  diffuse  reflection 
through  the  inner  diaphragm  is  0.63  per  cent.  Using  the  un- 
painted  Marquardt  porcelain  having  a  reflecting  power  of  58  per 
cent  (see  Table  3  ^^) ,  the  loss  of  energy  by  diffuse  reflection 
through  the  opening  in  the  black  body  would  be  about  11.5  per 
cent.  In  other  words,  the  values  of  the  radiation  constant  as 
determined  on  the  blackened  and  the  unblackened  radiator  should 
differ  by  about  1 1  per  cent  on  accoimt  of  the  lack  of  "  blackness  " 
of  the  unpainted  radiator.  This  is  entirely  at  variance  with  the 
experimental  determinations,  which  show  a  difference  in  blackness 
of  less  than  i  per  cent.  These  computations  are,  of  course,  open 
to  criticism  because  the  inclosure  is  not  spherical.  However,  the 
diffuse  reflection  and  emission  within  a  cylindrical  inclosure  can 
hardly  differ  from  that  of  a  spherical  inclosure  by  an  amount 
indicated  by  the  computations.  Furthermore,  these  computations 
are  based  upon  reflecting  power  data  obtained  at  room  tempera- 
ture. There  are  good  reasons  for  believing  that  the  reflecting 
power  of  porcelain  and  especially  of  (the  black)  oxides  decreases 
with  rise  in  temperature ;  for  it  is  well  known  ^  that  their  total 
emissivity  increases  with  rise  in  temperature,  that  they  become 
better  electrical  conductors,  that  their  emission  spectra  become 

"  Wien  and  Lummer,  Ann.  der  Phys.,  (3),  66,  p.  450;  1895. 
»•  This  bulletin.  H,  p.  533:  X9i6. 

*  See  recent  pApen  by  Randolph  and  Overholzer,  Phys.  Rev.,  (3).  8 ,  p.  244, 19x3;  by  Btuvess  and  Pootef 
this  bulletin,  11,  p.  42,  29x4;  and  by  Poote,  this  Bulletin.  11,  p.  607, 1915. 
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more  continuous,  etc.     All  these  factors  *^  indicate  a  decrease  in 

internal  reflection  and  hence  a  decrease  of  the  diffuse  reflection 

approaching  a  value  of  about  4  per  cent,  which  is  the  average 

reflectivity  of  a  plane  surface  of  a  vitreous  substance.     The  meas-  | 

usements  made  by  Rubens  *^  oil  a  gas  mantle,  when  cold  and  when 

heated  to  incandescence,  show  a  marked  decrease  in  reflecting 

power  with  rise  in  temperature.    This  is  an  extreme  case  in  which 

but  little  change  in  reflectivity  is  to  be  expected  in  view  of  the 

fact  that  the  electrical  conductivity  of  the  gas  mantle  increases 

but  little  with  rise  in  temperature. 

From  the  foregoing  it  appears  that  the  correction,  if  any,  for 
lack  of  blackness  of  the  radiator  used  in  this  work  is  not  greater 
than  0.5  per  cent.  In  other  words,  the  mean  value  of  the  radia- 
tion constant  is  to  be  increased  by  0.03  per  cent,  which  is  less 
than  the  range  in  the  values  of  the  various  measurements  due  to 
experimental  errors  and  due  to  variation  humidity. 

2.  CORRECTION  FOR  ATMOSPHERIC  ABSORPTION 

The  amount  of  carbon  dioxide  in  the  atmosphere  is  sufficient  to 
produce  an  appreciable  absorption  in  the  spectral  regions  at  2.7, 
4.2,  and  14  M-  Water  vapor  has  a  much  greater  absorption  than 
COs  throughout  the  spectnun  from  1.4  to  100  /x.  A  radiator 
heated  to  1000^  emits  more  strongly  radiations  of  all  wave  lengths 
throughout  the  infra-red  spectrum  to  100  fi,  and  consequently  the 
effect  of  atmospheric  absorption  becomes  appreciable  even  at  a 
distance  30  to  40  cm  from  the  radiator. 

In  the  present  investigation  the  air  path  between  the  receiver 
and  the  radiator  was  inclosed  and  the  water  vapor  was  removed 
by  means  of  phosphorous  pentoxide.  Most  of  the  observations 
were  made  in  February  and  March,  when  the  hiunidity  was  low. 
The  drying  material  was  placed  in  the  inclosure  the  evening  pre- 
ceding the  day  the  observations  were  made,  and  the  following 
morning  it  wotdd  be  fotmd  that  but  little  of  the  phosphorous 
pentoxide  had  been  affected  by  the  moisting,  showing  tiiat  the 
moisture  had  been  eliminated.  However,  the  tests  now  to  be 
described  were  made  in  Jime,  when  the  vapor  pressure  was  high, 
and  the  phosphorous  pentoxide  placed  in  the  inclosure  in  the 

M  This  bulletin,  4 ,  p.  s^iftt  P- 159, 1908. 

**  Rubens.  Bull.,  des  Seances  Soc.  Pnnc.  de  physique;  1906. 
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evening  preceding  the  test  was  found  entirely  dissolved  the  fol- 
lowing morning.  The  radiation  constant  determined  then  with  a 
certain  receiver  (No.  12,  series  CLXXIV  et  seq.,  Table  3)  was 
much  lower  than  observed  when  the  hiunidity  was  lower.  It  is 
therefore  concluded  that  although  fresh  drying  material  was  pro- 
vided about  an  hour  before  begiiming  observations  there  was  suf- 
ficient moisture  present  to  affect  the  value  of  the  radiation 
constant.  This  is  well  illustrated  in  Table  3,  series  CLXXX  (and 
in  Table  5,  series  CLV  to  CLXII,  given  in  this  bulletin,  12,  p.  540). 
As  already  mentioned,  when  the  moisture  was  removed  from 
the  intervening  space  between  the  radiator  and  the  receiver  the 
radiation  constant  was  independent  of  the  distance.  This  is  true 
especially  in  cases  where  the  measurements  were  first  made  at  the 
longest  distance  (after  the  air  had  been  dried  overnight)  and 
then  the  distance  reduced.  In  cases  where  the  measurements 
were  made  at  the  shortest  distance,  moist  air  would  enter  when 
increasing  the  distance,  and  the  constant  might  be  lower,  owing 
to  the  fact  that  sufficient  time  had  not  elapsed  in  order  to  remove 
all  the  moisture. 

TABLB  3 


Effect  of  Atmospheric  Moistuie  on  tlie  Rtdistioii  Coiurtiiit 

la;  are*  receiver  [M.385X6.396H  ut-^cB  hbb^ 

Stttot 

J>aU 

Dtatmoe 

Tttnpentiire 

Coeffl- 

cisiilol 

mdJatloo 

irXlOtt 

Ronaiks 

t« 

ti 

•c 

•c 

CLXXIV 

June    5,191S 

1238.9 

20.2 

1077.9 

5.328 

No  tabe;  vapor  pwiouro  1L21 

.6 

.325 

mm. 

5.4 

.359 

rr.TTv 

June    7,1915 

1238.7 

21.0 

1061.0 

5.104 

No  tabe;  v<por  pnman  UM 

.2 

.114 

.3 

.213 

.3 

.213 

.2 

.209 

0.9 

.239 

GLZZVI 

do 

1238.7 

21.1 

1077.7 

5.178 

No  tube;  ThennopUo  lowered 
1  cm  below  optic  nil* 

.9 

.186 

. 

.8 

.218 

.4 

.180 

.4 

.189 

.2 

.213 

.2 

.196 

.3 

.198 
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TABLE  i— Cotttinued 


Date 


Juno    7,191S 


CLZza. 


CLZZXI. 


CLzzzn. 


dzzzm. 


.do 


JuM    9,1915 


.do 


.do 


.do 


DIataiiGO 

Tompenture 

Coeffl- 

dentoi 

ladtatiQO 

mm 

U 

ti 

•c 

•c 

503.8 

2LI 

1076.1 

5.423 

5.9 

.407 

.8 

.441 

.7 

.438 

.8 

.453 

.8 

.437 

3S&6 

21.0 

1075.3 

5.509 

.1 

.499 

4.7 

.512 

.7 

.512 

52t2 

25.5 

1061.7 

5.496 

.7 

.512 

.6 

.526 

.7 

.531 

.7 

.537 

.9 

.538 

521.2 

25.2 

1062.4 

5.535 

.3 

.543 

.4 

.544 

.1 

.564 

.1 

.532 

L9 

.558 

2.0 

.550 

• 

.1 

.534 

52L2 

25.2 

1062.3 

5.419 

.5 

.419 

.5 

.415 

.5 

.421 

52t2 

25.2 

1073.2 

&408 

.4 

.448 

.3 

.412 

2.8 

.396 

.6 

.391 

3.0 

.379 

S2L2 

212 

1072.6 

5.445 

2.7 

.420 

3.0 

.399 

.0 

.415 

.1 

.411 

Romofks 


No  tube. 


Do. 


With  tabe;  drying  moterial 
(in  30  mlnuteo). 


With  tabe;  drying  materiel 
(in  2  Iwiixe). 


No  tabe. 


With  tabe; 
riaL 


90  diyiug 


No  tabe. 


The  measurements  of  the  radiation  constant  through  humid  air 
are  given  in  Table  3.  The  receiver  was  aligned  in  front  of  the 
water-cooled  diaphragm  by  means  of  a  long,  straight,  especially 
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prepared  brass  tube,  as  described  in  the  previous  paper.**  How- 
ever, fearing  that  the  vapors  from  the  blackened  diaphragms 
within  this  tube  might  affect  the  results,  the  connecting  tube  was 
removed  after  making  the  alignment.  The  measurements  are 
therefore  somewhat  affected  by  air  currents  on  the  thermopile. 
On  June  s  (see  Table  3)  the  air  temperature  was  2i?4  C  and 
the  vapor  pressure  was  11. 21  mm.  The  weight  of  water  was, 
therefore,  1 1  grams  per  cubic  meter.  The  next  day  the  air  tem- 
perature was  22?6  and  the  vapor  pressure  was  14.05  mm,  equiva 
lent  to  13.7  grams  of  precipitable  water  per  cubic  meter.  For 
this  higher  vapor  pressure  the  radiation  constant  (series  CLXXV) 
is  about  2  per  cent  lower  than  that  observed  through  a  lower 
vapor  pressure.  The  same  result  was  obtained  after  lowering  the 
receiver  i  cm  below  the  axis  of  the  rays  showing  that  the  align- 
ment was  not  at  fault.  Decreasing  the  distance  from  124  cm  to 
36  cm  increased  the  radiation  constant  from  (r"5.21  to  a- » 5.51, 
i.  e. ,  almost  6  per  cent.  Ftuther  tests  were  made  with  and  without 
the  inclosing  tube  (series  CLXXXI  to  CLXXXIII)  to  show  that 
there  was  no  reflection  from  the  inclosure.  This  showed  that  the 
lower  value  for  the  radiation  constant,  observed  when  the  mois- 
ture was  not  removed,  is  due  to  the  presence  of  water  vapor. 
This  is  well  demonstrated  in  series  CLXXIX,  which  gives  the 
value  of  o-^  5.496,  after  the  air  had  been  dried  for  about  one-half 
hoiu*  and  the  gradual  increase  in  this  value,  with  each  new  de- 
termination, to  (T «  5.538  at  the  end  of  another  half  hour.  After 
two  hours  drjring  of  the  air,  the  value  increased  to  (r  —  5.55  or  an 
increase  of  2  per  cent  (<r=»S.41  in  air)  by  removing  the  greater 
part  of.  the  moisture  from  a  column  of  air  52  cm.  in  length.  The 
highest  value  observed  is  no  doubt  still  too  low,  because  of  the 
presence  of  moisture  as  already  explained,  for,  in  earlier  observa- 
tions made  with  this  same  receiver,  the  value  was  a- =5.65,  or  a 
2  per  cent  higher  value,  which  is  not  attributable  entirely  to  ex- 
perimental  errors  in  readjusting  the  apparatus.  Further  data, 
showing  the  great  effect  of  the  presence  of  water  vapor  upon  the 
value  of  the  radiation  constant,  are  to  be  found  in  Table  5,  receiver 
No.  II,  series  CLV  to  CLXII,  given  in  this  Bulletin  12,  p.  540, 

^  This  bulletin.  12,  p.  5x7;  Z916. 
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in  which  there  is  a  variation  of  2  to  3  per  cent,  depending  upon 
the  presence  of  moisture. 

The  data  at  hand  indicate  conclusively  the  serious  effect  of  the 
presence  of  water  vapor  upon  radiation  measurements.  This  is,  of 
course,  not  entirely  new,  f or  Tyndall  (and  recently  Fowle)  had 
made  similar  measurements.  However,  in  the  measurements  of 
the  coefficient  of  total  radiation  summarized  on  a  preceding  page, 
experimenters  heretofore  did  not  make  any  correction  for  atmos- 
pheric absorption  which  was  about  as  large  as  the  range  (2  to  3 
per  cent)  in  their  radiometric  measiu-ements.  In  the  present  in- 
vestigation, the  moisture  having  been  removed  from  the  optical 
path,  the  correction  for  absorption  is  negligible;  although  there 
are  indications  that  some  of  the  variations  in  the  observations 
may  be  attributable  to  the  presence  of  moisture  in  the  air.  From 
this  subsidiary  investigation  it  is  quite  evident  that  it  is  desir- 
able to  perform  the  whole  radiation  experiment  in  a  vacuum.  In 
a  future  paper  it  is  hoped  to  contribute  fiulher  to  this  subject, 
in  view  of  the  fact  that  the  data  on  the  radiation  constant  will 
be  obtainable  incidentally  from  measurements  upon  a  vacutun 
ftmiace  the  temperature  of  which  will  be  measured  by  means  of 
an  absolute  thermopile  of  the  type  just  investigated.  For,  as 
stated  in  the  beginning  of  the  preceding  paper,  the  object  of  the 
investigation  was  the  production  of  a  radiation  pyrometer  suit- 
able for  refined  radiometric  investigations. 

3.  SUMMARY 

The  first  part  of  this  paper  gives  a  summary  of  the  methods 
used  and  the  values  of  the  constant  of  total  radiation  obtained  by 
various  observers.  Corrections  for  losses  by  reflection,  for  atmos- 
pheric absorption,  and  for  lack  of  blackness  of  the  radiator  were 
applied.  After  making  these  corrections  to  the  most  reliable 
measurements  the  large  variations  in  the  radiation  constant  have 
disappeared,  giving  a  value  of  the  coefficient  which  is  of  the  order  of 

cr«  5.7  X 10-"  watt  cm"*  deg."*. 

This  paper  gives  also  the  correction  (about  i  per  cent)  for  lack  of 
''blackness"  of  the  radiations  from  an  tmpainted  porcelain  tube 
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radiator  and  for  the  atmospheric  absorption  in  1.2  m  of  air  con- 
taining a  determined  amotmt  of  water  vapor,  the  radiator  being  at 
about  1050^  C.  The  data  obtained  in  a  previous  paper  have  been 
corrected  for  losses  by  diffuse  reflection  from  the  receiver  and  com- 
bined to  give  a  value  of  the  coefficient  (the  so-called  Stefan-Boltz- 
mann  constant)  of  total  radiation  from  a  black  body,  as  deter- 
mined by  means  of  an  absolute  thermopile  of  the  type  previously 
described.  The  correction  applied  to  all  the  data  for  diffuse 
reflection  is  taken  as  being  1.2  per  cent.  This  correction  may  be 
0.1  to  0.2  per  cent  too  high  for  lampblack,  but  it  will  eliminate,  in 
part,  atmospheric  absorption  and  the  possible  lack  of  blackness  of 
the  radiator. 

Of  the  13  receivers  used,  3  were  known  to  be  defective,  and 
receiver  No.  4  (which  was  one  of  these  3)  was  used  mainly  for  rela- 
tive measurements  on  the  effect  of  using  water-cooled  diaphragms 
having  different  openings.  The  mean  value  of  the  radiation 
constant  (corrected  by  1.2  per  cent  for  reflection)  as  determined 
by  1 2  receivers  and  representing  348  pairs  of  measurements  is 


<r=  5.75  X  lo""  watt  cm-'  deg.-*. 


If  we  exclude  receivers  Nos.  8  and  9,  which  is  pennissible  in  view  of 
the  fact  that  they  were  known  to  be  defective,  the  value  of  the 
coeflGLcient  of  total  radiation,  representing  the  mean  of  304  pairs 
of  determinations,  is 

<r=»  5.72  X  lO""  watt  cm-*  deg.-^. 

which  is  but  little  smaller  than  the  value  obtained  for  all  the 
receivers.  This  value  is  based  upon  the  mean  of  all  the  data 
tabulated  in  Table  5  of  this  Bulletin,  Vol.  1 2,  page  531 ,  excepting  the 
measurements  (marked  with  an  asterisk)  in  which  there  was  no  slit 
in  front  of  the  receiver,  in  which  moisttu'e  was  present,  and  in  which 
an  tmblackened  radiator  was  used.  All  the  determinations  are  given 
the  same  weight  in  finding  the  mean  value.  Each  tabulated  value 
represents  two  sets  of  measurements,  each  one  of  which  is  a  com- 
plete determination  consisting  of  5  to  10,  or  more,  readings  when 
the  receiver  was  heated  electrically  and  when  it  was  heated  radio- 
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metrically.    Prom  the  data  at  hand  it  appears  that  the  value  of 
the  radiation  constant  is  of  the  order  of 

<r  =  5.72  X  ID""  watt  cm-*  deg.-* 
or 

{r«  1.365  X  ID""  gr  — cal  cm*'  deg.-^ 

Using  Planck's  equation  and  Millikan's  value  of  the  tmit  electric 
charge,  this  value  of  the  constant  of  total  radiation  indicates  that 
the  constant  of  spectral  radiation  is  c«  14320  cm.-deg. 

Washington,  July  2,  1915.^* 

**  Since  this  pftper  has  been  written  Warburg  and  MOUer  (Ann.  der  Phys.,  48, 4x0, 19x5)  have  published 
a  vahie  of  the  spectral  radiation  constant  which  is  of  the  order:  CX4300.  This  seems  to  indicate  a  re- 
narkabk  agreement  between  theory  and  experiment;  cspedaUy  so,  in  view  of  the  great  di&cultieft 
cncoontered  in  the  experimental  work. 


NOTE  I:  ON  STANDARDS  OF  RADIATION 


The  foregoing  researches  mark  what  is  hoped  to  be  the  begin- 
ning of  real  progress  in  the  measurement  of  radiant  energy  in 
absolute  value,  especially  the  determination  of  the  mechanical 
equivalent  of  light  (that  is,  the  evolution  of  the  visible  radiations, 
" light,*'  in  absolute  measure),  which  research  was  authorized 
and  undertaken  four  years*  ago.  In  the  meantime  various 
subsidiary  researches  have  been  finished,  including  (i)  the  design 
and  construction  of  a  spectrometer'  with  triple  achromatic 
lenses  of  special  construction  by  Zeiss;  (2)  the  investigation  and 
construction  of  thermopiles  and  an  illuminator  attachment*  to 
the  spectroscope  for  measuring  light  stimuli ;  (3)  the  investigation 
of  the  loss  of  radiant  energy  by  diffuse  reflection  *  from  the  sur- 
face of  the  radiometer;  (4)  the  investigation  of  light  filters* 
which  absorb  all  the  infra-red  rays;  (5)  the  selective  emission* 
of  the  mercury  in  quartz  arc  and  the  acetylene  flame;  (6)  the 
preparation  of  standards  of  radiation '  for  calibrating  the  radio- 
meter in  absolute  measure;  and  recently  (7)  the  determination 
of  the  coefficient  of  total  radiation*  of  a  black  body.  This 
includes  the  development  of  an  instrument  for  accurately  eval- 
uating weak  sources  of  radiant  energy  in  absolute  measure. 

In  the  absence  of  reUable  apparatus  of  sufficient  sensitivity 
for  evaluating  visible  radiant  energy,  "  light,**  in  absolute  measure, 

I  This  Bulletin,  7,  p.  66i;  191  x. 
s  This  Bulletin,  7,  p.  243;  1911. 

*  This  Bulletin,  11,  p.  154;  19x4. 
<  This  Bulletin,  9,  p.  383;  1913. 

*  This  Bulletin,  7,  p/  655, 1917;  9,  p.  xxo,  19x3. 

*  This  Bulletin,  9,  p.  97;  19x2.  For  data  on  the  acetylene  flame,  see  this  Bulletin,  7,  p.  943.  1911;  9»  p. 
98,  Z9ia.  A  further  investigation  was  made  of  the  energy  distribution  of  the  acetylene  flame,  radiating 
flatwise  and  edgewise  into  a  mirror  spectrometer  and  also  Into  a  spectrometer  with  lenses  having  excdlent 
optical  corrections.  In  a  forthcoming  paper  new  data  will  be  given  which  will  supercede  the  data  pre- 
viously published. 

7  This  Bulletin,  11,  p,  87: 19x4.  Copies  of  these  radiation  standards  have  been  used  since  then  by  Nut- 
ting (Trans.  Ilium.  Eng.  See..  9,  p.  633;  19x4)  and  by  Ives,  CoblenU  and  Kingsbury  (Phys.  Rev.,  6,  p. 
969;  X915)  in  preUminary  measurements  on  the  mechanical  equivalent  ci  lij^t. 

*  This  Bulletin,  12,  pp.  503  and  553,  19x6. 
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it  seemed  best  to  prepare  the  above-mentioned  standards  of  radi- 
ation (consisting  of  seasoned  incandescent  lamps)  by  comparing 
their  radiations  with  that  of  a  black  body  on  the  assmnption  that 
the  coefficient  of  total  radiation  of  the  latter  is  <r  =  5.7Xio~" 
watt  per  cm*  per  degree*.  The  foregoing  research,  which  gave  a 
value  of  <r— 5.72X10""",  shows  that  the  assmned  value  is  close 
to  the  experimentally  determined  value  of  various  observers. 

The  determination  of  the  mechanical  equivalent  of  light,  pri- 
marily of  monochromatic  spectral  lines,  was  undertaken  some 
years  ago  when  the  problem  was  presented  to  provide  standards 
of  radiation  for  calibrating  the  radiometers  which  are  used  in 
evaluating  light  stimtdi  in  absolute  measure.  These  light  stimtdi 
are  being  used  by  psychologists,  physiologists,  and  physicists  in 
researches  often  involving  photometric  measurements.  The  sim- 
plest method  of  calibrating  the  radiometer  would  therefore  seem 
to  be  to  photometer  and  radiometer  a  standard  spectral  line  of 
known  mechanical  equivalent.  .Then,  knowing  the  candlepower, 
the  energy  value  is  known  in  absolute  measm-e  and  by  exposing 
the  radiometer  (say  a  thermopile)  to  this  spectral  line  the  instru- 
ment is  calibrated  for  all  light  stimtdi  of  which  the  energy  value 
is  to  be  determined.  The  above-mentioned  incandescent  lamp 
radiation  standards  were  further  investigated  and  restandardized 
recentiy,  and  used  in  an  investigation  of  tiie  mechanical  equivalent 
of  light.*  In  this  manner  a  tentative  value  was  obtained  for  the 
relation  between  the  candlepower  and  the  radiation  of  the  green 
mercury  line.  Unfortunately,  through  a  nusunderstanding  as  to 
the  thickness  of  the  absorption  cells  used  in  part  of  this  work, 
some  of  the  data  are  rendered  tmcertain  by  the  presence  *®  of 
infra-red  radiation.  It  is  therefore  not  advisable  to  use  this  data 
for  an  accurate  calibration  of  a  radiometer  by  means  of  the  green 
mercury  line.  However,  as  a  check  on  one's  work,  in  addition 
to  the  calibration  with  the  incandescent  lamp  radiation  standard, 
a  rough  test  could  be  made  with  the  green  mercury  line  on  the 
basis  that  i  cp  «  0.02  watt. 

*  !▼«•,  Cobkntz.  and  Kingsbitry,  Phys.  Rev.,  ft,  p.  069;  1915. 

>*  The  abeofptiaa  cell  was  z  cm  ia  thickness  instead  of  the  writer's  spedficatians  of  a  cm  as  given  in  this 
Bulletin,  7,  i>.  655,  Z9xx;  9,  p.  zzo,  Z9X9. 
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In  view  of  the  f  afct  that  the  writer's  investigation  of  the  mechan- 
ical equivalent  of  light  has  been  in  progress  for  soine  years,  and, 
as  already  stated,  much  of  the  preliminary  work  is  already  com- 
pleted, the  suggestion  ^^  that  this  problem  and  the  allied  one  of 
determining  the  visibility  of  radiation  should  be  investigated  at 
this  Btureau  is  somewhat  belated,  although  welcomed  as  indicat- 
ing the  demand  for  such  data.  Most  of  the  subsidiary  problems 
have  now  been  worked  out,  excepting  perhaps  the  question  of  the 
method  of  photometry.  The  psychologist  and  the  physicist  differ 
as  to  photometric  procedtu^,  the  former  claiming  that  the  equal- 
ity of  brightness  method  of  photometry  is  the  only  one  that  will 
give  a  true  evaluation.  The  physicist,  however,  finds  that  the 
fiicker  method  is  the  more  precise.  The  main  outstanding  ques- 
tion, which  involves  other  investigations  as  well  as  the  mechanical 
equivalent  of  light,  is  the  photometric  procedtue. 

Washington,  November  20,  19?  5. 

■'  ■ '  i  III  I     I      I    ■ 

"  Itcs,  Txsns.  Ilium.  Bag.  Soc.,  10,  p.  jx8, 1915;  Fhys.  Rer.  (a),  6,  p.  jja,  191$, 


ILLUMINATION  FROM  A  RADIATING  DISK 


By  Paul  D.  Foote,  Assistant  Physicist 


Some  time  ago  there  appeared  in  the  transactions  of  the  Illu- 
minating Engineering  Society  a  discussion  of  the  illimunation 
produced  by  a  diffusely  and  uniformly  radiating  circular  disk 
at  any  point  in  space  on  a  surface  parallel  to  the  disk.^ 

The  integral  there  obtained  is  incorrect  and  the  approximation 
method  given  in  detail  is  not  warranted,  since  the  correct  solu- 
tion is  very  readily  obtained  and  is  much  simpler  and  more  con- 
venient to  use  than  the  approximation  formula  presented  in  the 
paper  above  referred  to.  Very  possibly  the  solution  of  this  prob- 
lem has  appeared  in  various  journals,  but  it  seemed  worth  while 
to  call  attention  to  the  question  at  the  present  time. 

RBRRRING  TO  HG.  1 

Problem:  To  find  the  illumination  E  due  to  a  circular  disk  of 
uniform  brightness  i  and  radius  a,  at  any  point  in  space  on  a  sur- 
face parallel  to  the  disk. 
Assumptions:  (i)  Diffuse  radiation  and  hence  the  validity  of 

Lambert's  cosine  law. 
(2)  Inverse  square  law  for  infinitesimal  points. 
Notation:  OC  « perpendicular  to  the  disk  at  its  center. 

D  "  point  at  which  the  illtmiination  is  desired. 
X « perpendicular  from  D  to  line  OC,  i.  e.   =  dis- 
tance of  D  from  axis  of  symmetry. 
K  "  perpendicular  distance  of  D  from  plane  of  disk. 
Other  quantities  are  evident  from  Fig.  i . 

1  Jones,  IlL  Bns.  Soc.  Trans.,  6,  p.  aSi;  1910. 

S«3 


584 


Bulletin  of  the  Bureau  of  Standards 


(FW.if 


E^ —  due  to  element  dw  at  B. 


pa  (*2x 


{dw  =  pdj/dp) 
f>d\l/dp 


p2  4-  /f  3  —  2xp  sin^) ' 

Put  cos  a = sin  ^  and  integrate  in  respect  to  da. 
hetP^x^+p^+K\ 
(2=  -2xp 

da 


E^i 


pdpi    ■ 

o  Jo 


{P+Q  COS  ay 


Fig.  1 


P*  must  be  greater  than  Q^  for  any  possible  combination  of 
variables  or  constants,  U  K>o  when  x<a.    Hence: 

Ppdp 


^2iriK^r 


PvLtA^x'+K^ 

B^-2(x'-K^) 
Let  y  =p* 


K>o  when  x<a 
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Then: 

ydy 


^-^"^X"(/.--Hgt+r-)'^"^'IV 


illumination  at  any  point  in  space  on  surface  parallel  to  the  disk, 
except  K=^o  when  x<a. 

SPECIAL  CASES 

Problem:  Illumination  at  point  on  a  line  perpendicular  to  disk 
from  a  point  on  the  circumference  of  the  disk,  i.  e.,  x » a. 

Problem:  Illumination  at  point  on  a  line  perpendicular  to  disk 
at  the  center,  i.  e.,  x^o. 

which  is  the  form  derived  by  Hyde.^ 

As  a  particular  example,  let  iri/2  =  i  imit,  and  a  ==  i  unit. 

For  equation  (i)  let  jc  =  i.i  imits  and  let  it  be  desired  to  obtain 
the  illumination  at  various  distances  K  along  a  line  parallel  to 
the  axis  of  S3mimetry  but  distant  i .  i  tmits  from  it. 

By  equation  (2)  the  illtmiination  is  obtained  at  various  dis- 
tances K  along  a  line  parallel  to  the  axis  of  symmetry  but  distant 
from  it  by  i  unit. 

By  equation  (3)  the  illumination  along  the  axis  of  sytmnetry 
is  given.  These  three  equations  take  the  following  form  for  the 
above  special  conditions. 

t  if +0.21  ~\ 

I  —    ir^,  .  |M^>  .       =       (no  restriction  on  K) 

V/f*  +  4.42  A* +0.0441  J  ^ 

*Hyde.  this  Bulletin.  S,  p.  88;  1907. 
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These  three  curves  are  represented  graphically  by  Fig.  2.  The 
general  equation  derived  above  does  not  hold  for  K^o  when 
x<a,  but  is  correct  for  any  distance  greater  than  zero,  even  though 
this  distance  be  infinitely  small.    The  illumination  approaches, 


Fig.  2. — Illumination  versus  distancsfrom  diffusely  radiating  disk 

for  example,  when  x^i,  the  value  of  i ,  as  K  approaches  o,  but  it 
is  conceivable  that  the  illumination  may  have  a  different  value 
at  the  mathematical  point  K^o. 

Acknowledgment  is  due  Dr.  Olshausen,  of  this  Bureau,  for  criti- 
cally reading  this  manuscript  and  making  suggestions. 

Washington,  October  30,  191 5. 
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L  INTRODUCTION 

In  a  recent  paper '  the  authors  have  shown  that  for  all  vacuum 
ttmgsten  lamps,  within  a  wide  range  of  wattage,  the  voltage- 
current-candlepower  characteristics  are  the  same  regardless  of 
the  make  or  method  of  manufacture.  When  this  investigation 
was  extended  to  include  gas-filled  lamps,  it  was  soon  discovered 
that  before  consistant  and  reproducible  results  could  be  obtained 
on  the  photometer,  new  and  unexpected  variables,  not  present 
in  the  vacuum  lamp,  had  to  be  carefully  considered.  It  is  with 
an  experimental  study  of  these  variables  that  this  paper  is  par- 
ticularly concerned. 

*  A  preliminary  paper  on  this  subject  was  read  at  a  meeting  of  the  scientific  staff,  Bureau  of  Standards, 
Nov.  20,  19x4,  and  afterwards  published  in  the  Electrical  World,  Dec.  96,  19x4,  p.  1348. 

^Middlekauff  and  Skogland.  Characteristic  Bquations  of  Tungsten  Filament  Lampa  and  Their  Applica* 
tkm.  in  Hetcrochromatic  Photometry,  this  Bulletin,  11,  p.  483  (Scientific  Paper  No.  938). 
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n.  NEW  VARIABLES  AND  PHOTOMETRIC  DIFFICULTIES 

In  the  gas-filled  lamp  the  filament  is  coiled  into  the  form  of  a 
closely  wound  spiral  or  helix,  the  diameter  of  which,  though 
small,  is  large  in  comparison  with  the  filament  itself.  Hence,  as 
viewed  from  certain  directions  perpendicular  to  the  axis  of  the 
lamp,  one  section  of  this  helical  filament  may,  more  or  less  com- 
pletely, cut  off  the  light  from  another  section.  In  addition  to 
this  cause  of  irregularity  in  the  light  distribution,  there  is  usually 
a  lack  of  sjmimetry  in  the  arrangement  of  the  filament  as  a  whole 
about  the  vertical  axis  of  the  lamp.  Consequently,  the  light  on 
the  photometer  screen  flickers  excessively  when  the  lamp  is 
rotated  at  ordinary  speeds.  Hence,  without  auxiliary  apparatus, 
accurate  measurements  of  mean  horizontal  candlepower  are 
practically  impossible;  the  weight  of  the  lamps,  especially  of 
the  larger  units,  the  necessity  of  using  mercury  in  the  rotator, 
etc.,  preventing  a  sufficient  reduction  of  the  flicker  by  the  use  of 
high  speeds  gf  rotation.  Fortunately,  this  difficulty  is  readily 
overcome  by  placing  back  of  the  lamp  two  mirrors  •  incKned  to 
each  other  so  that  the  photometer  screen  is  illuminated  simul- 
taneously by  the  direct  Ught  from  the  lamp  and  the  reflected  light 
from  the  mirrors.  With  this  arrangement  very  low  speeds  of 
rotation  may  be  used. 

Although  this  expedient  obviates  the  flicker  difficulty,  it  does 
not  eliminate  the  most  serious  trouble  caused  by  rotation.  It 
was  found  that  at  constant  voltage  both  current  and  candlepower 
have  different  values  when  the  lamp  is  rotating  than  when  it 
is  stationary,  the  current  changing  in  one  direction  and  the  candle- 
power  always  in  the  opposite  direction.  In  other  words,  there  is 
a  change  in  the  operating  efficiency  of  the  lamp  although  the 
voltage  remains  the  same.*  It  was  found,  further,  that  the 
values  of  current  and  candlepower  may  be  either  increased 
or  decreased  by  rotation,  depending  upon  the  speed,  and  by 
amounts  sufficiently  great  to  affect  seriously  the  result  of  candle- 
power  and  efficiency  determinations. 

*  This  Bulletin.  2.  p.  4x6;  1906. 

<  This  general  effect  was  observed  about  the  same  time  also  at  the  Electrical  Testing  Laboratories,  New 
York,  and  described  by  Dr.  C.  H.  Sharp,  Trans.  Ilium.  Eng.  Soc.,  9,  p.  zosx;  19x4. 
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The  gas-filled  lamp  therefore  presents  a  new  problem  in  pho- 
tometry, involving  not  only  greater  difficulties  on  account  of 
greater  color  difference  over  those  encountered  in  photometering 
vacuum  lamps  but  also  the  difl&culty  of  dealing  with  variables 
which,  if  not  properly  considered,  may  introduce  considerable 
uncertainty  in  the  results. 

Below  are  given  some  experimental  results  obtained  in  a  sys- 
tematic study  of  the  lamp  and  from  these  the  law  of  the  varia- 
tions is  deduced.  From  a  consideration  of  this  law  a  practical 
method  of  measuring  mean  horizontal  candlepower  free  from 
the  errors  caused  by  rotation  is  discovered  and  an  explanation 
of  the  cause  of  the  variations  observed  is  offered. 

in.  EXPERIMENTAL  INVESTIGATION  OF  THE  VARIABLES 

1.  LAMPS,  APPARATUS,  AlfD  METHODS 

The  lamps  used  in  the  principal  experiments  described  below 
were  of  the  nitrogen-filled  450-watt  series  and  750-watt  and 
looo-watt  multiple  types,  all  having  round  bulbs  with  the  fila- 
ments centrally  mounted.  The  number  of  anchor  wires  in  the 
dififerent  lamps  varied  from  5  to  9.  Additional  experiments 
were  made  with  a  number  of  200- watt  series  and  750-watt  mul- 
tiple lamps  with  straight  side  bulbs,  the  former  having  one  anchor 
wire,  the  latter  five.  Other  experiments  were  made  with  an 
ordinary  vacuum  lamp  filled  with  nitrogen  and  also  with  a  vacuum 
lamp  having  a  coiled  filament  such  as  used  in  the  gas-filled  lamp. 

Measurements  of  voltage  and  current  were  made  simultaneously 
by  means  of  two  potentiometers.  The  rotator  was  supplied 
with  mercury-cup  connections  and  two  sockets  so  that  the  lamp 
could  be  mounted  either  tip  up  or  tip  down.  The  rotating 
mechanism  was  under  perfect  control  at  every  speed,  which 
was  determined  by  a  specially  designed  indicator,  and  the  cur- 
rent to  the  lamp  was  supplied  from  a  storage  battery,  thus  insur- 
ing perfectly  steady  working  conditions.  In  the  candlepower 
measurements  use  was  made  of  the  two-mirror  arrangement 
described  above. 

A  few  rough  preliminary  tests  indicated  that  for  any  change 
in   speed  the  percentage  change  in  candlepower  was  at  least 
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several  times  the  percentage  change  in  current  but  always  in 
the  opposite  direction.  As  current  can  be  measured  with  con- 
siderably higher  accuracy  than  candlepower,  such  measurements 
furnish  a  convenient  method  of  determining  approximately  the 
variation  of  the  candlepower.  It  was  therefore  decided  that 
before  making  careful  determinations  of  candlepower,  it  would 
be  advisable  to  make  a  series  of  meastu-ements  of  voltage,  cur- 
rent, and  speed,  varying  only  one  of  these  quantities  at  a  time. 

2.  PRELIMINART  MEASUREHBNTS 

The  general  effect  of  rotation  on  current  and  power  consump- 
tion with  voltage  constant  was  first  determined  in  three  series 
of  fairly  accurate  measurements  made  on  a  ii6-volt,  750-watt9 
short-necked  lamp  at  90,  105,  and  116  volts,  respectively.  In 
each  series  current  readings  were  taken  at  different  predeter- 
mined speeds,  a  reading  with  the  lamp  stationary  being  taken 
as  a  check  between  the  changes  of  speed.  During  these  measure- 
ments the  lamp  was  used  first  tip  up  and  then  tip  down.  With 
the  lamp  in  either  position  and  the  speed  above  40  revolutions 
per  minute  the  current  was  less  than  with  the  lamp  stationary 
and  decreased  with  increasing  speed,  the  effect  with  tip  up  being 
about  twice  as  great  as  with  tip  down.  Other  lamps  of  the  same 
size  and  of  different  sizes  (450  watts  to  1000  watts)  and  of  different 
manufacttu'e  were  tested  in  the  same  manner  and  similar  results 
were  obtained  in  every  case. 

In  these  preliminary  meastuements  it  was  learned  that  very 
consistent  and  reproducible  current  values  could  be  obtained 
provided  the  speed  of  rotation  is  accurately  known  and  properly 
controlled;  otherwise  apparently  inconsistent  and  erratic  results 
were  to  be  expected.  Hence,  in  all  subsequent  tests  the  s(>eed 
was  as  carefully  measured  and  controlled  as  the  voltage  and 
current. 

3.  CURRENT    VARIATION    AT     CONSTANT     SPEED    WITH    DIFIERENT 

VOLTAGES 

The  next  step  taken  was  to  determine  with  great  care  the 
changes  in  current  due  to  rotation  at  a  specified  speed  at  different 
values  of  voltage  through  a  wide  range.    This  test  was  applied 
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to  two  lamps,  the  750-watt  lamp  mentioned  above  and  a  1000- 
watt  lamp,  both  rated  at  116  volts.  Readings  of  current  corre- 
sponding to  a  chosen  voltage  were  first  made  with  the  lamp  sta- 
tionary, then  with  it  rotating  at  a  speed  of  150  rpm.     In  this  way 
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Fig.  I. — RaUo  of  current  with  lamp  rotating  at  constant  speed  to  current  with  lamp 

stationary 

the  changes  in  current  for  each  lamp  at  different  voltages  over  a 
range  from  0.5  volt  to  100  volts  were  obtained. 

The  results  for  both  lamps  rotated  tip  up  are  shown  by  the 
lowest  cmve  of  Fig.  i,  values  obtained  for  the  750-watt  lamp 
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being  represented  by  crosses  and  those  for  the  looo-watt  lamp  by 
circles.  The  behavior  of  the  current  in  these  two  lamps  is  thus 
shown  to  be  practically  identical  at  every  value  of  voltage  except 
from  3  volts  to  8  volts,  which  is  a  critical  region.  It  is  probable 
that  even  within  this  region  these  curves  would  be  f otmd  to  coin- 
cide also  were  measurements  made  at  a  sufficiently  large  number 
of  neighboring  points.  The  upward  indentation  in  the  curve  at 
this  point  is  as  real  and  reproducible  as  any  other  part  of  the 
curve. 

Upon  rotating  these  lamps  tip  down,  it  was  fotmd  that  for  the 
same  speed  the  percentage  change  in  current  for  all  voltages  was 
only  about  half  as  great  as  when  the  lamps  were  rotating  tip  up. 
The  values  for  the  1000- watt  lamp  tip  down  are  given  by  the 
middle  curve  of  Fig.  i.  This  cmve  is  traced  through  all  values 
obtained  except  one  in  the  neighborhood  of  5  volts.  This  value 
indicates  that  an  indentation  would  probably  have  been  found  in 
this  cmve  also  had  sufficient  time  been  taken  to  pass  by  small 
voltage  steps  through  this  region.  It  might  be  stated  that,  in 
order  to  obtain  sufficiently  steady  conditions  for  accurate  meas- 
xurements  of  ciurent  in  this  region,  a  period  of  at  least  10  minutes 
was  required  at  each  point,  as  small  variations  of  speed  resulted 
in  relatively  large  changes  in  cturent.  These  two  curves  are 
similar  in  form,  both  becoming  asymptotic  to  the  axis  of  abscissas 
at  about  i  per  cent  and  o.  5  per  cent,  respectively,  below  the  current 
observed  for  the  lamp  stationary.  That  is,  for  this  speed,  at  about 
85  per  cent  of  the  normal  voltage,  the  current  reaches  a  value 
which  from  that  point  on  bears  a  practically  constant  ratio  to 
the  value  at  zero  speed. 

4.  CURRENT  VARIATIONS  AT    CONSTANT   VOLTAGE  WITH  DIFFERENT 

SPEEDS 

In  order  to  investigate  further  the  behavior  of  the  current  in 
the  critical  region  above  mentioned,  as  well  as  at  other  points, 
measurements  of  current  at  constant  voltage,  with  variable  speed, 
in  succession  at  diflferent  values  of  voltage  were  made  on  the 
looo-watt  lamp  through  a  considerable  range  extending  as  low  as 
0.5  volt.  The  speed  was  varied  from  5  rpm  to  200  rpm,  the  lamp 
being  rotated  tip  down.     The  results  of  this  test  are  shown  in 
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Fig.  2.  The  important  fact  indicated  by  these  curves  is  that  as 
the  speed  is  increased  from  zero  the  current,  at  constant  voltage, 
first  increases  to  a  maximum  and  then  decreases  to  the  stationary 
value,  and  continues  decreasing  below  the  stationary  value  as  the 
speed  is  farther  increased.  (By  stationary  value  is  meant  the 
value  obtained  with  the  lamp  stationary.) 

In  order  to  confirm  this  change  in  sigh  of  the  current  variation 
the  750-watt  lamp  was. tested  tip  down  while  rotating  at  a  speed 
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Fig.  3. — Ratio  cf  current  with  lamp  rotating  tip  down  at  different  speeds  to  current  with 

lamp  stationary;  voltage  constant  at  different  values 

of  21  rpm.  The  restdts  of  this  test  are  shown  by  the  uppermost 
curve  of  Fig.  i .  It  will  be  noted  that  this  curve  is  of  practically 
the  same  form  as  the  other  two  curves  of  this  figure,  but  that  it 
is  turned  in  the  opposite  direction  and  lies  entirely  above  the  100 
per  cent  or  stationary  values.  That  is,  at  this  speed  of  rotation 
the  current  is  higher  than  at  zero  speed  for  all  values  of  voltage. 
Hence,  correct  qualitative  results  may  be  obtained  at  any  prac- 
tical voltage. 
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Upon  carefully  testing  all  available  450-watt  to  looo-watt 
lamps,  including  both  series  and  multiple  types  in  rotmd  bulbs 
and  one  750-watt  lamp  in  a  straight-side  bulb,  it  was  found  that 
in  every  lamp  while  rotating  with  the  tip  down  the  current  at  con- 
stant voltage  returned  to  the  stationary  value  at  a  speed  between 
33  rpm  and  40  rpm.  This  held  true  through  a  considerable  range 
of  voltage,  extending  above  and  below  the  normal,  or  rated,  value. 
The  series  lamps  included  in  this  test  had  the  same  form  of  mount 
and  practically  the  same  arrangement  of  the  filament  as  the  mul- 
tiple lamps. 

For  200-watt,  6.6-ampere  lamps,  with  V-shaped  filament  and  a 
single  anchor  wire,  it  was  found  necessary  to  use  a  speed  of  from 
140  to  160  rpm  to  obtain  the  stationary  value  of  the  current,  the 
value  of  the  cmrent  being  greater  than  the  stationary  value  up  to 
the  speed  mentioned.  It  appears,  therefore,  that  the  smaller  the 
number  of  loops  and  corresponding  anchor  wires  in  the  lamp  the 
greater  the  speed  that  is  required  to  give  the  stationary  value  of 
the  current. 

Although  there  was  a  considerable  difference  in  the  speeds 
required  for  lamps  having  different  numbers  of  loops  in  the  fila- 
ment, it  was  possible  to  find  for  every  lamp  tested  a  particular 
speed  at  which  the  cmrent  returned  to  the  stationary  value,  the 
speed  being  in  every  case  such  as  can  be  used  in  practice. 

5.  VOLTAGE  VARIATION  AT  CONSTANT  CURRENT  WITH  DIFFERENT 

SPEEDS 

The  effect  of  rotation  on  voltage  was  determined  by  testing  a 
few  of  the  450-watt  lamps,  tip  down,  with  the  current  held  con- 
stant at  6.6  amperes  and  the  speed  varied  over  a  wide  range, 
beginning  at  5  rpm  as  the  lower  limit.  For  every  lamp  it  was 
found  that  as  the  speed  was  increased  from  zero  the  voltage  first 
decreased  to  a  minimum  and  then  increased  to  the  stationary 
value  and  continued  increasing  above  the  stationary  value  as 
the  speed  was  further  increased.  In  other  words,  the  effect  of 
rotation  upon  the  voltage  at  constant  cilrrent  was  opposite  in 
sign  to  the  effect  upon  the  current  in  the  same  lamps  at  constant 
voltage. 
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Since  the  variable  quantity  (i.  e.,  voltage  or  current)  in  either 
case  returns  to  its  stationary  value,  it  is  evident  that  the  speed  at 
which  this  occurs,  and  therefore  at  which  the  power  consumption 
is  the  same  as  when  the  lamp  is  stationary,  may  be  determined  by 
holding  either  quantity  (voltage  or  cmrent)  constant  and  observ- 
ing the  variation  of  the  other  as  the  speed  is  gradually  increased 
from  zero.  Principally  as  a  matter  of  convenience,  therefore,  all 
subsequent  tests  were  made  at  constant  voltage. 

6.  CANDLBPOWER  VARIATION  AT  CONSTANT  VOLTAGE  WITH  DIFFERENT 

SPEEDS 

The  effect  of  rotation  on  candlepower  was  very  strikingly  shown 
by  the  following  experiment:  The  voltage  was  so  adjusted  that 
the  filament  when  stationary  was  just  visible  in  a  darkened  room. 
Upon  rotating  the  lamp  at  a  speed  of  about  1 80  rpm  it  was  f otmd 
that,  although  the  cmrent  decreased  in  value,  the  intensity  of  the 
'  light  largely  increased,  the  eflfect  being  greater  with  the  tip  up 
than  with  the  tip  down,  thus  corroborating  the  preliminary  meas- 
urements of  cmrent  and  candlepower  at  higher  voltages.  With 
the  lamp  in  either  position  and  either  rotating  or  stationary  the 
upper  loops  of  the  filament  glowed  more  brightly  than  the  lower 
ones,  thereby  indicating  a  considerable  difference  in  temperature 
between  closely  neighboring  regions  of  the  gas. 

Since  there  was  a  speed  at  which  the  power  consumption  was 
the  same  as  when  the  lamp  was  stationary,  it  was  considered 
probable  that  at  this  same  speed  the  candlepower  also  would  return 
to  the  stationary  value.  This  led  to  a  series  of  simultaneous  meas- 
urements of  current  and  relative  values  of  the  candlepower,  with 
voltage  constant  and  speed  varied  over  a  wide  range. 

Results  obtained  in  this  way  with  the  750-watt  lamp  operated 
at  90  volts  are  shown  by  the  curves  of  Fig.  3.  All  values  of  current 
and  candlepower,  respectively,  are  expressed  in  percentages  of 
the  value  of  each  obtained  with  the  lamp  statij>nary  and  the  tip 
down.  In  determining  the  candlepower  with  the  lamp  stationary, 
readings  were  taken  at  intervals  of  7.5°  about  the  vertical  axis, 
there  being  a  total  of  48  determinations. 

The  curves  for  the  lamp  with  the  tip  down  are  the  result  of 
two  independent  series  of  measurements  made  on  different  days. 
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values  obtained  in  the  two  series  being  represented  by  crosses 
and  circles,  respectively.  The  agreement  of  these  two  series 
shows  that  current  and  candlepower  values  are  reproducible  to 
a  high  degree  of  precision. 

The  ratio  of  the  ordinates  to  which  these  curves  were  drawn 
was  piu-posely  so  chosen  as  to  clearly  represent  to  the  eye  the 
constant  relation  of  candlepower  to  current  throughout  the 
whole  range  of  speed  employed. 


•8.5 


Fio.  3. — Ratio  cf  current  and  candlepower  with  lamp  rotating  tip  up  and  also  tip  down 
to  current  and  candlepower,  respectively,  with  lamp  stationary  tip  down 

IV.  LAW  OF  THE  VARIATIONS 

The  results  of  these  experiments  may  be  summarized  as  fol- 
lows, in  which  the  voltage  is  to  be  regarded  as  constant: 

1.  With  the  lamp  stationary,  both  current  and  candlepower 
have  higher  values  when  the  lamp  is  moimted  tip  up  than  when 
it  is  moimted  tip  down. 

2.  Rotation  of  the  lamp  causes  both  current  and  candlepower 
to  change  in  value  but  in  opposite  directions,  the  change  in  both 
being  about  twice  as  great  when  the  tip  is  up  as  when  it  is  down. 
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3.  As  the  speed  is  increased  from  zero  the  current  first  increases 
to  a  maximum  and  then  returns  to  the  value  it  has  when  the 
lamp  is  stationary  and  continues  decreasing  below  this  value  as 
the  speed  is  further  increased.  The  candlepower  varies  in  the 
opposite  direction. 

4.  For  each  position  of  the  lamp  there  is  a  particular  speed  at 
which  both  current  and  candlepower  have  each  the  same  value 
as  when  the  lamp  is  stationary,  the  speed  at  which  this  occurs 
being  practically  the  same  for  all  lamps  having  the  same  number 
of  loops  in  the  filament.  For  lamps  having  different  forms  of 
filament  mounting  the  speed  for  the  above  condition  varies  from 
lamp  to  lamp,  being  highest  for  those  having  the  smallest  number 
of  loops. 

V.  TWO  PHOTOMETRIC  METHODS 

1.  ROTATING  LAMP  METHOD 

From  a  consideration  of  the  above  results  it  is  evident  that  if 
the  voltage  be  held  constant  and  the  lamp  be  rotated  at  the  speed 
at  which  the  current  has  the  same  value  as  when  the  lamp  is  sta- 
tionary an  accurate  determination  of  mean  horizontal  candlepower 
may  be  made  and  the  same  efficiency  rating  given  to  the  lamp  as  it 
would  have  if  operated  stationary  at  the  same  voltage.  It  is  fortu- 
nate that  in  the  position  in  which  gas-fiUed  lamps  are  most  generally 
used  in  practice — ^that  is,  tip  down — ^the  speed  for  the  above  con- 
dition is  somewhat  higher  and  therefore  more  practical  for  most 
lamps  than  the  speed  for  the  same  condition  with  the  tip  up. 

Although  the  above  method  has  its  limitations  which  are 
stated  below,  it  fulfills  all  the  requirements  for  determining  the 
voltage-current-candlepower  characteristics  of  gas-filled  lamps 
by  the  use  of  an  ordinary  bar  photometer  outfit.  With  a  knowl- 
edge of  the  reduction  factor,  the  watts  per  candle  of  the  lamp 
may  be  determined  for  any  given  voltage,  and  then  with  the 
lamp  stationary  and  with  this  voltage  as  a  starting  point  the 
variations  of  current,  candlepower,  and  watts  per  candle  with 
voltage  are  as  readily  determined  for  a  gas-filled  lamp  as  for  one 
of  the  vacuum  type.  In  watts  per  candle  determinations  the 
factor  expressing  the  relation  of  mean  spherical  to  horizontal 
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candlepower  in  the  given  direction  must,  of  course,  be  applied 
to  the  candlepower  readings. 

For  groups  of  lamps  having  the  same  form  of  mounting,  and 
therefore  the  same  reduction  factor,  the  method  of  rotation  is 
perfectly  satisfactory  in  determining  relative  candlepower  and 
efficiency  ratings,  and  practically  the  same  speed  may  be  used 
for  all  lamps  of  the  group.  However,  as  stated  above,  this 
method  presupposes  a  knowledge  of  the  reduction  factor,  which 
for  gas-filled  lamps  in  general,  as  now  made  in  the  present  more 
or  less  experimental  stage  of  manufacture,  varies  considerably 
from  lamp  to  lamp,  principally  on  account  of  the  great  variety 
of  methods  of  mounting  the  filament. 

2.  TOTAL  FLUX  METHOD 

During  life  tests  of  vacuum  lamps  the  blackening  of  the  bulb  in 
all  directions  is  about  proportional  to  the  distribution  of  the  light, 
and  hence  a  measure  of  the  reduction  in  light  during  life  may  be 
obtained  by  observing  the  reduction  in  the  mean  horizontal  candle- 
power.  In  the  gas-filled  lamp,  however,  the  greater  proportion  of 
the  blackening  occurs  at  the  top  of  the  bulb,  the  volatilized  material 
thrown  off  from  the  filament  being  carried  upward  by  the  gas,  and 
hence  a  true  measure  of  the  reduction  in  Ught  during  the  life  of 
the  lamp  can  not  be  obtained  by  mean  horizontal  candlepower 
meastu'ements  alone  but  by  determinations  of  the  total  flux  or 
mean  spherical  candlepower.  This  can  be  most  conveniently  done 
by  means  of  an  integrating  photometer,  such  as  the  Ulbricht  sphere. 
The  advantage  of  the  sphere  over  other  forms  of  integrating  pho- 
tometers, such  as  the  Matthews  instrument,  in  measuring  gas-filled 
lamps  is  that  the  lamps  are  measured  while  stationary  and  thus 
the  complications  arising  from  rotation  are  avoided. 

For  the  determination  of  the  voltage-current-candlepower  char- 
acteristics the  sphere  has  no  particular  advantage  over  the  method 
of  rotation  and  has  the  possible  disadvantage  in  that  if  the  coating 
of  the  sphere  is  not  perfectly  nonselective  the  ratio  of  the  candle- 
power  at  different  voltages  may  be  more  or  less  affected  by  a 
change  in  the  absorption  of  the  light  at  the  different  colors. 
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VI.  POSSIBLE  ERRORS  INTRODUCED  BY  ROTATION 

The  accompanying  table  shows  the  errors  possible  in  efficiency 
determinations  and  the  consequent  errors  in  life  values  introduced 
by  measuring  candlepower  and  watts  while  the  lamp  is  rotating. 
The  values  given  are  the  result  of  photometric  meastu'ements  made 
at  different  speeds  on  a  750-watt,  115-volt,  nitrogen-filled  lamp 
having  nine  anchor  wires  supporting  the  filament. 

Data  on  Errors  in  Bfficlency  and  Life  Values ' 
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On  account  of  the  increased  efficiency  of  this  lamp  caused  by 
rotation,  for  example,  at  70  rpm  tip  down,  it  was  found  to  have 
a  specific  consumption  of  0.7  watt  per  candle  at  113.5  volts 
instead  of  at  115  volts  as  found  at  zero  speed  with  the  tip  down. 
If,  therefore,  the  lamp  had  been  photometered  at  the  factory 
while  rotating  at  this  speed,  it  would  have  been  rated  at  113.5 
volts  and  would  have  been  operated  on  the  life  rack  at  0.718 
watt  per  candle  instead  of  0.7  watt  per  candle  and  would  have 
had  a  life  21  per  cent  greater  than  would  be  expected  from  the 
rating.  If,  however,  it  had  been  photometered  with  the  tip  up 
at  180  rpm  (as  is  sometimes  done  in  practice),  it  would  have 
been  rated  as  having  a  specific  consumation  of  0.7  watt  per 
candle  at  104.4  volts.  If  put  upon  the  life  rack  at  this  voltage, 
it  would  operate  at  0.837  watt  per  candle  instead  of  0.7  watt  per 
candle  and  give  a  life  275  per  cent  in  excess  of  normal.     In  other 
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words,  a  long-life  perfonnance  is  fictitious  at  the  given  specific 
consumption  rating,  or  the  consiunption  rating  is  fictitious  for 
the  given  life.  This  holds  true  if  the  specific  consumption  is 
determined  at  any  speed  above  that  at  which  the  current  and 
candlepower  have  the  same  value  as  when  the  lamp  is  stationary 
with  the  tip  down.  For  this  lamp  the  particular  speed  is  35 
rpm.  For  speeds  below  this  value  with  the  tip  down,  the  specific 
consumption  rating  would  be  too  high  and  the  life  value  would 
be  lower  than  expected  from  the  rating. 

Vn.  INVESTIGATION  OF  THE  CAUSE  OF  THE  VARIATIONS 

OBSERVED 

The  following  experiments  were  made  with  a  view  to  finding 
the  cause  of  the  variations  observed  in  this  type  of  lamp: 

1 .  To  determine  the  effect  of  increased  external  ventilation  of 
the  bulb  caused  by  rotation,  a  draft  of  air  was  driven  against  a 
looo-watt  lamp  by  means  of  an  electric  fan  and  a  series  of  meas- 
urements of  current  at  constant  voltage  were  made  at  different 
speeds  with  "  air  on  "  and  '*  air  off. "  It  was  found  that  at  every 
speed  the  cooling  effect  of  the  air  caused  a  small  but  measurable 
increase  in  the  current  but  that  this  increase  was  very  small  in 
comparison  with  the  decrease  in  ciurent  caused  by  the  rotation  of 
the  lamp.  Hence,  the  decrease  in  current  can  not  be  attributed 
to  an  increase  in  external  ventilation  of  the  bulb  by  rotation. 

2.  Another  test  was  made  to  determine  whether  or  not  the 
earth 's  magnetic  field  had  a  noticeable  effect  in  producing  a  coun- 
ter electromotive  force,  thus  changing  the  effective  voltage  on  the 
lamp.  This  was  done  by  pl^adng  the  lamp  in  the  middle  of  a 
solenoid  having  a  field  strength  of  about  500  gausses,  and  the 
current  in  the  lamp  was  observed  when  the  current  in  the  solenoid 
was  thrown  on  and  off,  both  with  the  lamp  stationary  and  rotating. 
As  no  change  was  detected  it  was  concluded  that  the  much  weaker 
field  of  the  earth  certainly  did  not  produce  a  counter  emf  of  suffi- 
cient magnitude  to  account  for  any  part  of  the  changes  noted. 

3.  To  determine  the  effect  of  possible  distortion  of  the  filament 
upon  the  candlepower  in  the  horizontal  plane,  candlepower  meas- 
urements at  various  angles  with  the  vertical  were  made  upon  the 
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looo-watt  lamp  (lamp  A,  figs,  i  and  2)  rotating  with  the  tip 
down,  first  at  a  speed  of  45  rpm  and  then  at  a  speed  of  200  rpm. 
There  was  practically  the  same  percentage  increase  in  candle- 
power  at  every  angle  when  the  lamp  was  rotating  at  the  higher 
speed — ^that  is,  the  spherical  reduction  factor,  which  was  about 
0.86,  was  not  appreciably  changed  by  rotation.  Hence  distortion 
of  the  filament  was  not  the  cause  of  the  changes  observed. 

4.  A  1 00- watt  vacuum  tungsten  lamp  having  a  coiled  filament 
similar  to  that  of  the  gas-filled  lamp,  and  similarly  mounted  in  the 
bulb,  when  rotated  exhibited  none  of  the  changes  observed  in  the 
case  of  the  gas-filled  lamp.  The  same  was  found  to  be  true  for  a 
500-watt  vacuum  tungsten  lamp  having  an  ordinary  (not  coiled) 
filament  mounted  in  the  usual  manner.  On  the  other  hand  an 
ordinary  250-watt  lamp  when  filled  with  nitrogen  exhibited  all  the 
variations  of  the  coiled  filament  gas-filled  lamp,  the  current  at 
constant  voltage  returning  to  the  stationary  value  at  a  speed  of 
about  100  rpm.  It  was  therefore  concluded  that  the  gas  alone 
must  be  the  disturbing  element  which  causes  the  changes  observed 
in  the  gas-filled  lamp. 

Vm.  A  PROBABLE  EXPLANATION  OF  THE  CAUSE  OF  THE 

VARIATIONS  OBSERVED 

.The  results  of  the  above  tests  show  quite  conclusively  that 
practically  the  whole  of  the  effect  observed  in  the  change  in  cur- 
rent, candlepower,  and  specific  consumption  arises  from  a  change 
in  the  convection  ciurents  of  the  gas  within  the  bulb.  At  low 
speeds,  as  seen  above,  there  is  an  increase  in  the  current  over  the 
stationary  value  for  all  voltages,  the  greater  percentage  increase 
being  at  the  low  voltages.  At  high  speeds  there  is  a  decrease  in 
ciuxent  as  compared  with  the  stationary  value  for  all  voltages, 
the  greatest  percentage  decrease  being  also  at  low  voltages. 

When  the  lamp  is  stationary  there  is  a  considerable  difference  in 
temperatiu-e  between  the  gas  at  the  top  and  bottom  of  the  bulb. 
Very  low  speeds  of  rotation  disturb  the  steady  current  of  hot  gas 
which  is  rising  in  the  center  and  flowing  down  at  a  distance  from 
the  axis.  The  result  is  an  increase  in  heat  convection  by  the  gas, 
and  consequently  a  lowering  of  the  temperature  of  the  filament. 
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As  the  filament  has  a  positive  temperature-resistance  coefficient, 
the  resistance  decreases  and  consequently  the  current  increases  at 
constant  voltage.  At  high  values  of  voltage  the  mean  temperature 
of  the  gas  is  higher  than  at  low  voltage,  consequently  the  tempera- 
ture of  the  filament  is  reduced  in  a  lesser  degree  by  rotation  and 
the  change  in  current,  though  positive,  is  less  at  high  than  at  low 
voltage. 

On  the  other  hand,  when  the  lamp  is  rotated  at  high  speeds  the 
cooler  gas  at  the  bottom  of  the  bulb  is  thrown  out  by  centrifugal 
force,  which  varies  as  the  square  of  the  speed,  and  the  hot  gas 
tends  to  remain  near  the  center,  thus  considerably  retarding  the 
convection  currents  which  cool  the  filament.  The  result  is  an 
increase  in  the  resistance  of  the  filament  as  a  whole  and  a  decrease 
in  the  value  of  the  ciurent.  At  high  voltages  the  mean  tempera- 
ture of  the  gas  is  higher  than  at  low  voltage  and  the  retarding 
effect  due  to  centrifugal  force  is  decreased;  hence  the  change  in 
current  due  to  rotation  is  less  than  at  low  voltages. 

At  low  speeds,  as  seen  above,  the  temperature  of  the  filament 
is  lowered  and  consequently  the  candlepower  is  decreased.  At 
high  speeds  the  temperature  of  the  filament  is  raised,  and  hence 
there  is  an  increase  in  the  candlepower. 

IX.  SUMMARY 

The  new  high  efficiency  gas-fiUed  lamp  introduces  variables  not 
hitherto  encountered  in  the  photometry  of  incandescent  electric 
lamps.  On  account  of  the  comparative  broadness  of  the  filament 
spiral  and  the  dissymmetry  of  the  filametit  mounting,  there  is 
considerable  irregularity  in  the  distribution  of  the  light  about 
the  vertical  axis.  Consequently,  when  the  lamp  is  rotated,  as  is 
conunonly  done  in  rating  lamps  at  the  factory,  the  light  as  seen 
in  the  photometer  flickers  so  excessively  as  to  render  accurate 
meastu'ements  of  candlepower  practically  impossible  without  the 
use  of  auxiliary  apparatus.  However,  as  is  sometimes  done,  if 
two  mirrors  inclined  to  each  other  be  placed  back  of  the  lamp, 
the  flickering  is  so  much  reduced  as  to  permit  accurate  candle- 
power  measurements  even  at  very  low  speeds  of  rotation. 
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But  this  expedient  does  not  eliminate  the  most  serious  trouble 
caused  by  rotation.  It  was  found  that  at  constant  voltage  both 
the  curratit  consumed  and  the  candlepower  are  diflferent  when  the 
lamp  is  rotating  than  when  it  is  stationary,  the  current  changmg 
in  one  direction  and  the  candlepower  always  in  the  opposite 
direction ;  that  is,  there  is  a  change  in  the  operating  efficiency  of 
the  lamp.  Furthermore,  this  change  in  efficiency  may  be  either 
positive  or  negative,  depending  upon  the  speed,  and  it  is  about 
twice  as  great  when  the  lamp  is  rotating  tip  up  as  when  it  is 
rotating  tip  down. 

Fortunately,  from  the  standpoint  of  photometry,  there  is  for 
each  lamp  in  either  position  a  particular  speed  at  which'the  ciurent 
and  the  candlepower  have  the  same  values,  respectively,  as  when 
the  lamp  is  stationary.  Hence,  with  the  lamp  rotating  at  this 
speed  its  candlepower  can  be  measured  with  accuracy  in  spite  of 
its  rotation.  The  speed  for  the  above  condition  is  practically  the 
same  for  all  lamps  having  the  same  number  of  loops  in  the  fila- 
ment; but  for  lamps  having  different  forms  of  filament  mounting 
it  varies  from  lamp  to  lamp,  being  greatest  for  those  having  the 
smallest  number  of  loops  in  the  filament. 

If  the  above  precaution  as  to  speed  adjustment  is  not  observed 
and  lamps  are  rated  while  rotating  at  speeds  ordinarily  used  in  pho- 
tometering  vacuum  lamps,  the  errors  which  enter  may  amount  to  as 
much  as  I  to  2  per  catit  in  ciurent/ or  watts,  in  one  direction,  and  as 
much  as  15  to  20  per  cent  in  candlepower  in  the  opposite  direction. 
Hence  the  voltage  found  for  a  desired  operating  efficiency  may  be 
so  much  in  error  as  to  give  a  lamp  on  test  at  this  rated  voltage  a 
fictitious  life  value  three  or  tour  times  as  large  as  the  lamp  would 
give  if  it  were  operated  stationary  at  a  voltage  corresponding  to 
that  efficiency  which  diuing  the  rating  was  only  apparent.  That 
is,  the  lamp  may  be  given  credit  for  a  much  longer  life  than  it  really 
deserves.  On  the  other  hand,  the  speed  may  be  such  as  to  cause 
errors  in  the  opposite  direction  resulting  in  a  lamp  life  much 
shorter  than  would  be  expected  from  the  apparent  efficiency 
rating. 

Another  peculiarity  of  the  gas-filled  lamp  is  that  while  it  btuns 
the  blackening  occtn-s,  not  all  over  the  bulb  in  approximate  pro- 
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portion  to  the  light  distribution  as  in  the  vacutun  lamp,  but  princi- 
pally at  the  top  of  the  bulb  because  the  volatilized  material  is  carried 
upward  by  the  gas.  Hence  in  making  a  life  test  a  true  measure 
of  the  reduction  in  total  light  during  the  life  of  the  lamp  can 
not  be  obtained,  in  the  usual  manner,  by  mean  horizontal  can- 
dlepower  measurements,  but  by  determinations  of  the  total  flux 
or  mean  spherical  candlepower.  This  is  accomplished  most 
rapidly  and  'conveniently  by  means  of  an  integrating  photometer, 
such  as  the  Ulbricht  sphere,  in  which  the  lamp  is  measured  sta- 
tionary, and  thus  all  the  complications  arising  from  rotation  are 
entirely  avoided. 

As  to  the  cause  of  the  variations  observed  in  candlepower  and 
efficiency  when  the  lamp  is  rotated,  it  is  concluded  from  the  results 
of  a  number  of  special  tests  that  the  whole  effect  is  produced  by  a 
change  in  the  convection  currents  of  the  gas,  a  consequent  varia- 
tion in  the  temperattue  distribution  in  the  bulb,  resulting  in  a 
change  in  the  resistance,  and  therefore  a  variation  in  the  cturent 
and  candlepower  of  the  lamp. 

The  authors  acknowledge  their  indebtedness  to  Dr.  £.  B.  Rosa 
for  his  kindly  interest  and  valuable  suggestions,  and  to  H.  B. 
Sinelnick  for  efficient  assistance  in  the  laboratory  work. 

Washington,  January  25,  191 5. 
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I.  INTRODUCTION 

The  first  edition  of  **  Standard  Specifications  for  the  Purchase 
of  Incandescent  Electric  Lamps/ '^  issued  in  1907,  was  the  result 

1  These  specifications  are  issued  by  the  Bureau  of  Standards  as  Circular  No.  13,  which  has  been  revised 
from  time  to  time  and  is  now  in  the  seventh  edition. 
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of  concerted  action  on  the  part  of  the  Federal  Government  de- 
partments, representative  lamp  manufacturers,  the  Electrical 
Testing  Laboratories,  and  the  Bureau  of  Standards.  The  pur- 
pose of  these  specifications  was  to  establish  such  standard  methods 
of  mitial  mspection  and  life  testing  as  would  permit  their  adoption 
by  the  Government  and  make  them  available  to  the  general  public ; 
so  that  all  purchasers  of  incandescent  lamps,  by  including  these 
specifications  in  contracts,  might  realize  the  benefits  of  their  use. 

Application  of  these  specifications  necessitates  careful  initial 
inspection  and  reliable  life  tests.  The  specified  life-test  procedure 
is  so  exacting  and  the  quantity  of  lamps  to  be  tested  on  any  con- 
siderable contract  so  large  that  the  piwchaser,  unless  his  facili- 
ties for  testing  are  complete,  must  of  necessity  refer  at  least  the 
life-test  work  to  some  reputable  testing  laboratory.  It  was,  there- 
fore, the  natural  outcome  that  the  Bureau  of  Standards  should 
be  sought  arid  recognized  by  departments  of  the  Government  as 
the  authority  on  life  tests.  Initial  inspection  is  so  closely  related 
to  life-test  procedure  and  its  efficiency  so  pronoimced  in  the  ef- 
fect on  the  results  of  life  test  that  the  Bureau,  almost  of  necessity, 
undertook  this  part  of  the  work  as  well. 

The  design  of  a  life-test  installation  was  therefore  begun  early 
in  1908.  This  was  developed  by  Messrs.  E.  P.  Hyde,  F.  E.  Cady, 
C.  F.  Sponsler,  and  H.  B.  Brooks,  under  the  direction  of  Dr. 
E.  B.  Rosa,  chief  of  the  electrical  division,  which  included  the 
photometric  section.  A  lamp  inspector  was  appointed  in  July  and 
the  plant  was  put  into  operation  in  October  of  the  same  year 
(1908).  About  this  time  Dr.  Hyde  and  Mr.  Cady  left  the  service 
of  the  Bureau  and  the  work  has  since  been  carried  on  and  de- 
veloped mainly  by  the  authors  of  the  present  paper,  under  the 
direction  of  the  chief  of  the  electrical  division. 

The  whole  life-test  equipment  was  originally  installed  in  the 
mechanical  bxiilding  which  houses  the  power  plant  of  the  Bureau. 
In  1 91 3  the  life  racks,  transformers,  and  photometric  apparatus 
were  removed  to  two  adjoinmg  rooms  on  the  third  floor  of  the 
new  electrical  building  which  was  then  nearing  completion.  Al- 
though some  parts  of  the  equipment  are  differently  arranged  in 
the  new  building,  the  general  plan  has  remained  the  same  as  orig- 
inally designed. 
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The  introduction  of  new  classes  of  lamps,  however,  ratidered  it 
advisable  to  make  considerable  changes  in  the  original  photo- 
metric equipment  and  in  the  details  of  the  method  of  testing. 
These  changes  have  been  made  from  time  to  time  by  those  who 
have  been  most  intimately  associated  with  the  work.  The  equip- 
ment as  it  now  stands  and  the  present  method  of  the  Bureau's 
life-testing  procedure  in  all  its  details  are,  therefore,  the  result  of 
a  gradual  development  in  which  various  persons  have  been  of 
assistance. 

From  the  beginning  the  magnitude  of  the  work  of  inspection 
and  life  testing  has  been  constaiitly  increasing  year  by  year  in 
consequence  of  the  natiwal  growth  of  the  Government's  pur- 
chases of  incandescent  lamps.  Fortunately,  however,  the  quality 
of  the  lamps  supplied  has,,  in  most  cases,  been  fairly  uniform  and 
also  above  the  requirements  of  the  specifications,  so  that  full  and 
reliable  data  on  the  lamps  supplied  by  each  manufacturer  have 
been  obtained  by  submitting  to  life  test  a  yearly  total  of  not  over 
5,000  lamps  which  represent  about  one  and  a  quarter  millions  of 
inspected  lamps. 

Since  inspections  ^and  tests  are  made  primarily  for  departments 
of  the  Government,  outside  tests  are  accepted  only  "when  special 
circumstances  make  the  test  of  more  than  usual  importance."  A 
specified  fee  is  charged  for  work  of  this  kind.' 

In  the  following  description  of  apparatus  and  methods  of  life 

test  an  attempt  is  made  to  indicate  the  essential  features  of  this 

work  and  the  manner  in  which  the  testing  is  at  present  actually 

conducted. 

n.  PURPOSES  OF  A  LIFE  TEST 

1.  GENERAL 

A  life  test  may  be  run  for  any  one  of  several  reasons.  For 
example,  a  manufacturer  who  desires  quick  results  in  order  to 
test  the  effect  of  some  modified  construction  or  change  in  mate- 
rial may  choose  to  bum  the  lamps  selected  at  a  voltage  greatly 
in  excess  of  that  employed  in  normal  operation,  thus  causing 
the  lamps  to  fail  in  a  few  hours.  Unwarranted  confidence  is 
sometimes  placed  in  tests  of  this  kind  for  other  pmposes,  and 

>  Pees  for  Electric,  Masnetic,  and  Photometric  Testing ;  Bureau  of  Standards  Circular  No.  6,  p.  s6;  19x4. 
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attempts  are  made  to  evaluate  life  at  normal,  voltage  from  the 
test  results,  whereas  no  known  constants  for  these  life  corrections 
will  apply  in  all  cases.  Although  relative  results  may  be  of  some 
value,  they  often  point  to  conclusions  not  at  all  in  agreement  with 
those  which  might  be  drawn  from  a  test  at  a  voltage  correspond- 
ing more  nearly  to  rated  efficiency. 

Comparative  tests  of  greater  value  may  be  nm  at  or  near 
normal  operating  efficiency,  even  on  a  line  of  uncertain  voltage 
regulation,  by  placing  both  tests  side  by  side  on  the  same  circuit. 
However,  the  voltage  applied  to  the  lamps  of  each  test  must  be 
such  that  the  average  efficiency  of  the  two  groups  is  the  same,  or, 
if  differently  rated  and  burned  at  one  voltage,  correction  factors 
must  be  applied  to  reduce  the  test  results  of  one  group  to  their 
equivalent  life  at  the  efficiency  of  the  other  group.  In  all  cases 
the  initial  (test)  efficiency  must  be  known,  if  test  results  are  to 
be  correctly  interpreted.  It  should  be  emphasized  that  relative 
results  only  are  obtained  by  such  a  test,  unless  the  voltage  r^^- 
lation  is  that  indicated  in  the  specifications  tmder  which  the  lamps 
are  tested. 

In  contradistinction  to  these  rough  tests  ^e  those  in  which 
actual  values  of  life  at  normal  efficiency  are  obtained  for  any 
group  of  lamps.  This  necessitates  great  care  in  initial  rating  and 
constancy  of  voltage  at  which  the  lamps  are  operated  on  the  life 
test.  By  choosing  test  efficiencies  within  a  range  through  which 
factors  for  life  correction  have  been  fully  established,  the  time 
necessary  to  complete  the  tests  may  be  materially  shortened. 
Life  tests  at  the  Bureau  of  Staiidards  are  of  this  kind. 

2.  SPECIAL  PURPOSES  OF  BUREAU  OF  STAIVDARDS  TESTS 

Although  the  chief  concern  of  departments  of  the  Government 
in  connection  with  tests  tmder  Standard  Specifications  is  to  secure 
reasonably  prompt  delivery  of  lamps  which  meet  the  specified  re- 
quirements, a  consideration  almost  equal  in  importance  is  the  de* 
termination  from  the  life  tests  of  the  relative  standing  of  the  various 
manufactures  as  regards  quality  of  output.  The  relative  quality 
thus  determined  is  referred  to  and  given  due  weight  in  deciding 
upon  future  awards  of  contract. 
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The  evaluatioa  of  a  lamp  life  to  as  high  a  degree  of  accuracy 
as  is  possible  in  testing  a  large  quantity  of  lamps  has  no  doubt 
guided  the  manufacttu'ers  to  some  extent  in  their  improvements 
of  efficiency  ratings,  notably  in  the  tungsten  lamp.  Consequently 
manufacturers  and  purchasers  receive  all  available  service  and 
assistance  not  only  from  the  actual  test  results  but  also  from 
conclusions  drawn  therefrom. 

m.  SELECTION  OF  LIFE-TEST  LAMPS 

The  Standard  Specifications,  in  accordance  with  which  all 
Bureau  tests  of  lamps  for  Government  are  made,  recognize  the 
importance  of  a  proper  selection  of  samples  for  life  test.  It  is 
assumed  that  no  lamp  can  accurately  represent,  the  life  of  a  group 
imless  it  accurately  represents  the  group  in  other  respects.  Hence, 
great  care  is  exercised  in  the  selection  of  the  samples  for  life  test, 
and  no  sample  is  taken  tmless  the  lamps  have  first  passed  the  pre- 
scribed initial  tests. 

These  initial  tests  are  made  by  Bureau  inspectors'  at  the  factory 
of  the  manufacturer,  and  regular  factory  apparatus  is  used.  Such 
testing  equipment  as  is  required  in  the  work  of  inspection  is  usually 
assembled  in  an  inspection  department,  so  that  factory  work  is  not 
mterfered  with.  In  the  larger  factories,  where  mitial  tests  under 
specifications  are  made  for  a  number  of  purchasers,  certain  opera- 
tors are  employed  most  or  all  of  the  time  in  the  inspection  de- 
partment. It  is  their  duty  to  render  the  inspectors  such  assistance 
as  may  be  required  m  making  mitial  tests.  Besides  one  or  more 
photometers,  this  department  contains  vacuum  test  equipment, 
special  sockets  supplied  with  ciurent  for  lighting  up  the  test  lamps, 
and,  in  factories  manufacturing  ttmgsten  lamps,  racks  for  sea- 
soning or  "aging"  the  lamps  selected.  This  last-named  equip- 
ment has  been  introduced  as  required  by  Standard  Specifications, 
because  of  the  new  process  of  exhaust,  which  produces  a  ductile 
filament,  not,  however,  stable  in  its  electrical  characteristics;  so 
that  a  certain  amount  of  btuning  is  necessary  before  the  current 
and  candlepower  reach  values  sufficiently  steady  for  accurate 
measurement. 

*  Oae  inspector  is  emplosred  oontinuously  and  another  is  sent  out  to  assist  him  when  necessary. 
37703^—16 ^9 
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The  quantity  of  lamps  selected  for  initial  tests  is  specified  as 
5  per  cent  of  the  total  of  a  lot  including  only  lamps  of  the  same 
size,  class,  and  voltage  range,  and  not  less  than  lo  lamps  from 
any  one  lot.  The  number  of  lamps  to  be  included  in  a  lot  is  left 
to  the  judgment  of  the  inspector. 

The  lamps  must  conform  to  certain  specified  requirements  as 
regards  bulbs,  bases,  filaments,  and  vacuum.  Lamps  which  pass 
these  requirements  are  then  run  on  the  photometer,  and  in  de- 
termining their  acceptability  tables  of  allowable  limits  of  watts 
and  candlepower,  or  of  watts  per  candle,  as  given  in  the  specifica- 
tions are  applied.  In  calibrating  the  photometer  for  these  tests 
the  inspector  uses  standards  which  have  been  certified  by  the 
Bureau  for  candlepower  and  current.  A  lot  of  lamps  is  accepted 
if  the  number  of  defective  lamps  on  either  test  is  below  the  speci- 
fied percentage  of  the  total. 

The  next  step  is  to  compute  from  the  records  of  the  photo- 
metric test  the  mean  values  of  individual  groups  of  test  lamps 
representing  not  more,  than  250  lamps  from  any  one  lot.  The 
lamp  nearest  the  mean  value  of  each  group  is  selected,  labeled, 
and  sent  to  the  Bureau  to  represent  the  group  on  life  test. 

IV.  MEASUREMENT  OF  LIFE-TEST  LAMPS 

In  order  to  facilitate  the  photometric  measurements  of  the  life- 
test  lamps  and  still  sectu-e  a  permanent,  accurate,  and  as  nearly 
as  possible  automatic  card  record  of  each  lamp  tested,  certain 
modifications  and  additions  have  been  made  to  the  photometer 
used  in  this  work  at  the  Bureau.  As  these  features  are  decidedly 
special  and  not  found  elsewhere,  their  construction  and  use  are 
fully  explained  in  what  follows,  not  only  that  the  method  of 
measurement  described  later  may  be  better  understood  but  also 
that  the  equipment  may  be  duplicated  by  anyone  desiring  to  use  it, 

1.  THE  UFE-TEST  PHOTOMETER 

(a)  General  Construction. — ^The  general  construction  of  the 
life-test  photometer  is  shown  in  Fig.  i  (frontispiece).  A  Lummer- 
Brodhtm  contrast  photometer  head  is  mounted  upon  a  movable  car- 
riage between  the  test  lamp  and  comparison  source,  the  distance 
between  the  last  two  mentioned  being  250  cm.     The  comparison 
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lamp,  a  loo-watt  tungsten,  is  placed  in  a  mirror-backed  box 
fronted  by  a  ground-glass  window.  This  window  presents  an 
approximately  tmiform  illuminated  surface  to  the  photometer, 
so  that  the  glass  plate  ^ts  as  the  effective  light  source  and  is  so 
considered.  The  mirrors  within  the  box  are  employed  to  increase 
the  illtunination  of  the  window  to  a  practical  working  value,  the 
effective  area  of  the  window  being  adjusted  by  means  of  a  varia- 
ble diaphragm  or  shutter/  this  adjustment  being  used  in  cali- 
brating the  photometer.  By  the  screening  system  used  stray 
light  is  so  effectively  excluded  from  the  photometer  screen  that 
measurements  are  made  in  a  curtained  booth  about  8  feet  high 
under  conditions  which  might  be  defined  as  approximately 
"semidaylight." 

The  standard  lamp  socket  may  be  rotated  in  a  direction  depend- 
ing upon  the  position  of  a  knee  switch  which  reverses  the  current 
in  the  armature  of  the  motor,  so  that  lamps  may  be  rapidly 
turned  in  or  out  of  the  socket  and  may  be  rotated  during  meas- 
urements. 

Current  and  voltage  leads  are  joined  to  the  lamp  rotator  by 
means  of  mercury  cup  connectors.  Storage  battery  current  is 
used  in  all  measurements  and 'available  line  voltage  is  adjusted 
by  means  of  end-cell  switches. 

(6)  Instruments  and  Candlbpower  Scales. — Ciurent  through 
the  standard  or  test  lamp  is  read  on  a  millivoltmeter  connected 
across  a  separate  shtmt.  Standard  or  test  lamp  voltage  is  read 
on  a  Brooks  deflection  potentiometer.^  On  this  instrument  the 
balanced  portion  of  the  emf  is  read  from  the  dial  which  is  ar- 
ranged in  steps  of  2  volts.  The  tmbalanced  portion  produces 
current  in  the  galvanometer  circuit,  with  consequent  motion  of 
a  pointer  over  a  scale  calibrated  in  o.i  volt  divisions  through  a 
range  of  1.5  volts  above  and  below  the  dial  setting,  so  that  o.oi 
to  0.02  volt  is  the  smallest  readable  deflection,  and  the  pre- 
cision of  any  setting  is  within  these  limits.  In  practice  a  null 
method  is  used  and  voltages  corresponding  to  dial  settings  are 
chosen  in  the  measurement  of  all  test  lamps.    Certain  modifica- 

*  This  ammgenient  of  the  oomporison  lamp  and  of  a  spedal  reststanoe,  described  later,  were  introduced 
by  Ives  and  WoodhoD,  who.  for  a  short  time,  were  associated  with  this  work.    See  this  Bulletin.  6.  p.  555. 

*  Brooks.  H.  B..  A  New  Potentiometer  for  the  Measurement  of  Electromotive  Force  and  Current.  tUt 
Bulletin.  2.  p.  aas;  1906. 
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tions  described  later  have  been  made  in  the  connections  of  this 
instrument  to  faciUtate  the  convenient  handling  of  large  quanti- 
ties of  lamps. 

Several  candlepower  scales  are  mounted  on  a  brass  drum  which 
fits  within  the  front  tube  of  the  track.  The  normal  scale  is  used 
when  the  photometer  receives  unmodified  light  from  both  test 
and  comparison  lamps.  The  choice  of  other  scales  depends  upon 
the  opening  of  the  sectored  disk  *  or  the  transmission  of  the  glass 
screen  used  and  upon  whether  these  auxiliaries  are  used  on  the 
test  or  on  the  comparison  side  of  the  photometer.     In  routine 
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Fig.  3. — Wiring  diagram  of  the  life-test  photometer 

work  these  scales  are  used  only  in  calibrating  the  photometer, 
because  the  equipment  installed  eliminates  all  reference  to  actual 
values  on  the  scales. 

(c)  Wiring  and  Speciai^  Resistances. — ^As  shown  in  Fig.  3, 
the  test  and  the  comparison  lamps  are  wired  in  separate  circuits 
in  order  to  permit  a  wide  voltage  range  on  the  former  without 
affecting  the  voltage  on  the  latter.  In  the  comparison  lamp  cir- 
cuit, besides  the  adjustable  rheostat  i?„  there  are  two  special 
resistances  designated  by  R^  and  R^,  respectively.  The  purpose 
of  these  special  resistances  is  to  maintain  the  comparison  lamp 


*  For  all  work  on  this  photometer  an  adjustable  sectored  disk  is  used. 
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at  certain  definite  colors  and  still  permit  a  precise  calibration  of 
the  photometer  in  terms  of  the  group  of  standards  used  without 
making  tedious  experimental  adjustments  of  resistance. 

With  the  resistance  /?,  all  in  circuit  the  comparison  lamp 
operates  at  the  color  of  carbon  test  lamps.  With  a  fixed  amotmt 
of  R^  short-circuited  by  the  switch  SW,  a  color  used  in  the  meas- 
urement of  tungsten  lamps  is  obtained.  When  the  standards  are 
operated  at  the  same  color  as  the  test  lamps,  a  color  match 
with  the  comparison  lamp  is  obtained  by  placing  a  blue  glass 
screen  (the  transmission  of  which  need  not  be  known)  on  the 
comparison  side  of  the  photometer.  This  is  done  in  order  that 
the  comparison  lamp  may  be  operated  at  a  comparatively  low 
efficiency,  and  thus  prolong  its  useful  life.  In  case  it  is  desired 
to  run  test  lamps  at  an  efficiency  higher  than  that  which  would 
be  safe  for  the  standards,  a  glass  screen  of  known  transmission 
must  be  u$ed  with  the  comparison  lamp  while  measuring  the 
test  lamps,  but  in  calibrating  the  photometer  the  screen  is  re- 
placed by  the  sectored  disk  so  set  that  the  percentage  opening  is 
equal  to  the  transmission  of  the  screen.  In  this  way  the  standards 
are  operated  at  the  unmodified  color  of  the  comparison  lamp 
and  the  test  lamps  at  any  desired  color  for  which  a  color  screen 
of  the  proper  density  for  color  match  with  the  comparison  lamp 
is  selected. 

The  potentiometer  button  ^,  to  which  the  galvanometer  is 
switched  in  setting  the  comparison  lamp,  is  connected  to  contact 
P  on  the  slide-wire  resistance  -R4,  which  will  be  described  presently. 
In  the  position  shown  it  is  evident  that  the  drop  from  P  across 
the  portion  of  /?,  in  circuit  is  meastu'ed.  This  drop  is  proportional 
to  the  cmrent  in  the  comparison-lamp  circuit,  and  hence  by  a 
proper  choice  of  resistance  R^  (which  is  large  in  comparison  with 
i? J  the  exact  current  in  the  comparison  lamp  for  carbon  color  is 
obtained.  As  the  voltage  on  the  standards  or  test  lamps  is  set 
with  the  switch  lever  on  button  i,  a  check  can  be  kept  on  the 
current  in  the  comparison  lamp  without  disttu-bing  the  poten- 
tiometer setting  by  simply  switching  the  lever  to  button  2. 
Any  necessary  adjustment  in  the  current  is  made  by  means  of 
resistance  R^  to  bring  the  galvanometer  pointer  back  to  zero. 
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In  calibrating  the  photometer  the  adjustment  of  the  comparison 
source  is  easily  made  to  within  i  or  2  per  cent  in  candlepower 
by  means  of  the  adjustable  shutter  on  the  ground-glass  window. 
The  final  adjustment  is  made  by  moving  contact  P  along  the 
slide-wire  resistance  R^  a  distance  corresponding  to  the  desired 
small  change  in  candlepower  as  read  from  a  scale  of  candlepower 
differentials  placed  under  the  wire.  The  changes  of  current  pro- 
duced by  moving  P  are  small,  so  that  the  changes  in  color  of 
the  comparison  lamp  thus  produced  are  entirely  negligible.  Ives 
and  Woodhull  ^  made  use  of  an  adjustable  resistance,  but  the  null 
method  made  possible  by  the  modified  potentiometer  connections 
and  the  calibrated  slide- wire  resistance  just  described  was  intro- 
duced later. 

(d)  The  Watts-per-Candle  Computer. — ^Two  sets  of  special 
scales  are  used  in  connection  with  this  photometer.  One  set  is 
used  in  computing  watts-per-candle  from  the  observations  while 
the  other  set  is  used  in  connection  with  a  recording  device.  The 
wpc  computer,  which  operates  on  the  principle  of  an  ordinary 
slide  rule,  consists  of  an  ampere  scale  and  a  wpc  scale  both 
logarithmic  and  calculated  on  the  same  base.^  These  are  placed 
parallel  to  the  photometric  axis  between  the .  photometer  head 
and  the  carriage,  the  wpc  scale  (showing  white  in  Fig.  i)  being 
attached  to  the  carriage  so  as  to  move  with  it. 

The  design  of  the  computer  is  based  upon  the  fact  that  a  loga- 
rithmic scale  may  be  constructed  which  practically  coincides 
with  the  candlepower  scale  over  a  range  extending  from  one-half 
to  double  the  candlepower  reading  at  the  middle  of  the  scale. 
The  base  of  such  a  logarithmic  scale  for  a  250  cm  photometer  is 
71.25  cm,  and  the  maximum  differences  of  a  scale  so  constructed 
from  the  true  candlepower  scale,  the  middle  -division  of  which  is 
20  candlepower,  are  only  0.08  cm,  corresponding  to  about  0.25 
per  cent  in  candlepower  and  occurring  at  approximately  the  14 
and  28  candlepower  divisions.  These  differences,  even  at  the 
points  of  maximum  value,  are  entirely  negligible  for  the  purposes 
of  this  photometer  and  the  advantages  gained  by  employing  the 
logarithmic  scale  fully  offset  the  small  errors  introduced. 

^  See  note  4,  p.  6x1. 

'  The  base  of  a  oomxnoii  logariUunic  scale  is  the  distance  from  x  to  xo,  xo  to  loo,  etc.,  on  the  scale. 
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The  two  parts  of  the  computer  are  logarithmic  scales  con- 
structed in  this  manner,  but  the  divisions  are  labeled  amperes  and 
wpc,  respectively,  instead  of  candlepower. 

Now,  it  is  evident  that,  with  the  photometer  set  to  a  given 
candlepower,  the  ampere  scale  may  be  moved  horizontally  to  a 
point  where  for  a  given  voltage  the  corresponding  wpc  will  appear 
under  any  chosen  value  of  current  (which  then  corresponds  to  the 
wattage),  and  that  after  this  setting  the  correct  wpc  value  will 
appear  tmder  the  corresponding  current  at  all  points  of  the  scale. 
Now,  if  a  lamp  is  run  at  this  same  voltage  and  the  photometer  is 
moved  to  the  point  of  balance  the  correct  wpc  will  still  appear 
tmder  the  observed  cturent,  because  the  wpc  scale  attached  to 
the  photometer  carriage  has  been  moved  in  its  relation  to  the 
ampere  scale  by  a  distance  corresponding  to  the  change  in  can- 
dlepower. The  ampere  scale  must  be  reset  for  every  change  of 
voltage,  but  by  proper  grouping  of  lamps  a  large  number  may  be 
run  in  succession  at  one  voltage,  so  that  these  changes  are  infre- 
quent during  any  single  run. 

(e)  The  Recording  Devicb. — ^The  recording  device  consists  of 
a  stamping  magnet,  a  cylinder  carrying  a  ntunber  of  scales,  and  a 
car  for  holding  the  record  cards.  The  magnet  and  cylinder  are 
attached  to  the  photometer  carriage,  and  therefore  move  with  it. 
The  cylinder  is  mounted  normal  to  the  photometric  axis  and 
carries  three  logarithmic  scales  running  parallel  to  its  length,  one 
being  an  hour  scale,  the  other  two  being  wpc  scales  for  use  in 
measuring  tungsten  and  carbon  lamps,  respectively.  The  magnet 
is  supported  by  a  rod  placed  parallel  to  the  cylinder,  so  that  the 
pointer  carried  by  the  magnet  may  be  set  at  any  division  on  any 
one  of  the  three  scales,  the  desired  scale  being  presented  by  turn- 
ing the  cylinder. 

The  car  may  be  moved  on  a  track  parallel  to  the  photometric 
axis  but  is  held  at  any  one  of  a  number  of  nearly  equally  spaced 
points  by  means  of  a  pin  placed  in  a  corresponding  hole  in  the 
track.  The  distance  between  any  two  adjacent  holes  corresponds 
to  half  the  distance  from  100  per  cent  to  80  per  cent  candle- 
power  as  read  from  the  true  candlepower  scale.  These  holes  are 
labeled  with  two  series  of  the  same  letters,  one  series  being  printed 
in  red,  the  other  in  black,  the  letters  of  the  red  series  being  placed 
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two  spaces  nearer  the  comparison  lamp  than  the  corresponding 
letters  of  the  series  in  black.  The  use  of  these  letters  will  be 
described  presently. 

The  observations  are  recorded  as  pomts  stamped  on  plain 
white  cards  approximately  12.5  cm  by  20  cm,  there  being  one 
card  for  each  lamp.  (See  Pig.  4.)  These  cards  are  placed  in 
the  car  with  their  long  dimension  normal  to  the  photometric 
axis  and  therefore  parallel  to  the  scales  on  the  cylinder.     Now, 
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Fio.  4. — Completed  test  record  on  a  lamp  card  showing  the  scales  used  in  placing  the 

record  points  and  in  evaluaiing  corrected  life 

This  lamp,  a  40-wfttt.  xio-volt,  tuncston,  ^ras  tested  at  0.947  wpc  and  had  a  life  of  505  faoitn  which  fa 
equivalent  to  756  hours  at  i.oo  wpc.  It  was  rated  at  x.05  wpc  by  the  manufacturer  and  the  life  q>edficd 
was  1,000  hours  whidi  is  equivalent  to  697  hours  at  x.oo  wpc.  Hence,  the  life  of  the  lamp  was  756^697^ 
Z08.5  per  cent  of  the  life  required  by  the  qiedfioatlans.    (For  farther  nrplanafinn,  see  p.  6x8) 

it  is  evident  that  the  short  dimension  of  the  card  may  be  looked 
upon  as  a  candlepower  scale  and  the  long  dimension  as  an  hour 
scale  or  a  wpc  scale,  depending  upon  which  of  these  two  quantities 
is  to  be  measured  and  recorded.  The  position  for  the  card  on 
the  photometer  is  so  chosen  at  the  initial  measurement  that  the 
candlepower  record  will  be  made  suiiiciently  high  to  permit  all 
values  during  the  life  of  the  lamp  to  fall  on  the  card.  This  is 
regarded  as  the  normal  position  of  the  card  and  is  designated 
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by  the  corresponding  black  letter  which  is  then  written  on  the 
card.  The  card  is  placed  in  this  position  during  all  but  the 
initial  measurements,  the  reason  for  this  exception  being  given 
in  the  following  section. 

The  two  most  important  quantities  to  be  recorded  are  the 
initial  (test)  wpc  and  the  life.  The  latter  is  defined  as  the  number 
of  hours  required  for  a  lamp  to  reduce  to  80  per  cent  of  its  initial 
candlepower,  or  to  bum  oiit,  if  within  that  period.  Now,  it  is 
evident  that,  so  far  as  making  the  record  is  concerned,  motion 
of  the  card  toward  higher  candlepower  on  the  photometer  is 
equivalent  to  moving  the  photometer  in  the  opposite  direction. 
If,  therefore,  dtuing  the  initial  meastirement  of  candlepower  the 
card  be  set,  not  at  its  normal  (black  letter)  position,  but  at  that 
designated  by  the  corresponding  red  letter,  the  record  point  of  the 
observed  candlepower  will  fall  at  a  position  corresponding  to  80 
per  cent  of  the  value  observed.  This  point  therefore  establishes 
on  the  record  the  limiting  line  of  life  as  defined  by  the  specifi- 
cations. 

As  the  record  of  the  initial  measurement  does  not  include  the 
element  of  time,  it  may  be  made  at  any  point  along  the  80  per 
cent  line.  Hence,  if  the  stamping  magnet  be  set  at  the  point  on 
the  wpc  scale  (which  scale  for  tungsten  lamps  is  reproduced 
under  the  card  in  the  figure)  corresponding  to  observed  initial 
wpc,  not  only  80  per  cent  of  the  initial  candlepower  but  also 
the  initial  wpc  as  well  may  be  recorded  by  the  same  point.  To 
distinguish  these  initial  points  from  the  rest  of  the  records,  they 
are  stamped  in  red  (indicated  by  +  in  the  figure)  while  all  the 
others  are  stamped  in  black.  For  all  but  the  initial  measurements 
the  card  is  set  at  the  black  letter  position  and  the  magnet  is  set 
at  a  point  on  the  hour  scale  (which  scale  is  also  reproduced  imder 
the  card  in  the  figure)  corresponding  to  the  total  number  of 
hours  the  lamp  has  burned.  The  candlepower-hour  record  points 
are  stamped  in  succession  across  the  card  as  many  times  as  neces- 
sary, depending  upon  the  life  of  the  lamp,  the  hour  scale  reading 
for  each  succeeding  series  being  ten  times  the  value  it  had  in  the 
series  next  preceding.  The  complete  record  thus  obtained  on 
any  card  graphically  represents  the  performance  of  the  corre- 
sponding lamp  and  the  actual  test  life  is  indicated  by  the  point 
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of  intersection  of  the  curve  of  candlepower  performance  with  the 
80  per  cent  candlepower  line. 

So  far  as  obtaining  a  record  is  concerned,  any  scale  might  have 
been  adopted  for  use  on  the  cylinder  in  recording  test  life  and 
initial  wpc,  but  the  scales  here  employed  have  been  so  chosen 
in  respect  to  their  relative  lengths  and  relative  position  on  the 
cylinder  as  to  permit  the  evaluation  of  corrected  life  from  test 
wpc  to  rated  wpc  directly  from  the  card  record  without  compu- 
tation or  reference  to  tables  of  factors.  This  arrangement  was 
based  upon  the  following  considerations. 

It  has  been  shown  that  within  certain  limits  the  relation  between 
life  and  wpc  may  be  expressed  by  the  formula, 

Life  ratio  —  (wpc  ratio)  •• (i) 

in  which  m  has  been  found  to  have  a  value  of  about  7.4  for  tung- 
sten lamps  and  5.83  for  carbon  lamps.     Prom  equation  (i)  is 

derived 

log  life  ratio  =w  log  wpc  ratio (2) 

analogous  to  the  equation 

y^mx (3) 

which  is  the  equation  of  a  straight  line.  Hence  a  logarithmic 
hour  scale  and  a  similarly  constructed  wpc  scale  with  a  base 
equal  to  m  times  the  base  of  the  hour  scale  may  be  used  together 
as  a  slide  rule  for  making  life  corrections  from  one  efficiency  to 
another.  Life  in  hours  on  the  one  scale  is  set  opposite  the 
corresponding  wpc  on  the  other,  and  life  at  any  other  wpc,  not 
exceeding  the  limits  through  which  m  has  a  constant  value,  is 
read  by  referring  to  the  corresponding  wpc  division. 

The  hour  scale  on  the  cylinder  of  the  recording  device  was 
plotted  to  a  base  of  20  cm  (equal  to  the  approximate  length  of 
the  record  cards)  with  divisions  from  i  to  10,  as  in  all  slide- 
rule  scales,  and  hence  the  base  taken  for  the  wpc  scale  for 
timgsten  lamps  was  7.4X20  =  148.0,  and  for  carbon  lamps, 
5.83X20  =  116.6. 

Life  requirements  in  the  specifications  are  expressed  in  hours 
at  rated  wpc,  being  at  present  1,000  hours  for  tungsten  lamps 
and  from  1 20  to  450  hotU"s  for  carbon  lamps,  depending  upon  the 
size.  In  order  to  facilitate  the  test  of  tungsten  lamps,  they  have 
been  bmned  at  from  0.90  to  0.95  wpc  but  carbon  lamps  have  been 
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tested  at  or  near  their  normal  rating.  To  avoid  complications 
in  the  recording  device  and  occasional  changes  to  correspond  to 
changes  which,  from  time  to  time,  are  made  in  the  rating  of 
lamps  as  the  art  of  manufacture  improves,  it  was  considered  best 
to  arrange  for  the  correction  of  test  life  values  to  their  equivalent 
at  a  certain  chosen  wpc  for  each  class  of  lamp.  Accordingly  i  .00 
wpc  was  chosen  for  tungsten  lamps  and  3.05  wpc  for  carbon  lamps 
and  by  means  of  equation  (i)  the  life  requirements  of  all  sizes 
of  each  class  at  rated  wpc  were  reduced  to  their  equivalent  at  the 
corresponding  chosen  wpc.  These  values  then  are  referred  to  as 
the  required  life  instead  of  those  given  in  the  specifications  and 
the  life  of  any  lamp,  or  of  any  group  of  lamps  of  the  same  size, 
is  expressed  in  per  cent  of  the  required  life.  (See  explanation 
under  Fig.  4.) 

The  logarithmic  hour  and  wpc  scales  constructed  as  above 
described  were  then  so  placed  on  the  cylinder  that  the  i.oo  wpc 
division  of  the  tungsten  scale  was  in  line  with  the  looo-hour  divi* 
sion  of  the  hour  scale,  as  shown  in  Fig.  4,  and  the  3.05  wpc  division 
of  the  carbon  scale  in  line  with  the  450-hour  division.  The  wpc 
pouits  on  the  card  are  thus  recorded  on  a  logarithmic  scale  and 
in  a  definite  relation  to  the  hour  scale.  Now,  if  the  1000-hour  divi- 
sion of  the  scale  in  the  case  of  tungsten  lamps  or  the  450-hour 
division  ia  the  case  of  carbon  lamps  be  taken  as  an  index  and  a 
duplicate  of  the  hour  scale  be  placed,  as  shown  in  Fig.  4,  with 
the  proper  index  on  the  mean  of  the  wpc  points  of  the  record 
and  with  its  reading  edge  on  the  80  per  cent  line,  the  test  Ufe, 
corrected  to  the  chosen  wpc,  may  be  read  at  the  intersection  of 
the  scale  and  the  candlepower  performance  curve. 

in  case  a  lamp  bums  out  above  80  per  cent  of  its  initial  candle- 
power  value,  a  vertical  line  is  drawn  across  the  80  per  cent  line 
at  the  proper  point  as  determined  by  the  life  test  log  and  the 
hour  scale,  but  the  procedure  ia  obtaining  corrected  life  is  the 
same  as  in  the  case  of  lamps  which  have  burned  to  80  per  cent 

For  lamps  having  other  than  the  specified  mean  spherical  re- 
duction factors,  the  index  may  be  so  chosen  that  the  correspond- 
ing difference  is  made  ia  the  corrected  Ufe.  Certain  special 
lamps,  for  example,  lamps  in  tubular  and  rotmd  bulbs,  are  thus 
evaluated. 
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(f)  Features  of  the  Record. — (a)  Detection  and  Compensation 
of  Errors. — ^One  characteristic  of  these  record  points  of  the  initial 
readings  of  wpc  and  candlepower  (Fig.  4)  is  of  interest  and  impor- 
tance in  that  it  serves  as  a  visual  check  upon  the  correctness  of  the 
records.  Rarely  do  two  observers  on  the  photometer  check  each 
other  exactly,  but  the  precision  of  electrical  instruments  and  the 
constancy  of  electric  lamps  during  the  relatively  short  time  they  are 
in  circuit  on  the  photometer  are  such  that  the  ampere  reading  is 
usually  repeated  to  within  o.ooi.  Suppose,  now,  that  at  the  same 
current  the  second  observer  reads  a  candlepower  value  higher  than 
that  recorded  by  the  first.  The  wpc  computer  will,  consequently, 
indicate  a  lower  value,  since  the  candlepower  is  higher  for  the 
same  watts.  Referring  to  Fig.  4,  it  will  be  seen  that  the  second 
point  will  be  placed  above  and  to  the  left  of  the  first.  For  a 
candlepower  reading  lower  than  the  first,  the  current  remaining 
the  same,  the  point  will  be  placed  below  and  farther  to  the  right. 
Suppose,  now,  that  one  or  other  of  the  ampere  readings  is  in  error, 
the  second  being  appreciably  higher  than  the  first.  The  apparent 
wpc  of  the  second  observation  is  then  higher  than  it  should  be, 
regarding  the  first  as  correct,  and  the  effect  is  to  change  the  slope 
of  the  line  connecting  the  two  observations.  Displacements  may 
occur  also  in  case  of  errors  in  transfer  to  the  record  card  or  as 
combination  of  errors. 

Now  it  is  evidoit  that  the  equation 

Watts  ==  cp  X  wpc = constant (4) 

expresses,  for  a  steady  lamp,  the  condition  for  correct  reading. 
This  is  the  equation  of  an  equilateral  hyperbola.  Although  some- 
what modified  by  the  logarithmic  scale  of  the  recording  equipment, 
it  is  closely  approximated  in  form  by  correctly  recorded  points 
under  conditions  of  constant  watts;  so  that  the  slope  of  the  line 
connecting  the  initial  wpc  points  may  be  used  as  an  indication  of 
their  precision,  and  any  considerable  deviation  from  the  correct 
slope  indicates  that  some  error  has  been  made.  Any  lamps,  the 
records  of  which,  show  such  deviations  are,  therefore,  rephotom- 
etered. 

Another  interesting  feature  of  the  card  record  of  a  normal  lamp 
is  that  the  slope  of  the  candlepower-life  curve  between  its  last 
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two  points  is  often  very  nearly  the  same  as  that  of  the  line  join- 
ing the  two  initial  wpc  points;  consequently  in  these  cases  com- 
paratively large  differences  in  distance  between  initial  points 
effect  no  considerable  change  in  corrected  life,  which  may  be 
evaluated  with  small  error  from  any  point  in  the  line  connecting 
the  wpc  points.  Observational  errors  in  initial  readings  are 
therefore  sdways  compensated  for  to  some  extent  by  the  fact  that 
the  candlepower-life  and  initial  wpc  curves  always  slope  in  the 
same  general  direction.  It  is  doubtful  if  any  other  than  this 
system  of  photometry  and  recording  possesses  these  advantages. 
(/3)  Increased  Accuracy  in  Life  Values. — It  has  already  been 
stated  that  in  evaluating  lamps  which  have  burned  to  80  per  cent 
a  straight  line  is  drawn  between  the  last  two  points  on  the  record 
cards,  one  of  which  is  above  and  other  below  the  80  per  cent 
candlepower  line.  (Fig.  4.)  If  this  line  be  transferred  to  rectan- 
gular coordinates  it  will  be  found  that  it  is  slightly  curved,  being 
convex  downward  toward  the  life  axis.  As  this  is  characteristic 
of  a  true  candlepower-life  curve,  this  method  gives,  on  an  average, 
a  closer  approximation  to  the  actual  time  of  crossing  the  80  per 
cent  line  than  that  obtained  by  direct  interpolation. 

2.  METHODS  OF  MEASURING  AND  RECORDING  OBSERVED  VALUES 

(a)  Rating  ot  Lamps  for  Life  Test. — ^Two  methods  are  in 
common  use  in  rating  lamps  for  life  test.  The  first  distinguishes 
two  voltages,  namely,  ** photometer"  voltage,  which  usually  cor- 
responds to  rated  voltage,  and  "rack**  voltage.  Rack  voltage  is 
computed  from  photometer  voltage  and  the  corresponding  wpc 
by  the  characteristic  equation  expressing  the  relation  of  volts 
to  wpc.  By  this  method  the  lamps  are  always  run  on  the  photo- 
meter, both  initially  and  during  life  test,  at  photometer  voltage. 
They  are  operated  on  life  test  at  rack  voltage,  which  of  course 
corresponds  to  test  wpc  within  the  desired  limits.  By  the  second 
method  the  lamps  are  photometered  and  operated  on  life  test 
at  rack  voltage.  In  the  case  of  vacuum  ttmgsten  lamps,  the 
characteristics  of  which  are  well  known,  either  method  may  be 
used.  Advocates  of  the  first  method  claim  advantages  for  it 
in  the  greater  certainty  of  candlepower  observations  made  at  or 
near  a  color  match  with  the  standards.     These  are  no  doubt  real 
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advantages,  as  there  is  now  practically  no  uncertainty  introduced 
by  computations  based  on  well-established  values  within  certain 
limits  of  wpc  for  normal  lamps. 

The  Bureau,  however,  employs  the  second  method.  Although 
this  method  was  adopted  before  the  characteristics  of  tungsten 
lamps  were  as  well  known  as  they  now  are,  it  is  still  used  be- 
cause it  introduces  no  uncertainties  due  to  possible  failing  of  any 
lamps  to  conform  to  the  characteristic  relations.  Although  an 
extra  scale  for  reading  rack  voltage  could  easily  be  added  to  those 
above  described,  thus  permitting  measurements  at  photometer 
voltage,  a  careful  investigation  of  the  possible  added  advantages 
thus  secured  as  weighed  against  a  somewhat  greater  complexity 
of  apparatus  and  consequent  added  liability  of  error  would  first 
have  to  be  made  if  a  change  to  the  first  method  should  ever  be 
contemplated. 

(6)  Details  of  a  Photometric  Run. — ^As  a  Lummer-Brodhun 
photometer  is  used,  all  measurements  are  made  at  as  nearly  a 
color  match  as  possible.  By  the  method  at  present  in  use,  the 
photometer  is  always  calibrated  by  six  tungsten  standards  se- 
lected at  random  from  a  much  larger  group.  The  values  of 
candlepower  and  current  for  the  individual  lamps  of  this  group, 
over  a  wide  range  of  voltage  (and  color),  are  tabulated  on  a 
card  within  view  of  the  electrical  operator  and  in  what  follovra 
these  are  designated  as  ''  certified  "  values.  The  comparison  lamp 
is  adjusted  in  cturent  so  as  to  give  the  proper  color  to  match  the 
lamps  to  be  tested,  this  being  done  by  simply  balancing  the  po- 
tentiometer against  the  voltage  drop  across  resistance  /?,  (Pig.  3), 
the  small  adjustment  necessary  being  made  by  means  of  resist- 
ance /?,.  Switch  SW  is  open  or  closed,  depending  upon  whether 
carbon  or  tungsten  lamps  are  to  be  measured.  The  first  standard 
is  then  placed  in  the  socket  and  adjusted  in  voltage  to  match  the 
modified  or  tmmodified  color  of  the  comparison  lamp  depending 
upon  the  efficiency  at  which  the  test  lamps  are  to  be  measured. 
(See  p.  613.)     ^ 

After  the  color  adjustment,  the  certified  candlepower  value  of 
the  standard,  at  the  voltage  to  which  adjustment  was  made,  is 
called  oflf  by  the  electrical  operator,  and  the  photometer  operator 
so  adjusts  the  shutter  on  the  ground  glass  window  which  fronts  the 
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comparison  lamp  box  that  a  balance  is  secured  at  approximately 
the  certified  value  as  read  on  the  candlepower  scale.  After  this 
approximate  calibration,  a  stamped  record  of  about  ten  indi- 
vidual settings  is  made  for  each  of  the  six  standards.  After  the 
observed  values  of  a  standard  are  recorded,  the  certified  value  is 
called  oflF  by  the  electrical  operator  and,  with  the  photometer  set 
at  this  point  on  the  scale,  this  value  also  is  stamped  on  the  card. 
A  copy  of  a  short  section  of  the  candlepower  scale  is  used  to  read 
off  the  algebraic  differences  between  the  certified  and  the  observed 
candlepower  values.  In  this  manner  the  difference  between 
observed  and  certified  values  of  all  the  standards  are  determined 
and  the  mean  difference  in  candlepower  is  computed.  Correction 
for  this  mean  difference  is  then  made  by  moving  the  sliding  con- 
tact P  of  the  resistance  R^  (p.  614)  the  proper  number  of  scale 
divisions.  This  necessitates  a  small  adjustment  of  the  comparison 
lamp  current  which  is  now  made  by  means  of  resistance  i?,.  The 
electrical  operator  has,  in  the  meantime,  compared  the  observed 
current  with  the  certified  current  and  determined  a  mean  correc- 
tion for  ammeter  readings;  or,  in  case  lamps  whose  ampere  read- 
ings are  considerably  different  from  that  of  the  standards  are  to 
be  run,  the  proper  ampere  standard  is  selected  from  a  group  of 
seasoned  lamps  used  only  for  this  purpose,  and  the  mean  ampere 
correction  thus  established  is  applied  throughout  the  run.  The 
standard  check  is  the  last  direct  reference  made  to  actual  values 
on  the  candlepower  scale. 

Having  determined  by  trial  the  even  voltage  (e.  g.,  118,  120, 
etc.)  corresponding  to  a  dial  setting  on  the  potentiometer  at  which 
the  first  test  lamp  falls  within  the  desired  range  of  test  wpc,  the 
ampere  scale  is  set  to  a  point  corresponding  to  this  voltage.  (See 
p.  615.)  Opposite  the  ampere  value  called  off  by  the  electrical 
operator  is  read  the  test  wpc.  With  the  corresponding  lamp  card 
so  placed  that  the  value  to  be  recorded  will  be  at  least  two-thirds 
of  the  way  down  the  card,  the  index  carried  by  the  stamping 
magnet  is  set  at  the  observed  wpc,  the  circuit  through  the  magnet 
is  closed  by  pressing  a  button,  thus  making  the  record  of  the  wpc 
and  also  80  per  cent  of  the  candlepower  as  a  single  point  in  red. 
The  red  letter  indicating  the  card  position  is  noted  and  a  card 
bearing  this  letter  is  selected  from  the  file  within  reach  and  placed 
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face  down  on  the  photometer  bench,  the  first  record  card  being 
turned  over  and  placed  upon  it.  As  the  different  lamps  are  pho- 
tometered  the  corresponding  lamp*  cards  and  position  cards  are 
added  in  regular  order.  The  same  voltage  is  applied  to  each  lamp 
in  succession  tmtil  one  is  reached  which  requires  a  change  of  volt- 
age, when  the  ampere  scale  is  reset  to  correspond  to  this  voltage. 
Readings  are  continued  at  this  new  voltage  to  a  point  where 
another  change  of  voltage  is  required,  etc.  *'  Information  cards  " 
designating  voltage,  disk  opening,  card  position,  etc.,  are  intro- 
duced in  the  proper  place  to  indicate  the  changes  to  be  made  in 
succeeding  measurements. 

The  photometer  calibration  is  checked  by  two  or  three  stand- 
ards at  intervals  during  the  run  and  the  indicated  changes  of  com- 
parison lamp  current  are  made  when  required  (p.  613).  After  the 
first  run,  cards  for  lamps  of  the  same  voltage,  disk  opening,  card 
position,  etc.,  are  grouped  together  to  the  best  advantage,  the 
extra  information  cards  being  removed  and  filed  for  future  use. 
The  life-test  lot  number,  tjie  voltage,  and  position  letter  are  then 
printed  or  written  on  each  card,  and  the  lamps  rearranged  for  a 
second  run  in  the  order  determined  by  the  card  positions,  thus 
facilitating  the  work.  After  the  second  run,  for  which  the  two 
operators  exchange  places,  such  additional  check  measurements 
as  are  found  necessary  (p.  620)  are  made.  The  lamps  are  then 
ready  for  the  life-test  racks,  where  they  are  burned  at  the  respec- 
tive voltages  found. 

After  the  first  period  of  burning  on  the  life  test,  the  lamps  are 
removed,  placed  in  the  proper  order  and  again  nm  on  the  pho- 
tometer at  the  test  (rack)  voltage.  The  cards  are  now  set  to  the 
hUick  letter  position  (p.  61 7)  indicated  on  the  information  cards 
and  on  each  lamp  card,  and  the  stamping-magnet  index  is  placed 
at  the  point  on  the  hotu"  scale  corresponding  to  the  number  of 
hours  the  lamps  of  the  lot  have  burned. 

The  ampere  scale  is  set  as  in  the  initial  run,  and,  after  the 
observed  candlepower  value  is  recorded,  the  photometer  is  set 
so  that  an  index  on  the  movable  part  of  the  wpc  computing 
device  is  opposite  the  observed  current  value  and  a  record  of  the 
position  is  stamped.  As  the  voltage  at  every  measurement  of 
a  given  lamp  is  the  same,  this  record  shows  the  variations  in  the 
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watts  during  the  life  of  the  lamp.     (These  points  are  surrounded 

by  circles  in  Fig.  4.) 

Measurements  are  made  in  this  manner  after  each  test  life 

period  tmtil  all  lamps  of  the  lot  have  crossed  the  80  per  cent 

candlepower  line  or  burned  out  above  it. 

V.  THE  LIFE  TEST 
1.  DESIGN  OF  THE  INSTALLATION 

At  the  time  when  the  design  of  the  life  test  equipment  was 
tmder  discussion,  the  common  method  in  use  elsewhere  of  setting 
individual  lamps  or  racks  of  lamps  to  a  desired  test  voltage  was  by 
means  of  a  resistance  in  series  with  each  lamp  or  rack.  The  dis- 
advantages of  this  method  were  apparent,  and  search  was  therefore 
made  for  an  arrangenient  of  equipment  which  would  be  free  from 
these  disadvantages,  but  which  would  still  conform  to  the  require- 
ments to  be  met  An  arrangement  of  auto-transformers  proposed 
by  Mr.  Brooks  was  adopted  because  of  its  simplicity,  convenience, 
and  general  conformity  to  the  requirements  of  life-test  operation. 
Other  laboratories  have  since  adopted  the  essential  features  of 
this  arrangement  which  are  fully  described  below. 

(a)  Wiring  and  Vowage  Adjustment. — Referring  to  the  wir- 
ing diagram.  Pig.  5,  which  exhibits  the  essential  features  of  the 
system,  it  is  seen  that  alternating  current  is  supplied  by  the  gen- 
erator to  the  center  of  distribution.  Auto-transformers  T^  to  T4 
supply  current  to  the  bus  bars  at  the  voltage  indicated.*  These 
bus-bars  are  motmted  on  the  back  of  the  switchboard  panel  farthest 
to  the  right.  (Fig.  2 ,  frontispiece.)  One  terminal  of  each  rack  (hori- 
zontal row)  is  connected  to  the  common  bus  through  the  second- 
ary of  a  corresponding  regulating  transformer  B;  the  other  ter- 
minal is  connected  to  a  plug  hole  in  this  same  panel.  Hence,  to 
energize  a  given  rack  R  a  connecting  cable  is  plugged  from  the 
corresponding  plug  hole  to  the  bus  maintaining  the  voltage  nearest 
to  that  desired.  The  conductors  from  the  switchboard  to  the 
racks  are  of  No.  4  wire  carried  through  10  lines  of  2-inch  conduit 
nmning  over  the  tops  of  the  switchboard  and  racks  to  junction 
boxes  from  which  connection  is  made  to  the  terminals  of  the  cop- 
per rod  conductors  of  the  racks. 

*  No  pfovisioa  has  yet  been  made  for  low  voltage  or  series  bunting  lanps. 
37703**— 16 ^10 
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The  special  autotransfonner  ST  maintains  voltages  of  +5, 
+  10,  +15  to  +50,  and  corresponding  negative  voltages  on  bus 
bars  located  on  the  front  of  the   middle  panel.     One  primary 


^^.^rem  Svttraltr 


Wiring  diagram  of  the  rmichboard  and  lift  radu. 


terminal  of  each  of  the  regulating  transformers  B  ends  in  a  cor- 
respondii^  plug  hole  also  on  this  panel.  As  the  ratio  of  trans- 
formation of  each  regulating  transformer  is  5  to  i,  it  follows 
that  +  or  —  changes  of  i,  2,  3  to  10  volts  may  be  made  effective 
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on  the  rack.  Hence,  by  plugging  from  the  transformer  termmal 
to  the  proper  bus  bar  on  this  panel,  a  second  approximation  to 
the  exact  voltage  desired  on  rack  R  is  obtained. 

The  other  primary  terminal  of  each  of  the  regulating  trans- 
formers ends  in  the  lever  of  a  corresponding  dial  switch  5  located 
on  the  left  panel  of  the  switchboard.  The  buttons  of  each  switch 
are  maintained  i  volt  apart  over  a  range  of  10  volts,  by  leads 
from  adjacent  i-volt  subdivisions  of  transformer  ST,  but  be- 
cause of  the  5  to  I  transformation  in  B  each  volt  at  the  switch 
is  efifectively  0.2  volt  on  the  rack.  Hence,  by  properly  setting 
the  switch  i ,  the  exact  voltage  desired  is  approximated  to  within 
0.1  volt. 

The  voltage  of  each  rack  is  adjusted  at  the  switchboard  by 
reference  to  a  portable  voltmeter  which  may  be  connected  to  the 
corresponding  pair  of  binding  posts  forming  the  terminals  of  the 
potential  leads  V  from  the  center  of  the  rack.  The  voltage  of 
a  rack  is  thus  adjusted  by  actual  measurement  in  every  case. 
Bach  pair  of  binding  posts  appears  on  the  corresponding  dial 
switch.  As  these  switches  are  grouped  on  a  single  panel,  any 
munber  of  racks  may  be  quickly  set  without  inconvenience  with 
the  voltmeter  kept  in  a  fixed  position  on  its  stand. 

(fe)  VoWAGH  Regui^ation. — A  Tirrill  regulator,  which  operates 
by  periodically  short-circuiting  a  resistance  in  series  with  the 
exciter  field,  maintains  the  voltage  at  the  center  of  distribution  in 
the  life  test  room  constant  to  within  the  limits  of  plus  or  minus 
one-quarter  of  i  per  cent  as  required  by  the  specifications.  A 
continuous  record  of  this  voltage  is  obtained  on  an  accurate 
recording  voltmeter  located  in  the  dynamo  room. 

(c)  Current  Generator  and  Voltage  Transformers. — ^The 
generator  which  supplies  current  for  the  life  test  is  a  40-kw, 
125-volt,  360  rpm,  single-phase,  rotating-field  alternator,  directly 
connected  to  the  driving  engine,  the  exciter  being  mounted  upon 
the  same  shaft.  Transformers  B  (shown  back  of  the  switchboard 
in  Fig.  2)  are  one-half -kw,  air-cooled,  shell- t3rpe;  while  57"  and 
Ty  to  T4  are  oil-immersed,  auto-transformers  of  the  capacities 
indicated  in  Fig.  5,  the  relative  capacities  of  T^  to  T4  being 
roughly  in  proportion  to  the  ntunber  of  lamps  usually  nm  at  their 
respective  voltages. 


628  Bulletin  of  the  Bureau  of  Standards  ivoi,  n 

(d)  The  Li^-Test  Racks. — ^The  supporting  frames  of  the 
racks  are  built  up  of  steel  members  consisting  of  vertical  end 
posts  of  channel  section  and  .equally  spaced  intermediate  posts 
of  I-beam  section  connected  by  heavy  angles  to  horizontal  top 
and  bottom  pieces  of  channel  section,  the  whole  being  supported 
by  cast-iron  feet  bolted  to  the  composition  (Tileine)  floor.  Bolted 
to  each  side  of  the  vertical  members  are  six  equally  q>aced  hori- 
zontal strips  of  asbestos  board  which  support  porcelain  cleat 
sockets,  spaced  on  12-inch  (30.5  cm)  centers,  with  soldered  elec- 
trical coimections  to  copper  rods  5  mm  in  diameter.  Midway 
between  each  pair  of  these  sockets,  which  are  arranged  for  btun- 
ing  the  lamps  in  a  horizontal  position,  conducting  straps  are 
soldered  at  one  end  to  the  5  mm  copper  rods  and  at  the  other 
end  to  the  terminals  of  porcelain  cleat  sockets  arranged  for  burn- 
ing lamps  in  a  vertical  position.  The  long  racks  (i  7  feet  (5.18  m)) 
have  31  sockets  on  each  side;  the  short  racks  (13  feet  (3.96  m)), 
23.  On  a  few  of  the  lower  racks  the  sockets  for  vertical  bunung 
are  spaced  on  18-inch  (45.7  cm)  centers.  The  large  lamps  burned 
on  these  racks  are  thus  kept  well  separated  during  life  test  The 
total  number  of  vertical  sockets  is  1 200  and  of  horizontal  sockets, 
1296. 

The  eight  stacks  of  racks  are  spaced  4  feet  10.5  inches  (1.49  m) 
apart,  which  gives  a  symmetrical  arrangement  in  the  life-test 
room  with  sufficient  space  to  permit  safe  and  convenient  handling 
of  lamps. 

(e)  Measurement  op  Life-Test  Periods. — ^An  important  de- 
tail in  conducting  a  life  test  is  the  accurate  measurement  of  the 
time  the  lamps  have  burned.  For  this  purpose  an  electric  clock 
which  measures  time  in  hotu^  from  one  to  one  thousand  is  used. 
This  clock  is  connected  in  the  master  clock  circuit  of  the  Bureau 
and  is  short-circuited  by  a  relay  when  the  power  is  cut  off.  The 
log  of  any  life  test  contains  the  clock  time  to  the  nearest  o.i 
hom-,  corresponding  to  the  time  of  placing  the  lamps  on  and 
removing  them  from  the  rack  circuit.  The  time  of  burnouts 
during  the  night  is  either  recorded  by  the  watchman  who  visits 
the  room  every  two  hours,  or  the  lamps  are  considered  as  having 
burned  imtil  9  o'clock  the  following  morning. 
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2*  RSCORDS  TAKEN  DURINO  LIFE  TEST 

Stumnarizing  the  records  which  are  taken  during  life  test,  as 
described  above,  it  will  be  found  that  the  following  have  been  men- 
tioned: 

(a)  Test  voltage;  initial  candlepower  and  initial  wpc  at  test 
voltage. 

(6)  Candlepower  and  watts  at  certain  periods  during  test  life. 
For  carbon  and  metallized  filament  lamps  the  specifications  re- 
qtiire  measurement  after  approximately  50  hours  of  burning  and 
" at  least  every  htmdred  hours  thereafter"  throughout  useful  life. 
Five  measurements,  the  first  approximately  one-twentieth  of  the 
test  life  period,  after  the  initial  are  specified  for  tungsten  lamps. 

(c)  Recording  voltmeter  records  of  main  life  test  voltage. 

(d)  Test  log  showing  clock  reading  from  which  test  life 
periods  are  computed. 

In  addition  to  the  above  there  are,  of  course,  required  such 
other  records  as  will  permit  orderly  clerical  procedure.  A  card 
record  system  is  used  throughout,  but  the  details,  which  have 
been  worked  out  to  take  care  of  features  in  some  cases  peculiar 
to  the  Bureau  tests  only,  would  hardly  be  of  general  interest. 

Vn.  SUMMARIES  OF  LIFE  VALTTES 

After  the  completion  of  a  sufficient  munber  of  test  lamps  to 
warrant  quality  comparisons,  life  values  of  lamps  of  the  same 
type,  size,  and  mantifacture,  and  of  a  voltage  range  through  which 
a  given  life  value  is  specified,  are  averaged.  A  summary  giving 
the  date,  type,  size,  manufacture,  voltage  range,  number  of 
lamps,  corrected  life  and  percentage  of  required  life  is  prepared 
from  these  data,  so  that  a  manufacturer  may,  at  his  request,  refer 
to  the  summary  for  information  regarding  the  quality  of  his 
lamps  and  those  of  other  manufacturers  supplying  lamps  tmder 
the  annual  contract.  In  case  lamps  are  rejected  as  the  result  of 
life  test  the  manufacturer  and  purchaser  are  promptly  notified, 
each  being  given  the  life  value  on  which  rejection  is  based. 

Additions  of  other  lamps  are  made  to  this  summary  from  time 
to  time,  so  that  average  quality  values  to  the  corresponding  date 
are  indicated ;  except  that  in  case  of  a  drop  in  quality  of  certain 
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items  so  decidedly  below  the  required  life  that  rejection  of  the 
defective  lamps  is  necessary,  the  figures  for  accepted  and  rejected 
lamps  are  kept  separate  until  the  end  of  the  tests,  when  the  aver- 
age life  of  accepted  and  rejected  lamps  combined  is  reported  as  a 

final  value. 

Vn.  SUMMARY 

The  method  employed  by  the  Bureau  of  Standards  in  the  inspec- 
tion and  life  testing  of  incandescent  lamps  for  the  Federal  Gov- 
ernment is  outlined  and  a  description  of  the  power  plant,  the  life 
racks,  and  the  photometer  is  given.  Particular  attention  is 
directed  to  the  special  equipment  of  the  photometer.  This  in- 
cludes a  watts-per-candle  computer  and  a  recording  device  by 
which  observed  values  of  candlepower,  watts,  watts  per  candle, 
and  actual  life  are  recorded  on  a  separate  card  for  each  lamp. 
These  records  are  made  in  such  a  way  that  life  at  forced  efficiency 
is  corrected  to  life  at  normal  without  computation  or  reference  to 
tables  of  factors.  The  procedure  in  actual  measurement  and  test- 
ing is  described  with  considerable  detail. 

Washington,  July  31,  191 5. 
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